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Asstract. The techniques of effective descriptive set theory are applied to the
mathematical formalism of guanturn mechanics in order to see whether it actuatly
provides effective algorithms for the computation of various physically sipnificant
guantities, ¢.g. mwatrix clements. Various Hamiltostians are proven 10 be recursive
{cffcctively computable) and shown to generate unitary groups which act recursively
on the Hilbert space of physical states. In particular, it is shown that the a-panicle
Conlombic Hamilionian is recursive, and that the time evolution of s-particle
quantum Coulombic systems s recursive,

Introduction. Computable analysis {1] and effective descriptive set theory [3] study
mathematical processes to see whether they can be done effectively, e.g. by computer
programs. Kreisel [2] has raised the possibility of applying these branches of
mathematics to mathematical physics, Since the goal of physics i1s to be able 1o
predict phenomena, it is of tnterest to see whether physical theories provide effective
algerithms for making quantitative predictions. In Kreisel's words, “ We consider
theories, by which we mean such things as classical or quantum mechanics, and ask
if every sequence of natural numbers or every real number which is well defined
{observable) according to the theory must be recursive, or, more generally, recursive in
the data (which, according to the theory, determine the observations considered).”

In {4], Pour-El and Richards study the classical wave equation in R® and show
that even when recursive initial conditions are given the solution may not be a
recursive function. In this paper I will show, among other things, that the quantum-
mechanical Coulombic Hamiltonian
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generates & unitary group exp(—iHi/#) which acts on LA(R*") in a manner that is
recursive in the data m,, g, h. Since I deal with wave-functions as vectors in L(R*™)
rather than pointwise-defined continuous functions, nonrecursivity of the type found
by Pour-El and Richards, in which the solutions of the classical wave equations are
not computable on certain sets of measure zero in R, cannot occur. Treating
wave-functions as vectors in a Hilbert space would be artificial in the context of the
classical wave equation, but this is natural in the framework of auantum mechanics.
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be less of a problem in quantum mechanics than in classical mechanics. There are,
however, interesting unresolved questions about the recursivity of spectra of quan-
tum-mechanical Hamiltonians, which I will discuss in the Conclusion.

Preliminaries. In this section 1 will introduce the Kleene pointclasses and recursive
functions on recursively presented separable metric spaces. Moschovakis discusses
this material in detail in [3}, so 1 will follow his definitions and notation closely,

Let M be a separable metric space with metric d: M X M — R. A “recursive
presentation™ of M is a dense sequence of points (7). of M such that the relations
diror)y<m/(k+1) and d(r,r)<m/(k+1)
are recursive. (Requiring that d(r,, r,) <m/(k -+ 1) and d(r,, ;) = m/(k + 1) be
recursively enumerable relations is in fact sufficient, but this need not concern us
here.} The recursively presented space will be denoted cither by the ordered pair

(M, {r,))or simply by M.

Given a recursively presented space, we can enumerate a base for its topology as
follows, Let (p,),.n be the sequence of prime numbers in increasing order, and
define

(Kgseeosky )= pgort oo pot!
so that () effectively assigns a unique integer 1o each finite sequence of integers,
Next define

(a), = {k,- if a = (kg,....k, ) for some kg, ....k,,
e 0 otherwise,
so that @,: N — N"" defined by
q)”(ﬂ) = ((a}{)# (ﬂ) )

is onto (though not one-to-one). Then given the recurswel} presented space { M, (#,)),
defining

BAM. (r))={xeM:d(r,,,x)<{k)/ (k) + 1))
gives an enumerated base of balls (B,(M, (v, )})k(;N fcr the topology of M.

Given recursively presented Spdﬂ% (M,, (r Wyooo { M, (1)) with metrics d,: M,
X M, — R, the product space M, X - -+ XM, isa separable melric space when given
the metric 4 defined by

]

(g%, )5 (Fo00002n)) = E (s 7).
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We will take {g,) as a recursive presentation of R, where

g; = (~-D"" () / () + 1),

and we will consider € to be R X R so that it gets the canonical recursive
presentation (¢,), where

¢, = G, + -1 Gy,

A set § € M is said 1o be “semirecursive” with respect to the recursive presenta-
tion (r,) of M if for some recursive f: N —» N

5= U Bf(n)(Ml(rf)}‘
neN

The class of semirecursive subsets of M is denoted by I M), and the class of sets
of the form

{x € M:3n[(x,n) & S]),
where § € Z2(M X N), is denoted by 2%, (M), The class of sets with M — S &
29 M) is denoted by T} M). Also, we write
aL(M)=TE(M) N ZH(M).
%9, 1%, and A% are known as the “Kleene pointclasses” and satisfy the inclusions:
A C QA0 ¢ T
Cmg '¢me

In the case M = N this is just the arithumetical hierarchy,
Given f: M — N, where (M, (7)) and (N, (s,)) are recursively presented spaces,
the “neighborhood (nbhd) diagram™ of f, a set G/ C M X N, is defined by

G/ = {(x, k): f(x) € BN (s)]}.
We say f is “Zlhrecursive” if G/ € ZNM X N), and if f is Zl-recarsive we say
simply that f 18 “recursive.” (If f:N — N, this definition of “recursive” coincides
with the usual definition.) If f: M — N is recursive, we can effectively compute
arbitrarily good approximations to f{x) by choosing »n and searching for k such that
Ax)y € B(N)and B, (N has radius less than 1 /»n. Note that recursive functions are
always continuous, since their nbhd diagrams must be open.
Recursive real-valued functions can be characterized as follows:

ProrosiTiON 1. f: M — R is recursive iff the relation
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Prorosition 2. Let U be a Kieene pointclass. If S, T € T{M)Ythen 8 U T € (M)
and S VT € T{M) If 8 € T(M X N) then

{x,m): 3k =nl{x, k) € 8]} EeT{M X N)
and
{x,n): Wk =nl(x, k)& ST} € I'{MXN),
Iff: M - N is recursive and § € T(N), f"H(8) € T(M). Also, if § € UM X N),
{x:3n[{x.n) € 81} € 24 M)
and if S & IT%M X N)
{x:¥al(x,n} € 5]} € DU M)
Lasdy, § & AN M) implies M — 5 € N(M) (of. {3, Corollary 3E2]). [
PROPOSITION 3. If f: M — N and g: N - O are Z5-recursive, theng o f: M ~ O is
=0 recursive (¢f. [3, Theorem 3DA]). [
PROPOSITION 4. f: M — Ny X -+« XN, is Z%recursive iff flxy = (ffx). ... fi{x)
Jor some Z8-recursive functions f: M — N, 0 =< i = k (cf. [3, Theorem 3D.3]). [
The following propositions will also be useful:

Prorosirion 5. The metric d: M X M — R is recursive for any recursively pre-
sented space M {<f. (3, Exercise 3D.10]). U

ProOPOSITION 6, The sequence (r,) considered as a function from N to M is recursive
for any recursively presented space (M, (1)) (¢f. {3, Exercise 3D.8]). [J

Recursive operators. Operators occuring in guanium mechanics are often given in
the form A : D(A) — L3R"), where D{A) is a “core” for 4, i.c. a dense subspace of
LY(R*) on which A is essentially selfadjoint. “Weighted Sobolev spaces™ will be
useful because they are cores for some important operators. If r, s &€ N and
¢ R* -+ C is measurable with a well-defined Fourier transform ¢ : R" — C, and

19 = [0+ 1P TgC0 P ax+ [ {14 15P) 16 () o

is finite, we say g is in the “weighted Sobolev space™ W, (R").

The spaces W, (R") are often called “Sobolev spaces™; the spaces W, (R"} are
called “weighted L? spaces™ Wy (R") is just LAR"). ¢ € W, (R") iff for all
multiindices a, 8 with |a]= r, | B1= s, we have x% € LR") and DPp € L*(R"),
where derivatives are taken in the sense of distributions, W, (R") is a Hilbert space
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because recursivity only makes sense for continuous functions. Indeed, the only
unbounded selfadjoint operaters we will be considering are those which have some
W, (R"} as a core and restrict to a bounded operator from W, (R") 1o LAR"). We
will often describe this situation simply by saying “4 : ¥, (R") - LR} is essen-
tially selfadjoint.”

To study recursive operators on weighted Sobolev spaces we need recursive
presentations for these spaces. A handy one involves tensor products of the Hermite
fanctions £.: R - R, Let

ﬁf{xl*' e *'xn) - ﬂ{ﬂﬂ(x!) et R{.f‘},,_ﬂ('xn)

and

-}
’H{"’J" ferd E C{j};n?-
f=1}

Note that this sum is always effectively finite since if / > i then (i), = 0s0 ¢,,, =0,
{(07),=n 18 an orthonormal basis for L*(R"} and for any r, & ("),cn i85 dense in
W, {R"); indeed we have

ProrosiTion 7. (4") is a recursive presentation of W, (R").

Proor. Since ly" — I, 18 effectively computable in terms of rational functions
and square roots using Hermite function identities, the relations

" =, < m/ {k+ 1)
and
W — 4, <m/(k+ 1)
are recursive. Ll
In what follows I will often use the abbreviations W for W, (R"), (-."), for
(o don e SOt - o (5o ) for (g B - N Bor - lng, () for (4), and () for
()
Prorosition 8. The following functions are recursive: ||} W R, +: WX W
— W, p: CX W Wdefined by p{x, @) = xp, and (- ), WX W~ C,

Proor. By Propositions 5 and 6 and the fact that g}, = o — Ygll,. it follow:
thatf] - §|,,: W~ R is recursive,

By standard recursion-theoretic techniques there is a recursive o : N — N such that

+ ((H‘/ @ 'f’);) = b (‘p{r}n? ‘p{f}‘) = ‘ib{ng. + ‘f’{ih = %w

WEhinden tharet o Lo mnf o~ B STI7NLPF
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By Propositions 1, 5, and 6 we see that {1) defines a set in ZV(W X W X N), This set
is precisely the nbhd diagram of +: W X W~ W, so -+ is recursive.
There is also a recursive 8 : N ~ N such that

p{lc®),) = P‘(‘c(:}n* ‘I’uh) = Cp i = Ve

Note that xg € B (W )il

o (k)i
quj #"{‘k)ﬁ”w < {k)z + 1 *

Since ({(¢ @ ), ) is dense in C X W, this means x¢ &€ B (W) iff
(2)

3f[|-’5 - o, el + lf*mmtq?’ ~ Yy e + Hdgyy — Vil < (k) / ((k); + 1)}

By Propositions 1,5, and 6 we see that (2) defines a set in ZC X W X N), This set
is precisely the nbhd diagram of p: C X W — W, Thus p is recursive,

Having proved that jj - |f,., +. and p are recursive, to see that (-,-),, 15 recursive we
need only note the polarization identity:

(p. ) = $llle + 912 — o — @N2) + &lle + )2 — llo — igli). O

We now turn our attention to operators from W to LA(R"). We shall study not
only operators but “ parametrized operators,” that is, continuous functions 70 M X
W - L3(R") such that for each x € M, T,: W - L¥R"} is an operator, Operalors in
physics are often parametrized, the parameters being either physical constants or
variables such as time,

Note that Proposition 8§ implies that if 7: M X W~ L*R") is a recursive
parametrized operator the function (¢, T,9') from M X LHR") X W to C is recur-
sive, This i5 desirable in quantum mechanics, where such matrix elements have
physical significance,

The following proposition characterizes uniformly bounded parametrized opera-
1015,

PROPOSITION 9, Let T: M X W - L*R") be a uniformly bounded parametrized
operator, T is recursive iff there are recursive functions f: M X N> - Cand g: M X
N - R such that
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Sy, = 0, Since (n,) is an orthonormal basis for L*(R"} we have

. 2
“T.a i ‘Pk“z = % 'Eb((nja T:tne) 'C(k} } 2 If(' jj f{k)
J=0 g
Feky ar
= 2 LN —enf+ T ILLNDE
J=0 J=Fkp+1
Fky @
= 2 {iflis /) = e, P~ 164 NP+ T AL P
i=0 J=0
Fii)

= EU(IL(L 7Y = e B = Ui, DE) + g Y.
!m

Thus T,y € B (LYR™)iff

Fky v 2
| P (k)
(3) Eglifxin.f) o, = L1 DP) + 8.0 {((k,}z + 1) ‘

Since f, g, and F are recursive, {3) defines a set in 29 A X N2). This set is just the
nbhd diagram of T.n, as a function from M X N 10 LYR"), so T\, is a recursive
function,

Bince
Fi
Tap, = 2 c{f'j,,Txnj
=0

we can conclude that 7,4, is also recursive as a function from M X N to LA(R™).
Forg & W, T.g € B(L*R")) iff

|§ xq} 4’”(}9“ {k() ?_;_ 1
and since (y;) is dense in Wand ||7, || = &, this holds iff
(4 3 Kilg = dull + 1T — Yol < ()i ((K)2 + D]

Since 7, 3; is a recursive function and K € N, (4) defines a set in EAM X W XN
which is the nbhd diagram of T: M X W — L*(R"). Thus T is recursive. {J
This has as a corollary:

PROPOSITION 10. An operator T: W - LR is recursive iff there are recursive
Junctions f:N? — C and g: N — R such that f(i, j) = (n,, Tw,) and g(i) = |{|Tq,i

http://www.jstor.org/jstor/gifovidir/dr000358/00029947/di970327/97p0161t_1.7.gif%jstor  11/5/2007
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If 4, W - LYR") is assaﬁtia]iy selfadjoint, there is an operator (4, + i)' :
LHR™) — L¥R") such that (4, + i)'(A, + i) is the identity on W (cf. [S, Theorem
VIIL3D. I A4 M » W ~ L*R") is an ess. s.a. parametrized operator, we can define
a parametrized operator (4 -+ M X LHRY = LYR") by

A+ =(a,+ 8"
{4 + i)' is called the “resolvent” of A. We always bave {i(4 + ;= 1.

PrROPOSITION 11, If A: M %X W — LYR") is a recursive ess. s.q. parametrized
operator, then the resolvent (A + iy M X LAR") » LYR") is a recursive parame-
trized operaior.

PrOOF. Suppose (4 + i);'g € B (LY (R")), i.e.
(%),

104 + D3 = o | < 757

Then since W is a core for A,, we can find {, making both {|(4 + i — Yl and
(A -+ iY;'p — ¢l simultaneously as small as we like, 50 we know by the triangle
inequality that

14, + A + D20 = Bl + 1, = oo, ll < GO/ ((R) + 1],
This in turn implies
(5) 3 e — (Ao + D%l + 19, — Yl < (R / (KD, + D).
Conversely, suppose (5) holds. Then since {4 + § 3.1 = 1, we have
A + D70 = Bl + 14, = ol < (k)7 (k) + 1))
which implies
A+ 0 e =ty | < (K)/ (k) + 1),

e (A + )'e € B{LYR™)). Thus (5) defines a subset of M X LA(R™) x N which is
the nbhd diagram of (A4 + i)' : M X LXR") — LXR"). If 4 is recursive (5) defines
a semirecursive set, which implies that (A + ¢)! is recursive. [

THEOREM 12, Jf A M X W — L}R7) is a recursive ess. s.da. parametrized operator,
the parametrized operator U: M X R X LYR") - LAR") defined by U, , = exp(id 1)
is recursive,

Proot. Define the parametrized operators R, R*: M X L3R") — LRy by

R o=fa+it Re={(a4+ VW= _ {4+
http://www jstor.org/jstor/gifevtdir/dr000358/00029947/di970327/97p0161t_1.8.gif?stor 11/5/2007
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of a. Using standard recursion-theoretic techniques one can see that if P is a
recursively parametrized polynomal, the corresponding parametrized operator
P(R): M X N X L*R"y — L*(R") given by the functional calculus is recursive. (For
allx e Mand e € N, P{R ) isa polynomial in R, and R%)
By the functional calculus we know
U, = explit( R - 1))
or if we let f{A) = exp(it(A" — 1)),

U = JAR)

Let
0 A= 1/(0+ 1),
pr XY = OO+ DN =) L+ D) =R =2/ + 1),
F(A) ifjAl=2/ (1 + 1),

The spectrum of R 15 a subset of D = {A € C:|A]= 1}, and zero is not in the pure
point spectrum of R . Thus s-hm,_ . p, (R,) = f(R,), since im,_ , p, , = f, point-
wise on D~ {0} and i|p, [, = 1 for all /, ¢. Thus for all p € L*(R") we have

im, . pm (R)p=U_, but at first glance this convergence does not seem
effective. However, since U, is unitary

2ol R = D)ol = WU, £ 2ol Re) = D)ol = AR )P ol R, — U)ol
and singce f p, , ='p, , this implies

(6) I gl R — Dl = I p, AR — Ul

This will allow us to effectively compute how close p, (R Wisto U .
By standard analytical techniques we can find a recursively parametrized poly-
nomial P:N?> X R %X € - C such that for all /, m, ¢

(7) sup E!)!,nz,'r(}‘) - ph-r('?“) i‘:‘ 8””,

A D
7=,

where §: N X R - R is a recursive function with fim,,_, .. 8, , = 0 for all 7. By the
preceding remarks we know that P(R):N? X R X LYR") - LYR") is a recursive
parametrized operator, Since the spectrum of R isin D, (7) implies

(8) WP ol R — 2y RI< 8,
apd
{9) thf,m,.r(Rx) - Pf,;(f{x)li = am,;‘
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By {6) this implies
U1 prol R P = 9l 5 122, RDP = i, |l < (k)1 ((K)a + D).
Since lim,,,_ .. 8,,, = O this implies
3m3![48n1.r'§@’ﬂ + 2ol R o = @ll + 2, ARD® — g | < (k)1 / (KD + 1)@
By (2), (9) and the triangle inequality this implies

(10)  3m328, Jlgll + P mo( R )9 ~ 9

HP o, AR = Y IF << (k )3/ ((K), + D]

Conversely, assume (10) is true. Then (8), (9) and the triangle inequality imply

53[”?1,(3(33;)‘? ~ gl + 1 p AR e — Yl = (k) (k) + i)}
which by (6) implies

AU, 0~ 2 ARIPNF 12 ARD — Gy ]l < (ks (K2 + ]
50 that
“U_.nrq} - \i’{k}n“ < {k)i/ ((k}l + U‘

ie. U@ € By( L*(R"). Thus (10) holds iff U, ¢ € By(L*R™), so (10) defines 2
subset of M X R X LA(R") % N which is precisely the nbhd diagram of U: M X R
¥ LYR") — L*R"). Since & is recursive and P(R) is a recursive parametrized
operator, the sct (10) defines is semirecursive. Thus U is recursive, i

Recursivity of Hamiltonlans. The recursivity of a number of physically important
Hamiltonians follows directly from Proposition 10. For example, we can prove the
recursivity of the a-particle Coulombic Hamiltonian, which for convenience we
parametrize using the ™ reciprocal masses” p, = 1/m,.

ProprosITION 13, If one defines H . R % WN(W") ~ L*R*™) by

- o | N I q4:4;
H.u.;....\u.,,.q;,...,q,,,a = _;‘Z:n ""i“h (AT S iﬁ;%,'n w
where
[ a2 a2 a? |\
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PROOF. ¥ W, ,(R*™) — LAR*") is a bounded linear operator, and by the Kato-
Rellich theorem so is 1/]X, — %,1: W, (R*) = L*(R*) (cf. [8, Theorem X.16]). A
sirnple application of Proposition 10 implies these operators are recursive. Thus the
parametrized linear combination

4.4,

n
R VI P S
Iiﬂ’ie- PN PN RN - 2 -2_}1 ;Lev* + E |xr o x'li

=1 i=i=jsn

is a recursive parametrized operator. [
An important corollary of this 1s the following

THEOREM 14. If one defines U R™ 2 X LYRY™) ~ LR} by
Li"l lllll ot ‘H‘?wh*;‘: exp(_z‘[HP‘i'---r#mq]-w»‘?snﬁ)

where H, . o g6 18 defined as above and t=1t/kh, then U is a recursive
parametrized operator.

ProoF. A corollary of Theorem 12 and Proposition 13. U

This says that the time evolution of an r-particle quantum Coulombic system is
recursive in the initial conditions and the data i, q,, h.

If we set all the g, equal to zero in Proposition 13 and Theorem 14, we obtain
recursivity resulls for the n-particle free Hamiltonian. One can easily derive similar
results for the harmonic oscillator Hamiltonian and other operators with weighted
Soholev spaces for cores.

Conclusion. The results oblained here make it seem that quantum mechanics is a
fairly tractable theory from the point of view of recursivity, In particular, the
methods used here to prove the recursivity of Hamiltonians and the unitary groups
they generate seem easily generalizable,

An interesting possibility for further research lies in characterizing the specira of
setfadjoint operators in terms of the Kleene pointclasses. This idea is implicit in a
remark of Kreisel [2): “Suppose we find a Schrédinger equation of a-—presumably
large—molecule such that the (dimensionless) ratio A, /A, of its second to its first
eigenvalue is not recursive {in the data). Then there is no difficulty in finding a
corresponding expenimental setup to show that guantam theory is nonmechanistic in
the sense of this note.” It is possible, using methods similar to the proof of
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