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God made the integers, al l else is the work of man.

Leopold Kronecker, 1886
(quoted in [Web], [Bell,p.477] and [Boy,p.617])

Str ing theory carries the seeds of a basic change in our ideas
about spacetime and in other fundamental notions of physics.

Edward Witten, 1996 [Wit15,p.24]
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Preface

Hypocrite lecteur,„ mon semblable,„ mon frère!

[Hypocrite reader,„ my fellow creature,„ my brother!]

Charles Baudelaire, 1861, in: Les Fleurs du Mal [Bau,p.16]

This book (or essay) is the result of more than “ fteen years of re” exion and
research on or around the subject ment ioned in the primary t it le, In Search of the
Riemann Zeros. We focus on the quest for the ult imate meaning and just i“ cat ion of
thecelebrated Riemann Hypothesis, perhaps the most vexing and daunt ing problem
in the history of Mathemat ics.

As is well known, the Riemann Hypothesis (or Riemann•s Conjecture) states
that the complex zeros (also called the Riemann zeros in this book) of the Riemann
zeta funct ion � = � (s) must all lie on the critical line Re s = 1

2 . This problem was
furt ively formulated in 1859 in Riemann•s inaugural address to the Berlin Academy
of Sciences. The lat ter is certainly one of Riemann•s masterpieces as well as his only
published paper dealing with number theory, speci“ cally, the asymptot ic propert ies
of the prime numbers.

Riemann•s Conjecture has so many desirable and important consequences in
mathemat ics and beyond, and has become so engraved in our collect ive psyche,
that few experts now doubt that it is t rue. Further, it has been numerically veri“ ed
up to ast ronomical (albeit , “ nite) heights; i.e., for |Im s| < T, with T very large,
no less than two trillion. In addit ion, counterparts of the Riemann Hypothesis in
the simpler realm of “ nite geometries (technically, curves and higher-dimensional
variet ies over “ nite “ elds) have been “ rmly established about 50 and 30 years ago
by André Weil and Pierre Deligne, respect ively, thereby providing valuable insight
into what might be t rue and which st ructures should be expected in the much more
complex and elusive arithmet ic realm of the original conjecture. In part icular,
the old Pólya…Hilbert dream of “ nding a suitable spectral interpretation for the
Riemann zeros has found a natural place in this set t ing. Whether or not it can be
turned into a successful proof of the Riemann Hypothesis st ill remains to be seen.

More recent ly, further evidence towards such a spect ral interpretat ion has been
discovered in a di� erent and seemingly unrelated context . It relies on int riguing
and st ill quite mysterious analogies between the stat ist ics of atomic or molecular
(quantum mechanical) spect ra and that of the average spacing between the Rie-
mann zeros along the crit ical line. This is now part of random matrix theory, a
fascinat ing subject which will not be much discussed here but about which the
interested reader will be able to “ nd several references in the text .

Finally, and most important ly, as is often the case in mathemat ics, the sim-
plicity and aesthet ic quality of Riemann•s Conjecture is perhaps the most powerful

xi i i
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argument in its favor. Indeed, as is well known and will be further explained in the
int roduct ion, the Riemann Hypothesis can be poet ically (but rather accurately)
reformulated as stat ing that Q, the “ eld of rat ional numbers, lies as harmoniously
as possible within the “ eld of real numbers, R. Since the ring of integers, Z„
and hence, its “ eld of fract ions, Q„ is arguably the most basic and fundamental
object of all of mathemat ics, because it is the natural receptacle for elementary
arithmet ic, one may easily understand the centrality of the Riemann Hypothesis
in mathemat ics and surmise its possible relevance to other scient i“ c disciplines,
especially physics. (We note that for some physicists, only Q truly exists. Yet , in
pract ice as well as in theory, all measurable quant it ies are given by real numbers,
not just by rat ional numbers.)

One of our original proposals in this book is that a helpful clue for unravelling
the Riemann Hypothesis may come from surprising and yet to be fully unearthed or
understood connect ions between di� erent parts of contemporary mathemat ics and
physics. Thismay eventually result in a uni“ cat ion of aspectsof seemingly disparate
areasof knowledge, from primenumber theory to fractal geometry, noncommutat ive
geometry, arithmet ic geometry and st ring theory.

A “ l d•Ariane (or connect ing thread) throughout our present search has been
provided by the st riking analogies between the key symmetry of the Riemann zeta
funct ion (and its many number theoret ic counterparts), as expressed analyt ically
by a functional equation, and the various dualities exhibited by st ring theories in
theoret ical physics. (For simplicity and due to our own limitat ions, we will focus
primarily in this book on only one such not ion of duality, called T-duality.)

One of the author•s long-term dreams would be to use such analogies to deduce
something seemingly int ractable„ such as the conjectured locat ion of the Riemann
zeros on the crit ical line„ from a much simpler fact on the other side of the mirror
(say, from within the region Re s > 1, where both the series and the Euler product
de“ ning � (s) converge). Similarly, st ring theoret ic dualit ies, in their mult iple forms,
are often used to t ransform an apparent ly impossible problem into one that is more
t ransparent and much simpler to solve within the dual (or mirror) st ring theory.

Near the end of the main part of this book (Chapter 5), we will discuss a conjec-
tural ” ow (called the modular ” ow) on the •moduli space of fractal membranes•„
along with its natural counterpart on the Riemann sphere, the ” ow of zeros„ that
would help realize this idea in a more abst ract and global context .1 In part icular,
conjecturally, it would enable us to explain why the Riemann Hypothesis is t rue.
Moreover, it would show how seemingly very di� erent fractal-like geometries and
arithmet ic geometries are all part of a common cont inuum, namely, the orbits of
the modular ” ow. Accordingly, arithmet ic geometries would represent the ult imate
evolut ion of the modular ” ow (and also correspond to its stable and at t ract ive “ xed
points). Similarly, the Riemann zeros would be the attractor of the ” ow of zeros (of
zeta funct ions)„ and hence, because of the aforement ioned connect ions between
symmetries and dualit ies, would have to lie on the crit ical line (or, equivalent ly,
on the Equator of the Riemann sphere), as stated by the Riemann Hypothesis.
St ill conjecturally, an analogous reasoning would apply in order to understand and
establish the Generalized Riemann Hypothesis, corresponding to other arithmet ic
geometries and to the crit ical zeros of their associated zeta funct ions.

1As the subt it le of t his book indicates, Str ings, fractal membranes and noncommutative
spacetimes, a substant ial amount of preparat ion will be needed before we can reach that point .
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We note that the cover of this book provides a symbolic depict ion of the ” ows of
zeta funct ions and of their zeros induced by the modular ” ow on the moduli space
of fractal membranes. See also, respect ively, Figures 1 and 2 near the beginning of
Sect ion 5.5.2.

As will be abundant ly clear to the reader and is probably already apparent
from the preceding discussion, this book is not a t radit ional mathemat ical research
monograph.2 In part icular, we absolutely do not claim to provide a complete solu-
t ion to the original enigma, let alone full proofs or even part ial just i“ cat ions for our
main proposals and conjectures. At best , in many cases, we can only o� er heurist ic
arguments based on mathemat ical or physical analogies. It should be plainly un-
derstood from the context (either in the text itself or in the notes) whether a given
claim is a physical or heurist ic statement , a reasonable expectat ion, a conjecture, a
mathemat ical theorem, or neither. For example, at this stage, the existence of the
modular ” ow and its expected propert ies are purely conjectural. They rely part ly
on analogies with physical theories and const ructs (st ring theories and dualit ies,
as reformulated in the language of vertex algebras and noncommutat ive geome-
t ry, conformal “ eld theories, quantum stat ist ical physics, renormalizat ion group
” ow) and on mathemat ical concepts and theories (moduli spaces of quant ized frac-
tal st rings, the author and his collaborators• theory of complex fractal dimensions,
Deninger•s spect ral interpretat ion program and heurist ic not ion of •arithmet ic site•,
modular theory in operator algebras, and Connes• noncommutat ive geometry). On
the other hand, as will be further discussed in the text (namely, in Sect ion 4.2), the
not ion of a fractal membrane (or quant ized fractal st ring) int roduced in Chapter 3
of this book can now be put on a rigorous mathemat ical foot ing. As a result , other
statements in Chapter 3 have become true theorems.

In some sense, this book should be viewed part ly as a research program to
pursue (rather than to complete) the above quest , and part ly as a contribut ion to
a cont inuing dialogue between mathemat icians, physicists and other geometers of
•reality•. As such, it is writ ten in mult iple tongues, somet imes in mathemat ical
language and somet imes in physical language. Appeals to both rigor and intuit ion
alternate, in no part icular order, without apparent rhyme or reason. Just as im-
portant ly, even within our more mathemat ical discussions, the boundaries between
the t radit ional research areas are often blurred. This is one reason we have found
it necessary to include a signi“ cant amount of background material, as evidenced
by the large number of appendices in the second part of this book. If nothing else,
and irrespect ive of our own speci“ c goals, the reader may bene“ t from reading part
of that material, which she can choose according to her own tastes and needs.

In advance, we ask the reader•s indulgence and hope that she will approach
this book with an open and ” exible mind. Above all, we wish that , whether or
not she agrees with the premises and primary message of the book, the reader will
have an event ful and pleasurable journey, contemplat ing along the way glimpses of
mathemat ical beauty and fruit fully interact ing with its enduring reality.

Michel L. Lapidus

December 2006

2 In fact , t his is the primary reason why this author did not want it t o be included in a regular
book series.
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(N. Alon, et al., eds.), Birkhäuser-Verlag, Basel and Boston, 2000. [Con11], pages
487…490 and page 490. Reproduced by permission of Springer-Verlag.

F. Lizzi and R. J. Szabo, Duality symmetries and noncommutative geometry of
str ing spacetimes, Commun. Math. Phys. 197 (1998). [LiSz2], page 690 and page
691. Reproduced by permission of Springer-Verlag.

xxi i i



xxiv CRED IT S

Yu. I. Manin, New dimensions in geometry, in: Arbeitstagung, Bonn, 1984
(H.-O. Peitgen, et al., eds.), Lecture Notes in Math., vol. 1111, Springer-Verlag,
Berlin, 1985. [Mani2], page 60. Reproduced by permission of Spinger-Verlag.
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Overview

In Chapter 1, we give a broad int roduct ion to several of the main themes en-
countered in this work: arithmet ic geometry, noncommutat ive geometry, quantum
physics and st ring theory, prime number theory and the Riemann zeta funct ion,
along with fractal and spect ral geometry.

In Chapter 2, weexplain how string theory on a circle(or on a “ nite-dimensional
torus)„ considered from the point of view of Connes• noncommutat ive geometry,
as in the work of Fröhlich and Gawȩdzki, pursued by Lizzi and Szabo„ can be
used as the start ing point for a geometric and physical model of the Riemann zeta
funct ion � and other arithmet ic L -series. In part icular, by analogy with the key role
played by the Poisson Summat ion Formula in both the physical and the arithmet ic
theory, we contend that the classic funct ional equat ion sat is“ ed by � corresponds
to T-duality in st ring theory. The lat ter, a key symmetry that is not present in
ordinary quantum mechanics, allows one to ident ify physically and mathemat ically
two circular spacet imes with reciprocal radii. Furthermore, we suggest that the
Riemann Hypothesis may be related to the existence of a fundamental length in
st ring theory.

In Chapter 3, we “ rst brie” y review some aspects of the author•s theory of
fractal st rings (one-dimensional drums with fractal boundary) and of the associated
theory of complex dimensions, as developed in the research monograph [Lap-vF2]
(joint with M. van Frankenhuysen) Fractal Geometry and Number Theory: Com-
plex dimensions of fractal str ings and zeros of zeta functions (Birkhäuser, Boston,
2000). [See also the new book [Lap-vF9], Fractal Geometry, Complex Dimensions
and Zeta Functions: Geometry and spectra of fractal str ings (Springer-Verlag, New
York, 2006).] We then int roduce the new concept of a fractal membrane, a suitable
mult iplicat ive (or quantum) analogue of a fractal st ring. Heurist ically, a fractal
membrane can be thought of as a (noncommutat ive) Riemann surface with in“ nite
genus or as an (adelic) in“ nite dimensional torus. We show that the (spect ral) par-
t it ion funct ion of a fractal membrane is naturally given by an Euler product , which
reduces to the usual one for � in the case of the •prime membrane• associated with
the Riemann zeta funct ion (or, equivalent ly, with the “ eld of rat ional numbers).
We thus obtain in this case a new mathemat ical model (di� erent from that of Bost
and Connes) for the not ion of a •Riemann gas• int roduced by the physicist B. Julia
in the context of quantum stat ist ical physics. We point out , however, that our mo-
t ivat ions and goals in developing the theory of fractal membranes are signi“ cant ly
broader than in the lat ter work, as is discussed in parts of Chapters 4 and 5.

Towards the end of Chapter 3, we also int roduce the new (but closely related)
concept of self-similar membrane, which corresponds to a di� erent choice of sta-
t ist ics than for a fractal membrane when quant izing a fractal st ring. In a special
case, the spect ral part it ion funct ion of a fractal membrane is shown to coincide

xxv
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with the geometric zeta funct ion of a self-similar fractal st ring. By comparing our
not ions of fractal and self-similar membranes, we also develop a useful parallel be-
tween aspects of arithmet ic and self-similar geometries. We strengthen this analogy
and close Chapter 3 by providing a dynamical interpretat ion of the part it ion func-
t ions of fractal membranes and of self-similar membranes. In the former case, the
associated suspended ” ows may be called •Riemann…Beurling ” ows•. Indeed, the
logarithms of the underlying (generalized) primes coincide with the •weights• (or
•lengths•) of the corresponding primit ive orbits. We note that in our context , the
•Riemann ” ow• is associated with the •prime fractal membrane• (or, equivalent ly,
with the “ eld of rat ional numbers).

In Chapter 4, we discuss various noncommutat ive and increasingly rich models
of fractal membranes. In part icular, we brie” y discuss some very recent work of the
author (joint with R. Nest ) in which we show that fractal (and self-similar) mem-
branes are the second (or Dirac) quant izat ion of fractal st rings. In this context , the
choice of Fermi…Dirac„ or Bose…Einstein, in a second and improved const ruct ion„
quantum (resp., Gibbs) stat ist ics corresponds to fractal (resp., self-similar) mem-
branes. In short , it follows that fractal membranes (or their self-similar counter-
parts) can t ruly beconsidered as •quantum fractal st rings•. Oneof thenew heurist ic
and mathemat ical insights provided by the lat ter work is that once fractal st rings
have been quant ized, their endpoints are no longer “ xed on the real axis but are
allowed to move freely within suitable copies of the holomorphic disc in the com-
plex plane. This seems to be somewhat analogous to the role played by D-branes
in contemporary st ring theory or in M -theory.

As is explained earlier on in Chapter 3, one can associate a prime fractal mem-
brane to each type of arithmet ic geometry, including algebraic number “ elds and
funct ion “ elds (for example, curvesor higher-dimensional variet iesover “ nite “ elds).
Near the end of Chapter 4, we propose that a more geometric, algebraic and phys-
ical model of arithmet ic geometries can be based on the •noncommutat ive st ringy
spacet ime• corresponding to closed st rings propagat ing in a fractal membrane„
viewed, for example, as an adelic in“ nite dimensional torus. Such a spacet ime can
be thought of as a sheaf of ordinary noncommutat ive or quantum spaces„ and thus,
in our framework, of vertex operator algebras along with dual (or •chiral•) pairs of
Dirac operators. The funct ional equat ion sat is“ ed by an arithmet ic zeta funct ion
such as � would then be the analyt ic counterpart of Poincaré duality at the coho-
mological level, and of T-duality, at the physical level. Accordingly, we conjecture
that a suitable spect ral and cohomological interpretat ion of the (dynamical) com-
plex dimensions of fractal membranes„ and, in part icular, of the •Riemann zeros•,
i.e., the nontrivial zeros of � „ can be obtained in this context , by means of the
associated sheaf of vertex algebras.

In Chapter 5, we suggest that the author•s moduli spaces of fractal st rings
and of fractal membranes„ viewed as highly noncommutat ive spaces signi“ cant ly
generalizing the set of all Penrose t ilings„ should be a natural receptacle for zeta
funct ions and for a suitable extension of Deninger•s heurist ic not ion of •arithmet ic
site•. We conclude by proposing a new geometric and dynamical interpretat ion of
the Riemann Hypothesis, expressed in terms of a suitable noncommutat ive ” ow of
zeta funct ions act ing on the moduli space of fractal membranes, along with the
associated ” ow of zeros. (Each of these ” ows is referred to as a •modular ” ow• or
as an •extended Frobenius ” ow•.)
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Accordingly, conjecturally, along the orbits of the modular ” ow of fractal mem-
branes, the associated generalized, noncommutat ive fractal geometries would be
•cont inuously deformed• (i.e., would •converge•) to arithmet ic geometries„ viewed
as stable, at t ract ive •“ xed points• of this noncommutat ive ” ow. Consequent ly, the
t ruth of the Riemann Hypothesis (and of its natural extensions) would follow from
theconvergenceof thezerosof thecorresponding zeta funct ions to thecrit ical line„
or, equivalent ly, to the Equator of the Riemann sphere, both from within the lower
and upper hemispheres, using T-duality and the associated •generalized funct ional
equat ions•.

We close Chapter 5 by drawing analogies between our conjectural •modular
” ows of zeta funct ions and of their associated zeros• and other ” ows arising nat-
urally in contemporary mathemat ics and physics. These ” ows include Wilson•s
renormalizat ion ” ow, the Ricci ” ow on three-dimensional manifolds, as well as the
•KP-” ow• (viewed as a noncommutat ive, geodesic ” ow). Accordingly, our modular
” ow of zeta funct ions could perhaps be viewed as a noncommutat ive and arith-
met ic analogue of the Ricci ” ow. Similarly, the associated ” ow of zeros could be
thought of as an arithmet ic, noncommutat ive KP-” ow. In this chapter, we also
propose a model of our modular ” ows, which is called the •KMS-” ow• (for general-
ized Pólya-Hilbert operators) and is mot ivated in part by analogies with quantum
stat ist ical physics (in the operator algebraic formalism), along with the Feynman
integral and renormalizat ion ” ow (or group) approaches to quantum systems with
highly singular interact ions.

It may be useful for the reader to be aware from the outset of the following
dist inct ion between thevariouspartsof thisbook. WhileChapter 1 is intended for a
•general• scient i“ c audience, Chapter 2 is more physics-oriented (but st ill accessible
to mathemat icians not familiar with st ring theory), whereas the rest of the book
(Chapters 3…5) is clearly of a much more mathemat ical nature, even though in
various places it draws on the physical language, intuit ion and formalism discussed
in Chapter 2. Relevant background material is provided in several places within
the text , as well as in the six appendices, in order to make the book more easily
accessible and facilitate the t ransit ion between its various parts.

As was just ment ioned, we have t ried to write this book in such a way that
someone not familiar with all the subjects dealt with here can st ill understand
the main ideas and concepts involved. We should caut ion the reader, however,
that the mathemat ics underlying parts of the theory presented in this work is
rather formidable and, in fact , is often not yet fully developed or even precisely
formulated. We hope, nevertheless, that our proposed models may provide a useful
bridge between various aspects of noncommutat ive, st ring, arithmet ic and fractal
geometry as well as, in the long term, mot ivate further invest igat ions aimed at
understanding the elusive geometry underlying the prime numbers (or the integers)
and the Riemann zeros.





A bout t he Cover

The “ rst “ gure appearing on the cover depicts the (noncommutat ive) ” ow of
the zeta funct ions of fractal membranes, condensing onto the core of •all• arithmet ic
zeta funct ions (including the Riemann zeta funct ion � = � (s)), while the second
“ gure depicts the corresponding ” ow of their zeros (act ing on the Riemann sphere)
condensing onto the Equator (which represents here the crit ical line Re s = 1

2 ).

The “ rst “ gure also describes the (noncommutat ive) •modular ” ow• of noncom-
mutat ive spacet imes on the moduli space of fractal membranes; the lat ter modular
” ow is pushing on •both sides• towards (or condensing onto) the core of •all• arith-
met ic geometries, also known as the •arithmet ic site•. (See, respect ively, Figures 1
and 2 near the beginning of Sect ion 5.5.2.)
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CHAPTER 1

I nt roduct ion

The recipes for quant izat ion are a primit ive manifestat ion of the
fact that thespaceof internal degreesof freedom • at a singlepointŽ
in vacuo is already in“ nite dimensional because of the virtual gen-
erat ion of part icles. Further understanding is blocked unt il we
relinquish the idea of space-t ime as the basis for all of physics.

Yuri I . Manin, 1979 [Mani1,p.94]

One would of course like to have a rigorous proof of this, but I
have put aside the search for such a proof after some ” eet ing vain
at tempts because it is not necessary for the immediate object ive
of my invest igat ion.

Bernhard Riemann, 1859 [Rie1], int roducing his famous
• Riemann HypothesisŽ. (Translated in [Edw,p.301].)

1.1. A r i t hmet ic and Spacet ime Geomet r y

I believe that at its deepest level, the geometry underlying the integers„ in the
old language, the •geometry of numbers•, and in modern terminology, •arithmet ic
geometry•, including the twin myst ical not ions of the •arithmet ic site• [Den3,6;Har2]
and of the •“ eld of one element• [Mani4;So1,3]„ would have to re” ect the physical
and geometrical propert ies of what we tradit ionally call •spacet ime•, for lack of a
bet ter word.

I have held this belief, at least consciously, since the mid-1980•s when I read
the beaut iful paper by Yuri I. Manin [Mani2], ent it led New Dimensions in Ge-
ometry1. It was later st rengthened and turned into an int imate convict ion by
my own re” ect ions and research experiences in developing the theory of •fractal
st rings•2 since the late 1980•s and exploring its relat ionships with aspects of num-
ber theory, part icularly the Riemann zeta funct ion and the Riemann Hypothesis
[Lap1…4,LapPo1…3,LapMa1…2, HeLap1…2,Lap-vF1…5,9]. In July 1994, I was star-
t led to hear Alain Connes express a similar belief during a debate held at UNESCO
in Paris on the occasion of the Internat ional Congress of Mathemat ical Physicists.
From our ensuing conversat ions about this subject „ and from our ongoing dialogue
(since the summer of 1993) about our respect ive approaches to the Riemann zeta

1 I am grateful t o Christophe Soulé for sharing with me his enthusiasm for this paper and for
Arakelov theory [SoABK ] when I “ rst met him in Berkeley in August 1984.

2or •fractal harps•, as somet imes referred to in [Lap-vF2,9], not t o be mistaken with the
st rings encountered in the classical st ring theory [Del3,GreSW it ,Gree,K ak,M ani3,Polc3…4,Schw1],
alt hough part of t he point of t he present book is that t he two theories can be related, albeit in
unexpected ways.

1
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funct ion ([BosCon1…2], surveyed in [Con6,§V.11], and [LapPo1…2,LapMa1…2,Lap2…
4,HeLap1…2], now pursued in [Lap-vF1…5,9])„ it appears, however, that his vision
then (and probably st ill now in his new approach [Con9,10]) is quite di� erent from
the model I am about to propose, although key aspects of noncommutat ive geom-
et ry play an important role in both cases.3

1.2. R iemannian, Quant um and N oncommut at ive Geomet r y

During the course of the 20th century, and ever since the resounding success of
the applicat ion of Riemannian geometry to the study of gravity in Einstein•s theory
of general relat ivity, geometry has been a focal point for many mathemat icians
and physicists interested in apprehending aspects of physical reality. As is well
known, symplect ic geometry is well suited to and, in fact , largely mot ivated by
the study of phase space in classical mechanics. Furthermore, as was ment ioned
just above, Riemannian geometry„ in its Lorentzian version„ is adopted in most
models of classical physics concerned with gravitat ional “ elds. More recent ly, the
geometry (and topology) of principal bundles over di� erent iable manifolds has been
found to be an ideal tool to explore gauge “ eld theories. Note, however, that most
mathemat ically rigorous invest igat ions of gauge theory to date have focused on
classical rather than quantum aspects.

It is much less clear, at the moment , how to determine what is • theŽ geometry
underlying quantum mechanics, let alone quantum “ eld theory. More generally,
we do not understand what are the t rue mathemat ical foundat ions of quantum
“ eld theory [Wit17,19]. Of course, this quest ion has been the subject of much
speculat ion and controversy. In recent years, noncommutat ive geometry has arisen
in large part as a possible answer to such a quest ion, although it is fair to say
that we st ill seem to be far from having resolved this crucial problem. Beginning
with the algebraic and funct ional analyt ic work of Murray and von Neumann [Mu-
vN,vN], as well as of Gel•fand and Naimark [GelfNai], noncommutat ive geometry
t ruly emerged and ” ourished as an independent subject with the deep work of Alain
Connes. (See, for example, the books [Con5] and [Con6]; see also [GraVarFi].) In
essence, the central objects of noncommutat ive geometry are no longer spaces of
points, as in ordinary geometry, but (typically noncommutat ive) operator algebras,
the elements of which can be thought of heurist ically as represent ing quantum “ elds
on the underlying •noncommutat ive (or quantum) spaces•. In recent years, Connes
[Con7,8] has proposed a set of axioms for noncommutat ive geometry that requires
a much richer st ructure for a noncommutat ive space. It involves, in part icular, the
existence of a suitable Dirac-type operator act ing on the Hilbert space on which the
operator algebra is represented. (Intuit ively, the noncommutat ive algebra itself can
be thought of as the •algebra of coordinate funct ions• on the associated quantum
space.) This enables one, for example, to measure distances within a noncommuta-
t ive space much as in a Riemannian manifold, using a formula in some sense dual to
the geodesic formula. (See [Con4] and [Con6,Chapter VI].) Under appropriate as-
sumpt ions, this also provides a noncommutat ive analogue of the de Rham complex
and of aspects of di� erent ial topology and geometry (see [Con2…8] and [GraVarFi]).
It is good to keep in mind, as is often st ressed by Daniel Kast ler [Kast2,3], that
the aforement ioned axioms are largely mot ivated by models from quantum physics,
part icularly the so-called •Standard Model• for elementary part icles (see [DV-K-M],

3See, however, t he relevant discussion in §5.4 for some possible connect ions.
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[ConLo], [Con5,6]), as well as by the long-standing problem of quantum gravity
(see, e.g., [ChaCon1,2]).

1.3. St r ing T heor y and Spacet ime Geomet r y

Over the last twenty years, st ring theory, which originated as a theory of st rong
interact ions in theearly 1970•s, soon to besuperseded by quantum chromodynamics
(QCD), has emerged as the best candidate for unifying the four known fundamental
forces (or interact ions) of nature: the elect romagnet ic force, the weak force and
the st rong force„ all described by Yang…Mills gauge “ eld theories„ along with the
gravitat ional force, described by Einstein•s theory of general relat ivity. In this
sense, it may eventually provide a means of fully reconciling quantum mechanics
(or quantum “ eld theory) with general relat ivity, and thereby resolve the riddle
posed by quantum gravity. Caut ion must be exercised, however, because despite
its great beauty and mathemat ical power, st ring theory is st ill far from being a
complete physical or mathemat ical theory. Moreover, due to the ext remely high
energies (or, equivalent ly, the minuscule scales) involved, it has been notoriously
di� cult in st ring theory to make predict ions that can be veri“ ed experimentally
with the technology available at present or even in the foreseeable future. We
note, however, that although experiments involving high-energy accelerators seem
to be out of the quest ion„ except to verify some of the most basic assumpt ions of
(super)st ring theory, such as the existence of supersymmetry [Kan,Freu,Wein4]„
interest ing large-scale ast ronomical experiments current ly under way may provide
useful clues within the next ten to “ fteen years. It is also worth ment ioning that
very recent ly, low-energy experiments in nuclear and condensed mat ter physics
have con“ rmed the existence of the so-called •dynamical supersymmetry• for heavy
nuclei (see [Is], [Jol]), but cannot be regarded as providing conclusive evidence for
supersymmetry in fundamental physics, while experimental tests for the existence
of ext ra dimensions of spacet ime (as required by st ring theory) have been proposed
for the next generat ion of high-energy accelerators (see, e.g., [Ant ]).

Roughly speaking, in st ring theory, point -part iclesarereplaced with t iny st rings
(i.e., one-dimensional open st ringsor elseclosed loops) vibrat ing in a (target ) space-
t ime, which is assumed to be ten-dimensional in superst ring theory. As it evolves
with t ime, a given st ring sweeps out a two-dimensional world-sheet , viewed math-
emat ically as a Riemann surface. Hence, the Feynman path integral approach to
quantum mechanics ([Fey1], [FeyHi], see also [JohLap]) naturally extends to this
set t ing, with the path integral being replaced by an integral over all possible world-
sheets, or more precisely, with integrals over suitable moduli spaces of Riemann
surfaces (with a given “ nite genus and a given number of marked points). The re-
sult ing heurist ic Feynman-type integral is often referred to as a •Polyakov integral•
[Poly1…3] in the literature. (See, for example, [GreG,GreSWit ,Kak,Polc3…4,Wit4],
along with [JohLap], Chapter 20, especially Sect ion 20.2.B.) The associated Feyn-
man (or st ring) diagrams take a much simpler form than in quantum “ eld theory
and their detailed analysis provides a good understanding of perturbat ive st ring
theory, at least at the physical level of rigor. The miracle is that the divergences
caused by the coincidence of points in spacet ime (and hence the vanishing size of
point -part icles) in standard quantum “ eld theory now disappear because of the
extended size of the st rings. In physical terms, superst ring theory is said to be
renormalizable or, more precisely, • “ nite to all orders in perturbat ion theory.Ž
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In concluding his plenary lecture at the Internat ional Congress of Mathemat i-
cians delivered in Berkeley in 1986, Edward Wit ten made the following statement
([Wit4,p.302],1987):

I have tr ied to make it plausible that path integrals on Rie-
mann surfaces can be used to formulate a generalization of
general relativity. What is more, the resulting generalization
is (especial ly in its supersymmetric forms) free of the ail-
ments that plague quantum general relativity. I f the logic has
seemed a bit thin, i t is at least in part because almost all we
know in str ing theory is a tr ial and error construction of a
perturbative expansion. [The Feynman…Polyakov path inte-
gralsover moduli spacesof Riemann surfaces] are probably the
most beautiful formulas that we now know of in str ing the-
ory, yet these formulas are merely a perturbative expansion
... of some underlying structure. Uncovering that structure
is a vital problem if ever there was one.

Such was the situat ion up to the late 1980•s. However, during the 1990•s, signif-
icant progress was made towards developing a nonperturbat ive st ring theory, called
M-theory, in which (one-dimensional) st rings are replaced with higher-dimensional
geometric objects, called •membranes• or •D-branes•. The associated •dualit ies• (in-
cluding the so-called •S-duality• and •T-duality•) enable one to relate the “ ve basic
types of st ring theory,4 and thereby to obtain a more uni“ ed picture of st ring the-
ory. (See, for example, [Wit15…17] and [GivePR,Gree,Polc1…4,Schw2…4,Va1…2].)
These recent developments are somet imes referred to as the • second superst ring
revolut ionŽ [Schw2].

Edward Wit ten often begins his lectures on st ring theory„ especially when
addressing a mathemat ical audience„ by st ressing a st riking cont rast between the
historical developmentsof st ring theory and general relat ivity (seealso, for example,
the int roduct ion of [Wit4]). In ([Wit13,pp.205…206],1994), he writes:

More fundamentally, I believe that the main obstacle [to fur-
ther progress] is that the core geometrical ideas„ which must
underlie str ing theory the way Riemannian geometry under-
lies general relativity„ have not yet been unearthed.

Whatever the t rue underlying geometric foundat ions of st ring theory (or of
M-theory), there seems to be an emerging consensus among theoret ical and math-
emat ical physicists that one needs to signi“ cant ly revise the not ion of spacet ime,
from both geometrical and physical points of view. In part icular, at ext remely
small scales (typically, below the Planck scale5), the classical model of spacet ime
as a smooth Riemannian (or Lorentzian) manifold is probably no longer valid. For

4One of these, the so-called (standard) superst ring theory, lives in a ten-dimensional space-
t ime, consist ing of t hree plus one extended space and t ime dimensions along with six •compact i“ ed•
(t iny) space dimensions.

5T he Planck length (or scale) is the fundamental scale of quantum gravity. I t is approximately
equal t o 1.6 × 10Š 33 cm (in internat ional unit s) and is expressed in terms of the following three
universal constant s, � (Planck•s constant or quantum of act ion), c (t he speed of light ), and G
(Newton•s gravit at ional constant ). I t is also equal t o the reciprocal of t he Planck mass, about
1.22× 1019 GeV, the natural mass (or energy) scale of quantum gravity. (I t may be useful t o note„
as is frequent ly st ressed by physicist s„ t hat t he Planck length is about 20 orders of magnit ude
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example, the small-scale st ructure of spacet ime may be discrete, or part ly discrete
and part ly smooth. Alternately, it may be of a fractal nature. In fact , in early
work on quantum gravity by Wheeler [Whe,WheFo], Hawking and others (see, for
example, [GibHaw,Haw,HawIs]), there were int riguing references to the existence of
some kind of •fractal foam•, somet imes also called •quantum foam•. (More recent ly,
see also [Not ] in another context .) More radically, it has even been suggested that
we do away with the not ion of spacet ime altogether, at least as a primary con-
cept . (See, for instance, Wit ten•s art icle [Wit15] ent it led Re” ections on the Fate
of Spacetime, from which the second quote heading this book is excerpted. Also,
for a di� erent perspect ive on a similar theme, see Manin•s quote from [Mani1]
heading the present int roduct ion.) Perhaps an appropriate modi“ cat ion or exten-
sion of Connes• noncommutat ive geometry [Con5,6] will provide clues as to how to
proceed in suitably altering or replacing the concept of spacet ime. Indeed, there
has already been a number of at tempts in this direct ion, several of which will be
key to aspects of our present work. (See, for example, [Wit3], and more recent ly,
[FroGa,ChaFro,Cha1…2,LiSz1…2,FroGrRe1…2] along with [ConDouSc,LanLiSz].)

Whatever the answers to these fundamental quest ions ult imately turn out to
be, the relat ionship between physics and geometry (in a broad sense) will cont inue
to be at the center of the ongoing dialogue between physicists and mathemat icians
during the next few decades of the 21st century.

It may behelpful at thisstageto brie” y explain in physical terms theroleplayed
by the vibrat ions of st rings in superst ring theory (the marriage of st ring theory and
supersymmetry). In quantum “ eld theory (QFT), elementary part icles„ or rather
part icle types, such as photons, elect rons, quarks, etc.„ are represented as quantum
“ elds (mathemat ically, suitableoperator-valued dist ribut ions; physically, • bundlesŽ
or quanta of • energy and momentumŽ [Wein5,pp.96…97]).6 In st ring theory, how-
ever, they appear as the di� erent modes of vibration of the (closed or open) str ings
• that make-up the fabric of spacetimeŽ [Wein5]. (See also [Gree].) At su� cient ly
low energy, superst ring theory can be shown to yield quantum “ eld theory (which is
therefore referred to as an e� ective theory). More speci“ cally, the Standard Model
of elementary part icles [Wein1…5] can be recovered as a low-energy approximat ion
of superst ring theory [Del3,Polc3-4]. For example, one of the modes of st ring vibra-
t ion corresponds to a part icle of spin 1 and zero mass, namely a photon, the carrier
(or quantum) of elect romagnet ic interact ions in quantum elect rodynamics (QED).
Moreover, another mode of st ring vibrat ion corresponds to a part icle of spin 2 and
zero mass, which is ident i“ ed with the graviton, the (presumed) quantum of the
gravitat ional “ eld. In this sense, superst ring theory enables us to quant ize general
relat ivity (Einstein•s theory of gravitat ional interact ions). In fact , as is st ressed by
Steven Weinberg in his st imulat ing essays [Wein1,5], • str ing theories not only unite
gravitation with the rest of elementary particle physics, they explain why gravitation
must exist Ž [Wein5,p.65].

In order for quantum gravity or the Standard Model to be well understood in
the context of st ring theory, we will st ill have to overcome formidable obstacles.

smaller t han the size of a proton.) In much of this work, we will choose unit s so that t he Planck
length (or rather, t he st ring length, see §2.2.3) is equal t o one.

6M ore accurately, in quantum “ eld theory, quantum “ elds are the •pr imary concepts•, whereas
part icles are only •der ived concepts•„ see [Wein5] along with, e.g., [Wein2…4].
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For example, long-standing open quest ions such as understanding the speci“ c nu-
merical values and the wide range of the masses of the elementary part icles and
of the st rengths (or •coupling constants•) of the fundamental interact ions seem to
be completely out of reach for the t ime being (see, e.g., [Wit19]), and may remain
without any sat isfactory answer for a long t ime to come. Fortunately, these are
problems beyond the scope of the present book.

1.4. T he R iemann H ypot hesis and t he Geomet r y of t he Pr imes

The theory of Numbers has always been regarded as one of the
most obviously useless branches of Pure Mathemat ics. The accu-
sat ion is one against which there is no valid defence; and it is never
more just than when directed against the parts of the theory which
are more part icularly concerned with primes. A science is said to
be useful if its development tends to accentuate the exist ing in-
equalit ies in the dist ribut ion of wealth, or more direct ly promotes
the dest ruct ion of human life. The theory of prime numbers sat -
is“ es no such criteria. Those who pursue it will, if they are wise,
make no at tempt to just ify their interest in a subject so t rivial and
so remote, and will console themselves with the thought that the
greatest mathemat icians of all ages have found in it a mysterious
at t ract ion impossible to resist .

. . . Very di� erent results are revealed when we turn to the sec-
ond principal branch of the modern theory, the theory of the av-
erage or asymptotic distr ibution of primes. This theory (though
one of its most famous problems is st ill unsolved) is in some ways
almost complete, and certainly represents one of the most remark-
able t riumphs of modern analysis. The theory cent res around one
theorem, the Primzahlsatz or Prime Number Theorem; and it is to
the history of this theorem, which may almost be said to embody
the history of the whole subject , that I shall devote the remainder
of this lecture.

. . . The next great step was taken by Riemann in 1859, and it
is in Riemann•s famous memoir Ueber die Anzahl der Primzahlen
unter einer gegebenen Grösse that we “ rst “ nd the ideas upon
which the theory has now been shown really to rest . Riemann did
not prove the Prime Number Theorem: it is remarkable, indeed,
that he never ment ions it . His object was a di� erent one, that of
“ nding an explicit expression for � (x) [the number of primes not
exceeding x, denoted by � (x) in this book], or rather for another
closely associated funct ion, as a sum of an in“ nite series. But
it was Riemann who “ rst recognized that , if we are to solve any
of these problems, we must study the Zeta-funct ion as a funct ion
of the complex variable s = � + i t, and in part icular study the
dist ribut ion of its zeros.

. . . To these proposit ions [Riemann] added certain others of
which he could produce no sat isfactory proof. In part icular he as-
serted that there is in fact an in“ nity of complex zeros, all naturally
situated in the •crit ical st rip• 0 � � � 1; an assert ion now known
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to be correct . Finally he asserted that it was •sehr wahrschein-
lich• [very probable] that all these zeros have the real part 1

2 : the
notorious •Riemann hypothesis•, unset t led to this day.

We come now to the t ime when, a hundred years after the
conjectures of Gauss and Legendre [about the asymptot ic dist ri-
but ion of the primes], the theorem was “ nally proved. The way
was opened by the work of Hadamard on integral t ranscendental
funct ions. In 1893 Hadamard proved that the complex zeros of
Riemann actually exist ; and in 1896 he and de la Vallée…Poussin
proved independent ly that none of them have the real part 1, and
deduced a proof of the Prime Number Theorem.

It is not possible for me now to give an adequate account of
the int ricate and di� cult reasoning by which these theorems are
established. But the general ideas which underlie the proofs are, I
think, such as should be intelligible to any mathemat ician.

. . . The arguments which I have advanced are not exact : I
have merely put forward a chain of reasoning which seems likely
to lead to the desired result . The achievement of Hadamard and
de la Vallée…Poussin was to replace these plausibilit ies by rigorous
proofs. It might be di� cult for me to make clear to you how great
this achievement was. Some branches of pure mathemat ics have
the pleasant characterist ic that what seems plausible at “ rst sight
is generally t rue. In this theory anyone can make plausible conjec-
tures, and they are almost always false. Nothing short of absolute
rigour counts; and it is for this reason that the Analyt ic Theory
of Numbers, while hardly a subject for an amateur, provides the
“ nest possible discipline in accurate reasoning for anyone who will
make a real e� ort to understand its results.

Godfrey H. Hardy, 1915 [Hard2,pp.350…354],
in his lecture on Prime Numbers

The zeta-funct ion is probably the most challenging and mysterious
object of modern mathemat ics, in spite of its ut ter simplicity.

. . . The main interest comes from trying to improve the Prime
Number Theorem, i.e., get t ing bet ter est imates for the dist ribut ion
of the prime numbers. The secret to the success is assumed to lie in
proving a conjecture which Riemann stated in 1859 without much
fanfare, and whose proof has since then become the single most
desirable achievement for a mathemat ician.

Martin C. Gutwil ler, 1990 [Gut2,p.308]

The Riemann Hypothesis would say that looking for primes is
rather like tossing a coin. [. . . ] Riemann predicted that the er-
ror term in [the Prime Number Theorem] is the same as the error
we expect to see when tossing coins, making primes look in some
sense like a random process. [This] dist ribut ion of the primes con-
jectured by Riemann is as nice as we could hope for.

M. du Sautoy, 1998 [dSa]
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It is perhaps “ t t ing that the same mathemat ician who brought Riemannian
geometry to the world (with such an impact on physics, especially general relat ivity,
half a century later) also proposed what later came to be known as the most famous
open problem of mathemat ics, the so-called Riemann Hypothesis. In developing
his geometry, Georg Friedrich Bernhard Riemann (1826…1866) was mot ivated by
the work of his predecessors„ including Karl Friedrich Gauss (1777…1855) and the
co-discoverers of non-Euclidean geometry, Nikolai Ivanovich Lobachevsky (1792…
1856) and Johann (or János) Bolyai (1802…1860)„ as well as by philosophical and
physical considerat ions.7 On theother hand, Riemann•sConjecture (or Hypothesis)
concerning the locat ion of the crit ical zeros of the Riemann zeta funct ion � = � (s)„
namely, � (s) = 0 with 0 � Re s � 1 implies that Re s = 1

2 „ seems to have had
ent irely di� erent and purely •internal• (hence, mathemat ical) mot ivat ions.

The Riemann Hypothesis has fascinated mathemat icians since its int roduct ion
by Riemann in his famous inaugural lecture to the Berlin Academy of Sciences
in 1859 (see [Rie1]). Curiously, it was presented almost as a passing remark or
conjecture within [Rie1], the only paper by Riemann devoted to number theory.
(See the second quote heading this int roduct ion.) Although never stated overt ly,
one of the main goals of Riemann in [Rie1] seems to have been to provide the tools
needed to establish the (then st ill unproven) •Prime Number Theorem• conjectured
by Gauss and Legendre, according to which, in part icular,

(1.4.1) � (x) =
x

logx
(1 + o(1))

as x � � , where the symbol o(1) denotes a funct ion tending to zero as x � �
and � (x) = � p� x 1 denotes the •prime number count ing funct ion•, equal to the
number of primes p not exceeding x > 0. The Prime Number Theorem8 was even-
tually proved almost forty years later in 1896, simultaneously and independent ly by
Jacques Hadamard [Had2] and Charles-Jean de la Vallée Poussin [dV1]. (See also
the earlier key papers [vM1,2] and [Had1], along with the later and more precise
error est imate obtained in [dV2].) We refer the interested reader to Edwards• book
[Edw] or to W. Schwarz•s recent survey art icle [Schwa] for a detailed history of
the Prime Number Theorem. As is well known (see, for example, [Edw], [In], or
[Pat ,§1.8]), the Riemann Hypothesis is equivalent to the statement that the prime
numbers are asymptot ically dist ributed as •harmoniously• as possible or, more pre-
cisely, that the error term in the statement of the Prime Number Theorem (in the
form given in the last footnote) is the best possible.9

Arguably, the most beaut iful and useful result obtained by Riemann in [Rie1]
is the so-called Riemann •explicit formula•, connect ing � (x) (or related count ing

7Referring, in part icular, t o Riemann•s groundbreaking Habi li tationschr i ft „ t it led On the
Hypotheses at the Foundations of Geometry and presented in 1854 to the University of
Göt t ingen„ Sir A rthur S. Eddington„ the Brit ish ast ronomer whose observat ion of t he 1919 total
eclipse of the Sun “ rst con“ rmed the bending of light rays grazing a massive body (like the Sun),
as predicted by Einstein•s theory of general relat ivity„ made the following statement (quoted in
[Ac,p.19]): • A geometer like Riemann might almost have foreseen the more impor tant features of
the actual wor ld.Ž

8eit her in the form (1.4.1) or in the following (improved) form conjectured by Gauss,

� (x) = L i (x)(1 + o(1))

as x � � , where L i (x) := lim� � 0+ (
� 1Š �

0 +
� x

1+ � ) 1
log t dt denotes the logarit hmic integral

9Namely, for every � > 0, � (x) = L i (x) + O(x
1
2 + � ) as x � + � ; see, e.g., [Pat ,§1.8 and §5.8].
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funct ions) and the zeros of the Riemann zeta funct ion. Indeed, it expresses a deep
relat ionship between the prime numbers and the crit ical (or nont rivial) zeros of
� . (See, e.g., [Edw,Chapter3], [In], [Pat ,Chapter3], [ParSha1,§2.5], [TeMeF,§2.4]
and [Lap-vF2,p.4 and pp.75…76].) Riemann•s formula is somet imes referred to as
the Riemann…von Mangoldt explicit formula (see, e.g., [Lap-vF2,§4.5]) because a
suitable version of it was later proved rigorously by von Mangoldt [vM1,2] in the
mid-1890•s. (See Equat ion (2.4.20) in Sect ion 2.4.1 below for a classic version of
Riemann•s formula.) We note that such an explicit formula„ along with its later
generalizat ions to other parts of number theory„ has recent ly been extended to the
set t ing of fractal geometry in [Lap-vF1,2] in order to develop the theory of complex
dimensionsof fractal st ringsand to precisely describe theoscillat ions int rinsic to the
geometry or thespect rum of fractals in termsof theunderlying complex dimensions.
(See [Lap-vF2], Chapter 4 and the relevant applicat ions discussed in Chapters 5…9;
seealso [Lap-vF9] for further extensionsand improvements.) Earlier, in [LapMa1,2],
a geometric reformulat ion of the Riemann Hypothesis was obtained in terms of a
natural inverse spect ral problem for the vibrat ions of fractal st rings. Rephrased in
a more pictorial language, the work of [LapMa1,2] can be seen as demonstrat ing
that the quest ion (à la Mark Kac [Kac1]) Can one hear the shape of a fractal
drum?„ suitably interpreted as the aforement ioned inverse problem, connect ing
the geometric and spect ral oscillat ions of a fractal st ring„ is int imately connected
with and, in fact , equivalent to the Riemann Hypothesis. This characterizat ion of
the Riemann Hypothesis was extended and placed in a broader context in [Lap-
vF2], especially in Chapter 7. In part icular, the intuit ive picture of the crit ical
st rip 0 � Re s � 1 for � (s)„ suggested by the work in [LapPo1,2] (see especially
[LapPo2,§4.4b], along with [Lap2,Figure 3.1 and §5] and [Lap3,§2.1,§2.2 and p.150])
and corroborated by the results of [LapMa1,2]„ has been rigorously just i“ ed in
[Lap-vF1,2]. (See [Lap-vF2,Figure 7.1,p.165] and the discussion surrounding it .)

In my opinion, the importance of the Riemann Hypothesis does not lie solely
in the incredible mult iplicity of its equivalent forms, but also in the crypt ic message
which it carries with it : one about the geometry of a landscape thus far inaccessible
to us, the landscape underlying the prime numbers, and hence the integers. Once
we will have found the clues needed to decode this message, we should be able
to discover and unify large new areas of mathemat ics, lying at the con” uence of
arithmet ic and geometry.10

1.5. M ot ivat ions, Ob ject ives and Or ganizat ion of T his B ook

At least from the physical point of view, our goal in the present book is more
modest than the earlier discussion may have suggested. Indeed, we will not at tempt
to develop a geometry which models physical reality at scales where quantum grav-
ity plays an essent ial role. Instead, we will propose a geometric and physical model
that may help us to bet ter understand aspectsof number theory, part icularly theset
of prime numbers (or of integers) and the associated Riemann zeta funct ion, along

10Along similar lines, one could perhaps consider the Riemann Hypothesis„ t ogether wit h the
related informat ion concerning the stat ist ical dist ribut ion of t he prime numbers (for example, t hat
connect ing the crit ical zeros of t he Riemann zeta funct ion and aspects of random mat rix theory
[M on,Ber3…4,Od1…2,Gut2,RudSar,K atSar1…2,BerK e, K eSn1…2])„ as a mathemat ical analogue of
the recent COBE (and W M AP) observat ions regarding the ext raordinary uniformity (and the t iny
” uctuat ions) of t he Penzias…W ilson cosmic background radiat ion ([Tri,PuGis] and [HuW ,St ra]).
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with their various generalizat ions for algebraic number “ elds and curves over “ nite
“ elds which arise naturally in arithmet ic geometry (see, for example, [ParSha1,2]).

This new model is mot ivated in part by several mathemat ical and physical
sources, including the following ones:

( i ) The theory of fractal str ings [Lap1…4,LapPo1…3,LapMa1…2, HeLap1…2,
Lap-vF1…5,HamLap] (to be viewed here as •fractal membranes•, or equivalent ly, as
•quant ized fractal st rings•) and the corresponding theory of (fractal or arithmet ic)
complex dimensions recent ly developed in the author•s research monograph joint
with Machiel van Frankenhuysen and ent it led Fractal Geometry and Number The-
ory: Complex dimensions of fractal str ings and zeros of zeta functions [Lap-vF2].
(Seealso thenew book [Lap-vF9], Fractal Geometry, Complex Dimensions and Zeta
Functions: Geometry and spectra of fractal str ings, where the theory of complex
dimensions developed in [Lap-vF2] is much further expanded.)

( i � ) More generally, the study of the vibrat ions of fractal drums, associated
with Laplacians (or, more general ellipt ic di� erent ial operators) on open sets with
fractal boundary or on suitable (self-similar) fractals themselves. (See, for instance,
[Lap1…6], [LapFl], [LapPo1…3], [LapMa1…2], [HeLap1…2], [K iLap1…2], [LapPan],
[LapNRG], [GriLap], [Lap-vF1…5], [DauLap] and the relevant references therein
related to the so-called •Weyl…Berry Conjecture• [Wey1…2,Ber1…2].) We note that
fractal st rings correspond to the one-dimensional case of •drums with fractal bound-
ary• but also have certain features in common with the lat ter situat ion of Laplacians
on fractals.

( i i ) St ring theory (from theoret ical physics) and its st riking dualit ies, espe-
cially the so-called •T-duality•, a key symmetry not present in ordinary quantum
mechanics which enables us, for example, to ident ify physically two circular space-
t imes with reciprocal radii. (See, e.g., [Asp,EvaGia,GivePR,Gree,Polc1…4,Schw2
…4,Va1…2,Wit14,16…17].)

( i i i ) Noncommutat ive geometry and the recent at tempts to connect it with
conformal “ eld theory and st ring theory. (See, especially, [FroGa,ChaFro,Cha1…
2,LiSz1…2,FroGrRe1…2].)

( iv) Recent at tempts to connect aspects of noncommutat ive geometry and
fractal geometry from several points of view. (See, especially, [ConSul], [Con6,
§IV.3]„ part icularly [Con6,§IV.3(� )], mot ivated in part by [LapPo1…2]„ as well as
[Lap3,Part I I], [Lap5], [Lap6] and [KiLap2].)

(v) The int riguing work of Deninger [Den1…7] on a possible cohomological in-
terpretat ion of analyt ic number theory, as well as on theExtended Weil Conjectures
and, in part icular, on the (Extended) Riemann Hypothesis.11

To avoid any possible misunderstanding, we note that because we will consider
here the vibrat ions of fractal membranes rather than of fractal st rings, the roles
played by the Riemann zeta funct ion and our proposed approach to the Riemann
Hypothesis will di� er signi“ cant ly from their respect ive counterparts in the previ-
ous work of the author and of his collaborators, Carl Pomerance, Helmut Maier,
Christ ina Heand Machiel van Frankenhuysen [Lap1-4,LapPo1…3,LapMa1…2,HeLap1

11See, e.g., Appendix B to the present work, especially §B.2 and §B.3, for a brief discussion
of t he classic Weil Conjectures [Wei5] (and T heorem [Wei1…4], in the case of curves over “ nit e
“ elds), along with some of their mot ivat ions.
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…2,Lap-vF1…5,9]. Nevertheless, the concepts, techniques and results of this earlier
theory will serve as an important mot ivat ion and a useful guide in a variety of ways.

The rest of this book is organized as follows:

In Chapter 2, we discuss the simple but important model of (closed) st ring
theory on a circle (or, more generally, on a “ nite-dimensional torus). We do so
both from the standard physical point of view (in Sect ion 2.2) and„ following the
work of Fröhlich and Gawȩdzki [FroGa], pursued by Lizzi and Szabo in [LiSz1,2]„
from the point of view of noncommutat ive geometry (in Sect ion 2.3). T-duality is
presented from each perspect ive in Sect ion 2.2 and Sect ion 2.3, respect ively. Recall
that this duality ident i“ es the physics of st ring theory on two circles of reciprocal
radii (see §2.2.2). More generally, in higher dimension, T-duality ident i“ es the
physics of two toroidal spacet imes associated with a pair of mutually dual lat t ices
(see Remark 2.2.2).

In Sect ion 2.4, we suggest that in this context , the funct ional equat ion of the
Riemann zeta funct ion � = � (s) is a natural counterpart of T-duality for st ring
theory on a circle(or, moregenerally, on a fractal membrane, in thesenseof Chapter
3), while the Riemann Hypothesis may be connected, in part icular, to the existence
of a fundamental (or minimum) length in st ring theory, itself a consequence of
T-duality. (We point out to the interested reader that in the “ rst part of Sect ion
2.4, we review some of the basic propert ies of � (s)„ and of other number theoret ic
zeta funct ions„ which are used throughout much of this work; see Sect ion 2.4.1 .)

In Chapter 3, we then propose an extension of this model to st ring theory on
an in“ nite dimensional (adelic) torus, or on a Riemann surface with in“ nite genus.
This yields a geometric model of the vibrat ions of a fractal membrane, viewed
as a mult iplicat ive (or quant ized) analogue of a fractal st ring.12 For a suitable
choice of data„ direct ly expressed in terms of the sequence of prime numbers„ the
quantum part it ion funct ion of such a model then coincides with the Riemann zeta
funct ion � (s). Thus, by analogy with stat ist ical physics [YaLe,LeYa,Jul1…2], the
complex zeros (and the pole) of � (s) may be interpreted as corresponding to phase
t ransit ions. We therefore obtain an alternate mathemat ical answer to Bernard
Julia•s quest ion raised in [Jul1,2], apparent ly rather di� erent from that provided
earlier by Bost and Connes in [BosCon1,2] (see also the exposit ion in [Con6,§V.11]).
(Recall that Julia•s problem consists in “ nding a natural mathemat ical model for
a quantum stat ist ical system, called a •Riemann gas•, whose part it ion funct ion is
equal to the Riemann zeta funct ion.) We point out , however, that our primary
mot ivat ions and object ives in developing the theory of fractal membranes are much
broader and more ambit ious than in the lat ter work, as will be clear in Chapters 4
and 5 (especially, Sect ions 5.4 and 5.5).

More speci“ cally, after having recalled in Sect ion 3.1 some basic facts concern-
ing the theory of fractal st rings (e.g., [Lap3,LapPo2…3,LapMa2,HeLap2,Lap-vF2,9])
and of their associated complex dimensions [Lap-vF2,9], we int roduce the new no-
t ion of a fractal membrane (in Sect ion 3.2), along with its self-similar counterpart ,
called a self-similar membrane (in Sect ion 3.3). This enables us, in part icular,

12Alternat ively, rather than an (adelic) in“ nit e torus, a fractal membrane can be thought of
as an adelic Hilbert cube, wit h opposit e faces ident i“ ed. By •adelic•, in this context , we mean
physically t hat each normal mode of vibrat ion of such an object involves only “ nit ely many circles
(or faces).
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to provide a mathemat ical model13 of many arithmet ic geometries and to obtain a
natural interpretat ion of a standard Euler product of the associated zeta funct ion„
de“ ned as the (spect ral) part it ion funct ion Z (s) of the corresponding fractal mem-
brane. For example, the special case of the so-called prime membrane yields the
classic Riemann zeta funct ion: Z (s) = � (s), as discussed in the previous para-
graph. Further, our const ruct ions and results can be easily adapted to other •prime
membranes•, associated with arbit rary algebraic number “ elds or with curves (or
higher-dimensional variet ies) over “ nite “ elds. In that case, Z (s) coincides with the
zeta funct ion of the “ eld or the zeta funct ion of the curve, respect ively. (See §3.2.1
and Example 3.2.14, along with §2.4.1 and §B.1 in Appendix B.) For a general
fractal membrane, we point out that the role of the •primes• is played by the radii
lengths of the circles of the in“ nite dimensional torus associated with the mem-
brane. Our main result in Sect ion 3.2.2 can then be interpreted as stat ing that the
part it ion funct ion Z (s) of the membrane coincides with the corresponding Beurl-
ing zeta funct ion [Beu1]. (See Theorem 3.2.8 and the comments following it .) As
was ment ioned earlier, however, our primary goals and mot ivat ions in int roducing
the not ion of a fractal membrane and developing its theory go well beyond the
considerat ion of this part icular problem. (See Chapters 4 and 5.)

In Sect ion 3.3, we show that the part it ion funct ion of a self-similar (rather than
fractal) membrane is no longer given by a standard Euler product but instead coin-
cides with the geometric zeta funct ion of a self-similar st ring with in“ nitely many
scaling rat ios, which now play the role of the generalized primes. (This naturally
extends earlier results in [Lap-vF1,2] obtained for standard self-similar st rings with
“ nitely many scaling rat ios; see §3.1, especially Example 3.1.2.) In the process,
we also develop and signi“ cant ly deepen the analogy between arithmet ic and self-
similar geometries pointed out in earlier work of the author and his collaborators,
part icularly in [Lap3] and [Lap-vF2]. This analogy is used throughout much of the
rest of this book in order to t ransfer concepts or results from one subject to the
other.

We ment ion that near the end of Chapter 3 (more speci“ cally, in Sect ion 3.3.1),
we also show that the part it ion funct ion of a fractal membrane coincides with the
(appropriately weighted) dynamical (or Ruelle) zeta funct ion of a suitable •sus-
pended ” ow• (int roduced in passing in [Lap-vF3]). This yields, in part icular, a dy-
namical interpretat ion of the Euler product expansion of the part it ion funct ion„ or,
equivalent ly, of the Beurling zeta funct ion associated with the underlying general-
ized primes„ in terms of the primit ive (or •prime•) orbits of the ” ow. Accordingly,
this ” ow may becalled a •Riemann…Beurling ” ow• because theweights (or •lengths•)
of its primit ive orbits coincide with the logarithms of the underlying generalized
primes of the membrane. Furthermore, we obtain the analogue of these results
for self-similar ” ows (in the sense of [Lap-vF3,9]). In part icular, we show that the
dynamical zeta funct ion of a self-similar ” ow coincides with the part it ion funct ion
of the associated self-similar membrane. We thereby extend to the case of in“ nitely
many scaling rat ios the dynamical interpretat ion of the geometric zeta funct ion of a
self-similar st ring that was obtained in [Lap-vF3] and [Lap-vF9,Chapter 7]. These
new results complete the aforement ioned analogy between fractal and self-similar

13T his was recent ly made rigorous in a joint work in preparat ion with Ryszard Nest [LapNe1],
where fractal membranes are shown to be, in a suit able sense, the second quant izat ion of fractal
st rings. (See §4.2 for a brief account of t hese result s.)
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membranes. They may also be potent ially very useful in future work exploring
the possible spect ral and cohomological interpretat ion of the dynamical complex
dimensions which is conjectured to exist in the lat ter part of Chapter 4 (see §4.4).

In Chapter 4, ent it led Noncommutative models of fractal str ings: fractal mem-
branes and beyond, we discuss increasingly rich and noncommutat ive models of
fractal st rings and membranes. In part icular, in Sect ion 4.2, we provide a non-
commutat ive geometric and operator algebraic (as well as quantum “ eld theoret ic)
model of fractal membranes. (In this case, the underlying algebras of •quantum ob-
servables• is noncommutat ive.) More speci“ cally, we brie” y discuss rigorous joint
work in preparat ion with Ryszard Nest [LapNe1] in which we show that fractal
membranes (in the sense of Sect ion 3.2) can be precisely de“ ned and are the sec-
ond quant izat ion of fractal st rings, corresponding to a suitable choice of quantum
stat ist ics„ namely, Fermi…Dirac stat ist ics in the “ rst const ruct ion of fractal mem-
branes presented in Sect ion 4.2, and Bose…Einstein stat ist ics in the second con-
st ruct ion, given in Sect ion 4.2.1. Analogously, self-similar membranes (in the sense
of Sect ion 3.3) are the second quant ized version of fractal st rings, associated this
t ime with the choice of Gibbs…Boltzmann stat ist ics. In short , in agreement with
the author•s original intuit ion explained in Chapter 3, it follows from [LapNe1] that
fractal membranes (along with their self-similar counterparts) are t ruly quantized
fractal str ings, but now in a very precise mathemat ical sense.

A signi“ cant advantage of the aforement ioned second const ruct ion (see §4.2.1)
is that it enables one to de“ ne a fractal membrane as a t rue noncommutat ive geo-
metric space (in Connes• sense, as discussed earlier in Sect ion 1.2). Such a space
is given by a suitable •spect ral t riple• (A , H , D), where A is a noncommutat ive
C � -algebra represented on a complex Hilbert space H, and D is an unbounded,
self-adjoint operator on H viewed as the •Dirac operator• on the underlying non-
commutat ive space. (See, e.g., [Con6].) Here, A plays the role of the •algebra of
quantum observables•, the noncommutat ive •algebra of coordinates• or the algebra
of •Lipschitz funct ions• on the underlying noncommutat ive space. Furthermore, the
Hilbert space H can be thought of as a suitable •Fock space• on which the •Dirac-
type operator• D acts. Addit ional desirable propert ies are sat is“ ed by this spect ral
t riple, as is explained in Sect ion 4.2.1 and [LapNe1]. A new insight provided by
this const ruct ion (from [LapNe1]) is that once a given fractal st ring has been •quan-
t ized•, its endpoints are no longer “ xed in the real line but are instead free to move
(or •” oat•) within a (holomorphic) disc in the complex plane. In hindsight , this is
in some sense analogous to •D-branes• [Polc3,4] in nonperturbat ive st ring theory
and M -theory. Therefore, from this perspect ive, fractal membranes can perhaps be
viewed as •fractal D -branes•.

In Sect ion 4.3, we invest igate an even richer physical, algebraic and noncommu-
tat ivegeometric model of fractal membranes, inspired by our discussion in Chapters
2 and 3 (especially in Sect ions 2.2, 2.3 and 3.2). More speci“ cally, we consider a
model of st ring theory in a fractal membrane, viewed alternat ively as an adelic
Riemann surface with in“ nite genus or an adelic in“ nite dimensional torus. We
are thus led to int roduce a vertex algebra and the corresponding Dirac operator(s)
associated with each hole (or •circle•) in the Riemann surface with in“ nite genus
(or the •adelic torus•)„ see especially Sect ion 2.3 from Chapter 2. In this context ,
it is good to keep in mind that heurist ically, the radius of each circle of the in“ nite
dimensional torus represents a (generalized) prime associated with the membrane.
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(Recall that vertex algebras arealgebraic st ructures used to describequantum “ elds
and their interact ions in conformal “ eld theory and in st ring theory. See the origi-
nal references [BelaPZ], [Bor2], [FrenkLepM2]; see also, for instance, [Geb], [Kac-v]
or [Polc3], and in the context of noncommutat ive geometry, [FroGa] and [LiSz2].
Moreover, see Appendix A of the present work.) Mathemat ically, this yields a sheaf
of vertex algebras„ or, more generally, of noncommutat ive spaces„ providing an al-
gebraic and geometric model for the quantum geometry underlying st ring theory in
a fractal membrane. For a suitable choice of data, the result ing •noncommutat ive
st ringy spacet ime• may be an interest ing model for exploring and trying to under-
stand the geometry underlying the prime numbers, as well as the integers, which
viewed mult iplicat ively, coincide with the frequencies or •energy levels• of the mem-
brane. Furthermore„ since, as was ment ioned above in our discussion of Chapter
3, our proposed const ruct ion can be extended to algebraic number “ elds as well
as to curves (or higher-dimensional variet ies) over “ nite “ elds, for example14„ the
result ing family (or •moduli space•) of quantum geometries may provide a natural
model for Deninger•s (heurist ic) not ion of an •arithmet ic site• [Den1,3,5…6,8]. (See
§5.4.1.) As is discussed in several places in Chapter 5, this should be closely related
to the not ion of •moduli space of fractal st rings• int roduced by the author in the
early 1990•s in order to provide a natural receptacle for many of the zeta func-
t ions arising in arithmet ic and fractal geometry and to classify the various types of
(one-dimensional) fractal geometries occurring in his theory of fractal st rings and
of their vibrat ions.

In Sect ion 4.4, several conjectures are proposed„ regarding fractal membranes
and their (dynamical) complex dimensions15„ that would yield new insights into
the nature of the Riemann zeros and into the possible algebraic and geometric
st ructures underlying the Riemann Hypothesis. In part icular, we conjecture that a
suitablespect ral and cohomological interpretat ion of thedynamical complex dimen-
sions of prime membranes„ and notably, of the Riemann zeros„ can be obtained
in this context , by means of the associated sheaf of vertex algebras (or, more gen-
erally, of noncommutat ive spaces). This is part ly inspired by Deninger•s work on
•cohomological number theory• and the Extended Weil Conjectures (see §B.3 of
Appendix B in conjunct ion with §4.4).

In closing this overview of Chapter 4, we ment ion that in Sect ion 4.4.1, we
very brie” y discuss the possible connect ions between aspects of our work and Shai
Haran•s appealing approach to • The mysteries of the real primeŽ [Har2] and the
Riemann Hypothesis.

In Chapter 5, we int roduce the moduli space of fractal str ings M f s„ along
with its •quant izat ion•, the moduli space of fractal membranes, M f m „ viewed as
highly noncommutat ive (quot ient ) spaces, in the spirit of Connes• noncommuta-
t ive geometry, and as a broad generalizat ion of the set of all Penrose t ilings (or of
all quasiperiodic t ilings of the plane). We analyze the zeta funct ions (or spect ral
part it ion funct ions) associated with these moduli spaces, and show that a signi“ -
cant advantage of the moduli space of fractal membranes M f m over that of fractal
st rings M f s is that both the poles and the zeros (rather than just the poles) of the
corresponding zeta funct ions are natural geometric invariants„ see Sect ions 5.1 and
5.2. In Sect ion 5.3, we propose that since the moduli space of fractal st rings (or its

14as is the case for the fractal membranes discussed in §3.2 and §4.2
15 i.e., t he poles and the zeros of t he associated part it ion funct ion
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quant izat ion, M f m ) is a natural receptacle for zeta funct ions, it may be viewed as
a possible mathemat ical model for (and a suitable extension of) Deninger•s elusive
arithmetic site [Den1,3,5…6,8]. In short , from our perspect ive, this arithmet ic site
can be thought of as a heurist ic •space• the •points• of which are expected to be the
zeta funct ions of number “ elds, funct ion “ elds, along with more general arithmet ic
zeta funct ions. In Sect ion 5.4.2, we begin by providing the necessary operator al-
gebraic background material on the beaut iful theory of factors of von Neumann
algebras and the associated modular theory, which part icularly enables one to con-
sider corresponding noncommutat ive ” ows such as the •modular ” ow• which, in its
various guises, plays a key role in the rest of this chapter. (See §§5.4.2a…c, along
with §5.5.) Then, in the lat ter part of Sect ion 5.4.2 (§5.4.2d and §5.4.2e), building
upon results and ideas from the theory of operator algebras and noncommutat ive
geometry [Con5,6] as well as aspects of Connes• recent noncommutat ive geomet-
ric approach to the Riemann Hypothesis (as developed in [Con10] and announced
in [Con9]), we state a conjecture about the nature of M f m and of the associated
(cont inuous, noncommutat ive) modular ” ow. It would follow that , in some sense,
the modular ” ow itself can be viewed as a suitable subst itute for and extension of
the so-called Frobenius ” ow on the arithmet ic site, arguably one of the Holy Grails
of modern arithmet ic geometry.

In Sect ion 5.5, we conclude the main part of this book by proposing a geomet-
ric and dynamical interpretat ion of the Riemann Hypothesis. This is formulated
in terms of the modular ” ow on M f m „ thought of as a (noncommutat ive) ” ow of
zeta funct ions or, equivalent ly, as a ” ow of the (generalized) primes of the under-
lying membranes„ and its counterpart on the Riemann sphere, a Hamiltonian ” ow
on the space of associated •complex dimensions• (i.e., of the corresponding poles
and, especially, zeros). In part icular, we conjecture that the •self-duality• of the
funct ional equat ions sat is“ ed by arithmet ic zeta funct ions (such as the Riemann
zeta funct ion and other L -series) forces the ” ow of (crit ical) zeros to •land• on the
Equator of the Riemann sphere,16 which in this picture corresponds to the crit ical
line Re s = 1

2 . (See, especially, Figures 1 and 2 near the beginning of §5.5.2, along
with the cover of this book.) Accordingly, the t ruth of the Riemann Hypothesis
would be due to the int rinsic (dynamical) stability of •arithmet ic geometries• or
•self-dual geometries• (as forming the •arithmet ic site•) within the moduli space
of fractal membranes. Therefore, our proposed approach would not only explain
why the Riemann Hypothesis must be t rue but also provide a new geometric and
dynamical framework within which to at tempt to prove it .

More precisely, we conjecture that along the orbits of the ” ow of fractal mem-
branes (on the •e� ect ive part • of M f m ), the corresponding generalized fractal ge-
ometries (viewed as noncommutat ive spaces) are cont inuously deformed (i.e., •con-
verge•) to arithmet ic geometries.17 This implies that along a given orbit , the zeta
funct ions (i.e., spect ral part it ion funct ions) of the fractal membranes converge to
the arithmet ic zeta funct ion associated with the limit ing •arithmet ic geometry•.

16Recall t hat via stereographic project ion, t he Riemann sphere„ de“ ned as the complex plane
completed by a point at in“ nity„ can be ident i“ ed with S2 , t he unit sphere of t he 3-dimensional
Euclidean space R3 .

17Arit hmet ic geomet ries„ which form the •core• of M f m „ are thus the •stable at t ract ive
“ xed point s• of t he noncommutat ive ” ow. Further, t hey are viewed here as •self-dual geometr ies•
(relat ive to a suit able counterpart of •T -duality•).
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In part icular, these zeta funct ions18 become increasingly •self-dual•. Furthermore,
also by •T-duality•, it follows that their zeros are at t racted by the Equator of the
Riemann sphere (i.e., converge to some discrete subset of the •crit ical line•), both
within the lower and the upper hemispheres. Consequent ly, the crit ical zeros of
the limit ing arithmet ic zeta funct ion„ towards which the aforement ioned (orbit of )
zeros must also converge„ naturally sat isfy the (Extended) Riemann Hypothesis.
In other words, the •core• of M f m „ viewed as the site of arithmet ic geometries and
hence, as a possible realizat ion in our context of Deninger•s arithmet ic site„ is the
attractor of the modular ” ow of fractal membranes. Similarly, the •crit ical line•
(i.e., the Equator) is (or rather, contains) the at t ractor of the corresponding ” ow
of zeros on the Riemann sphere. In a nutshell, this is the essence of the conjectural
picture which we are proposing near the end of Chapter 5. (See Sect ions 5.5.1 and
5.5.2, including Figures 1 and 2; see also Sect ion 5.4.2, part icularly §5.4.2d and
§5.4.2e.)

We close this descript ion of the main contents of the book by ment ioning that
in the last subsect ion of Chapter 5 (§5.5.3), we discuss some analogies and possible
connect ions between our proposed approach to the Riemann Hypothesis via mod-
ular ” ows of zeta funct ions (and their associated noncommutat ive geometries) and
several types of geometric, analyt ic or physical ” ows encountered in (or inspired
by) various aspects of contemporary mathemat ics and physics. In part icular, in
§5.5.3b, we propose a model„ called the •KMS-” ow for (generalized) Pólya…Hilbert
operators•„ of the modular ” ow of zeta funct ions and their zeros. This model is
inspired in part by the operator algebraic approach to quantum stat ist ical physics
(see§5.4.2b, along with §5.5.3b) and by analogieswith two di� erent but complemen-
tary approaches (discussed in §5.5.3a) to the Schrödinger equat ion19 with a highly
singular potent ial. Namely, these are the approaches via analyt ic cont inuat ion (in
•mass• or in the •di� usion constant•) of a suitable Feynman path integral, or else via
Wilson•s renormalizat ion ” ow (or group); see §5.5.3a. Furthermore, in §5.5.3c, we
discuss possible analogies with the Ricci (…Hamilton) ” ow on (three-dimensional)
manifolds, act ing as a renormalizat ion-type ” ow, as in the recent groundbreaking
(and ent irely independent) work of Perelman on Thurston•s Geometrizat ion Con-
jecture and, in part icular, on the Poincaré Conjecture. Finally, whereas in §5.5.3c,
the modular ” ow of zeta funct ions and the associated noncommutat ive geometries
is suggested to be a suitable arithmet ic and noncommutat ive counterpart of the
Ricci ” ow, the corresponding ” ow of zeros is brie” y viewed in §5.5.3d as a •non-
commutat ive, arithmet ic and KP (or KdV) ” ow• act ing as a geodesic ” ow on a
certain noncommutat ive manifold. Although, admit tedly, all of these ” ows arise in
very di� erent contexts, the analogies drawn in the various parts of Sect ion 5.5.3
should provide a useful guide in future explorat ions of our proposed approach to
the Riemann Hypothesis.

It may be helpful from the outset for the reader to be aware of the progression
followed in this text and of the di� erent nature of the various parts of this book
(while also keeping in mind the int imate connect ions between them, as explained
earlier). While the present int roduct ion, Chapter 1, is aimed at a •general• scient i“ c
audience (with a st rong interest in mathemat ics and physics), Chapter 2 is more
physics oriented and requires a certain familiarity with some of the basic aspects

18or rather, t he •generalized funct ional equat ions• which they sat isfy
19viewed as a t ime-evolut ion equat ion
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of quantum mechanics (and its modern incarnat ions). It has been writ ten, how-
ever, with the mathemat ical reader in mind, and does not really require previous
knowledge of st ring theory. The end of Sect ion 2.3 (more speci“ cally, the lat ter
part of §2.3.2) is more technical and mathemat ical, and should perhaps be omit ted
upon a “ rst reading. Suitable references to the relevant physics and mathemat ics
literature (along with an appendix on the de“ nit ion and propert ies of vertex alge-
bras, Appendix A) are provided to facilitate the task of “ nding out more about the
many fascinat ing subjects only touched upon in this chapter. It should be st ressed
that because st ring theory (or its recent nonperturbat ive extensions) is very far
from having been experimentally veri“ ed, as was discussed towards the beginning
of this int roduct ion (see §1.3), our use of the term •physical• in this context should
be taken with a grain of salt . It is our point of view, however, that the beaut iful
mathemat ical st ructures revealed by st ring theory should have an important role
to play in our future understanding of mathemat ical reality and in part icular, of
aspects of number theory and of arithmet ic geometry.

The second part of this book, composed of Chapters 3 through 5, is of a more
overt ly mathemat ical nature than either Chapter 1 or 2. Chapter 3, for example,
contains the statement of several de“ nit ions, theorems and proofs, more in the
style of a t radit ional mathemat ical research monograph. Even then, however, some
of the •de“ nit ions• provided in Chapter 3 (in Sect ions 3.2 and 3.3) are only fully
just i“ ed by rigorous joint research work in preparat ion [LapNe1] (mot ivated by the
theory developed in this book and brie” y discussed in Sect ion 4.2). Large parts
of Chapters 4 and 5 (with the except ion of Sect ions 4.1 and 4.2) are certainly of
a more speculat ive nature than most of Chapter 3. They build upon the material
of Chapter 3 but also use or at least refer to a large amount of contemporary
mathemat ics, as well as draw on the physical language and formalism int roduced
in Chapter 2. They also contain a number of conjectures, open problems and
hypothet ical statements suggested by our physical or mathemat ical discussion in
Chapter 2 or 3. We hope that the reader will be able to adjust without too much
di� culty to the di� erent styles encountered in this book and to switch from one
type of discourse to another„ mathemat ical, physical, or speculat ive„ somet imes
within the same chapter or sect ion, especially towards the end.

In order to facilitate this t ransit ion and make the book more readily accessible
to a broader audience, we have included some relevant background material at
various points in the text or in the appendices. See, in part icular, Sect ion 2.4.1 (on
the Riemann and other arithmet ic zeta funct ions), Sect ion 3.1 (on fractal st rings
and their complex dimensions), Sect ion 5.4.2 (which includes a review of modular
theory and noncommutat ive ” ows on von Neumann algebras), as well as Appendix
A (on vertex algebras) and Appendix B (on the classical Weil Conjectures and the
Riemann Hypothesis for variet ies over “ nite “ elds).

Vertex algebras provide an elegant algebraic language to describe the quantum
interact ions between point -part icles or st rings in conformal “ eld theories (CFT•s)
or st ring theories, respect ively, while the Weil Conjectures (for •“ nite geometries•)
have served as a useful guide in the search for an appropriate st rategy to tackle
the original Riemann Hypothesis (within the context of a conjectural •arithmet ic
geometry• associated with the Riemann zeta funct ion, say) and its various exten-
sions. The Weil Conjectures also part ly mot ivate aspects of our discussion near the
end of Chapters 2, 4 and 5.
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Moreover, Appendix C gives a precise statement and proof of the general Pois-
son Summat ion Formula (PSF, in short ) for a pair of dual lat t ices, along with some
of its consequences. This formula plays a key role both in the physical and in the
arithmet ic situat ions discussed in Chapter 2. It also part ly mot ivates several state-
ments (or conjectures) made in Chapters 4 and 5. We note that the second part of
Appendix C reviews aspects of the theory of modular forms and their associated
L-series, whose funct ional equat ions are established by using the Poisson Summa-
t ion Formula, and which are cent ral to much of number theory and its various
applicat ions to other areas of mathemat ics and physics.20

Appendix D is devoted to a discussion of some of the most relevant analyt ic
propert ies of Beurling zeta funct ions associated with systems of generalized primes
(g-primes, in short ). These zeta funct ions and the corresponding g-prime systems
play an important role in Chapter 3 (especially, Sect ion 3.2) and in partsof Chapters
4 and 5. Recall from our earlier discussion (and §3.2) that the spect ral zeta funct ion
of a fractal membrane coincides with the Beurling zeta funct ion of a g-prime system
naturally associated with the membrane.

Furthermore, Appendix E on the •Selberg Class of zeta funct ions• gives an
overview of the basic propert ies of this class of arithmet ic-like meromorphic func-
t ions. Some of these propert ies are already established, while others are merely
conjectured at this point . The relevance of the Selberg Class to our work stems
from our expectat ion that the not ion of a fractal membrane and the corresponding
moduli spaceof fractal membranes int roduced in Chapters3 and 5, respect ively, can
naturally be extended to include this family of meromorphic funct ions as associated
spect ral part it ion funct ions (or •zeta funct ions•).

Finally, in Appendix F, we give a more detailed and mathemat ical descrip-
t ion of the noncommutat ive space of Penrose t ilings considered in Sect ion 5.1, via
the not ion of •groupoid C � -algebra• associated with the underlying singular (and,
in part icular, non-Hausdor� ) quot ient space. We also discuss extensions of this
const ruct ion that can be used to associate suitable noncommutat ive spaces to qua-
sicrystals (and to corresponding nonperiodic t ilings). In the process, we review
at some length several not ions of mathemat ical quasicrystals and related concepts.
Thematerial and theconst ruct ions provided in this appendix should play an impor-
tant role in theformalizat ion of thenot ion of •generalized fractal membrane• (viewed
heurist ically as some kind of generalized quasicrystal) and of the associated moduli
spaces that are discussed or alluded to in Chapter 5 (especially, Sect ions 5.4 and
5.5), Appendix E and earlier places in the book.

For an int roduct ion to the origins of the theory developed in this book, see
[Lap8], the text from which the project of this book emerged, the content of which
is based on the author•s ideas and intuit ions extending over many years.

It should be made clear to the reader that the research program out lined in this
book is st ill at an early stage and that some of the mathemat ics involved or implied
is rather formidable or even not yet formulated in a precise manner. Nevertheless,
we hope that the ideas and models that we propose here can be suitably modi“ ed
and/ or extended in order to build a useful bridge between noncommutat ive, st ring,

20We note that modular forms„ along with their higher-degree counterpart s, automorphic
forms, brie” y considered in §E.4 of Appendix E„ play an important role in our discussion of t he
•arit hmet ic sit e•, viewed as the •core• of t he moduli space of •generalized fractal membranes•. (See
esp. §5.4.2e.)
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arithmet ic and fractal geometry. We also hope that readers will be mot ivated by
this book to further invest igate the mysterious and elusive geometry underlying the
prime numbers (thereby, the integers) and, of course, the Riemann zeros.




