MATH 171
SOLUTIONS TO QUIZ 2

Let G be a group with identity e. Let a € G. Define the relation b ~ c if
and only if be™! € {a).

e Prove ~ is an equivalence relation on G.

Solution: (Reflexive) bb~! = e. e € (a) since it is a subgroup.
Hence b ~ b. (Symmetric) If b ~ ¢ then be™! € (a). Therefore
(bcfl)*1 = cb~! € {a), since {a) is a subgroup. Hence ¢ ~ b. (Transi-
tive) Let b ~ ¢ and ¢ ~ d. Then be! € (a) and ed~! € (a). Therefore
bcled™! = bd~! € (a). Hence b ~ d.

e If GG is finite, prove that |[b]| = |[e]| = |{a)| for all b € G.

Solution: G finite implies (a) = {e,a,a?,...,a"}. Since [b] = {g €
G | bg7! € (a)}, g € [b] implies g € {b,ab,a?y,...,a"b}. Con-
versely if ¢ = a*b for some integer k, then g € [b]. Therefore [b] =
{b,ab,a?y,...,a"b}. Note that a’b = a’b if and only if i = j. There-
fore |[b]| = |{a)|. (Since [¢] = {e,a,a?,...,a"}, clearly |[e]| = |(a)|.)

Remark: In office hours, I presented a different solution. It is essen-
tially the argument that precedes the proof of Lagrange’s Theorem on
p- 100 in the textbook.

e Deduce that if G is finite, ord(a) = |(a)| divides |G|.

Solution: G finite implies there are N equivalence classes { Py, ..., Py}
for some integer N > 0 corresponding to the equivalence relation
~. By definition of a partition, G = Ui]LPi and P, N P; = { for
i # j. Therefore |G| = SN ,|P;|. For all P; there exists b; € G
such that [b;] = P; and, by part 2 above, |[b;]| = [(a)|. Hence |G| =
SN B =N [(a)| = N|(a)|. Hence |(a)| divides |G|. By definition,
ord(a) = |(a)|. Hence ord(a) divides |G].



