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1 In tro duction

In thesenoteswe proposean approach towards enriched elliptic objects over a manifold
X . We hope that once made precise, these new objects will becomecocycles in the
generalizedcohomologytheory tmf � (X ) introduced by Hopkins and Miller [Ho], in a
similar way as vector bundlesover X represent elements in K � (X ). We recall that one
important role of K � (X ) is as the homeof the index of a family of Fredholm operators
parametrizedby X , e.g.the family of Dirac operatorsof a �b er bundle E ! X with spin
�b ers. This is the parametrizedversionof the bA-genus in the sensethat the family index
in K � (X ) reducesto the bA-genus of the �b er if X is a point. Similarly, one important
role of tmf � (X ) is that it is the home of the parametrizedversion of the Witten genus
in the sensethat a �b er bundle E ! X whose�b ersare string manifolds (cf. section5)
gives rise to an element in tmf � (X ) [HBJ]. If X is a point this reducesto the Witten
genus [Wi1] of the �b er (modulo torsion).

It would be very desirableto have a geometric/analytic interpretation of this para-
metrizedWitten genusalongthe linesdescribedabove for the parametrized bA-genus. For
X = pt, a heuristic interpretation wasgiven by Witten who described the Witten genus
of a string manifold M asthe S1-equivariant index of the `Dirac operator on the freeloop
space'of M [Wi1] or asthe `partition function of the super symmetricnon-linear� -model'
with target M [Wi2]; alas, neither of these things have been rigorously constructed
yet. The construction of the parametrized Witten genus in tmf � (X ) is instead purely
homotopy theoretic; the main ingredient is a Thom-isomorphismin tmf -cohomologyfor
vector bundleswith string structures. This is completely analogousto a description of
the bA-genus basedon the Thom isomorphismin K -theory for spin vector bundles.

The cohomologytheory tmf � (X ) derives from cohomologytheories of the `elliptic'

a vor. The �rst such theory was constructed by Landweber and Stong [La] using
Landweber's Exact Functor Theorem and the elliptic genus introduced by Ochanine
[Och]. Ochanine'sgenus can be interpreted ascomingfrom the formal group law associ-
ated to a particular elliptic curve; varying the elliptic curve usedin the Landweber-Stong
construction leadsto a plethora of elliptic cohomology theories. The cohomologytheory
tmf � (X ) is not strictly speaking one of these, but essentially the `inverse limit' (over
the categoryof elliptic curves)of all thesecohomologytheories. (There are considerable
technical di�culties with making this precise,in fact so far no completewritten account
is available.) Sinceintegral modular forms canbede�ned asan inverselimit of an abelian
group valued functor over the samecategoryof elliptic curves,the elements of tmf � (pt)
are called topological modular forms. There is a ring homomorphismfrom tmf � (pt) to
the ring of integral modular forms which is rationally an isomorphism.

Unfortunately, the current geometric understandingof elliptic cohomologystill is very
much in its infancy despite the e�orts of various people; see[Se1], [KS], [HK], [BDR].
The starting point of our new approach are the elliptic objects suggestedby Graeme
Segal in [Se1], which we call Segal elliptic objects. Segal'sidea was to view a vector
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bundle E ! X with connectionas a 1-dimensional�eld theory over X in the following
sense:To each point x 2 X , the bundle E associatesa vector spaceEx , and to each path
in X the connectionon E associates a linear map between thesevector spaces.Segal
suggestedthat a 2-dimensionalconformal �eld theory over X could be usedasa cocycle
for someelliptic cohomologytheory. It would associate Hilbert spacesto loops in X ,
and Hilbert-Schmidt operators to conformal surfaces(with boundary) in X .

The main problem with Segalelliptic objects is that excisiondoesnot seemto hold.
One of our contributions is to suggesta modi�cation of the de�nition in order to get
around this problem. This is wherevon Neumannalgebras(associated to points in X )
and their bimodules (associated to arcs in X ) enter the picture. We will explain our
modi�cation in detail in the comingsectionsof this introduction. In the caseX = pt, we
obtain in particular a modi�cation of the notion of a vertex operator algebra (which was
shown to be equivalent to a Segalelliptic object in [Hu], at least for genus zerosurfaces;
the super symmetric analogueappearedin [Ba]).

Another, moretechnical, problemin Segal'sde�nition is that hehad to introduce`rig-
gings' of 1- and 2-manifolds. Theseare certain additional structures (like parametriza-
tions of the boundary circles) which we shall recall after De�nition 4.1.1. Our �rst
observation is that one can avoid these extra structures all together by enriching the
conformal surfaceswith fermions, and that these fermions give rise naturally to the
degreeof an elliptic object. This degreecoincidesfor closedsurfaceswith the correct
power of the determinant line as explained in [Se2]and in fact the spaceof fermions is
a natural extensionof the determinant line to surfaceswith boundary (in the absenceof
parametrizations).

In De�nition 4.1.3we explain the resulting Cli�or d elliptic objects of degree n which
includes a `super symmetric' aspect. The reader should be warned that there remains
an issuewith how to make this super symmetric aspect precise;we formulate what we
needasHypothesis3.3.13and useit in the proof of Theorem1.0.2below.

Wemotivate theseCli�ord elliptic objectsby �rst explainingcarefully the K -theoretic
analoguesin Section 3. It turns out that the idea of a connection has to be modi-
�ed becauseone needsthe result of `parallel transport' to depend on the length of the
parametrizing interval. In other words, we explain how a K -cocycle is given by a su-
per symmetric 1-dimensionalEuclidean �eld theory, seeDe�nition 3.2.2. In this simpler
case,we do formulate the super symmetric aspect in detail and we discusswhy it is
essential for K -theory. As is well known, the best way to de�ne K -theory in degreen,
K n (X ), is to introducethe �nite dimensionalCli�ord algebrasCn . We shall explain how
thesealgebrasarise naturally when enriching intervals with fermions. We concludein
Section3.2 the following new description of the K -theory spectrum:

Theorem 1.0.1. For any n 2 Z, the space of super symmetric 1-dimensional Eu-
clidean �eld theories of degree n has the homotopy type of K � n , the (� n)-th space in
the 
 -spectrum representingperiodic K -theory.

There is an analogousstatement for periodic K O-theory, using real �eld theories.
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Roughly speaking,Segal'sidea,which wearetrying to implement here,wasto replace
1-dimensionalby 2-dimensional�eld theories in the above theorem in order to obtain
the spectrum of an elliptic cohomologytheory. The following result is our �rst point of
contact with modular forms and hencewith tmf n (X ).

Theorem 1.0.2. Given a degree n Cli�or d elliptic object E over X , onegetscanonically
a Laurent series

M F (E) 2 K � n (X )[[q]][q� 1]:

Moreover, if n is even and X = pt, then M F (E) 2 Z[[q]][q� 1] is the q-expansion of
a `weak' modular form of weight n=2. This means that the product of M F (E) with a
su�ciently largepower of the discriminant � is a modular form.

In terms of our newde�nition of K -theory, the map E 7! M F (E) is givenby crossing
with the standard circle S1, and henceis totally geometric. As we shall explain, the
length of an interval is very important in K -theory, and by crossingwith S1 it is turned
into the conformal modulus of an annulus. The above result shows that the modularit y
aspectsof an elliptic object aresatis�ed with only minor modi�cations of Segal'soriginal
de�nition. This is related to the fact that for X = pt the de�ciency regarding excision
is not present.

In Section4 we make a major modi�cation of Segal'selliptic objects and explain our
enriched elliptic objects which are de�ned so that excisioncan be satis�ed in the theory.
Each enriched elliptic object givesin particular a Cli�ord elliptic object (which is closely
related to a Segalelliptic object) but there arealsodata assignedto points and arcsin X ,
seeDe�nition 1.2.1. Roughly speaking, in addition to Hilbert spacesassociated to loops
in X , weassignvon NeumannalgebrasA(x) to points x 2 X and bimodulesto arcsin X ,
in a way that Segal'sHilbert spacecan be decomposedasa Connesfusion of bimodules
whenever the loop decomposesinto arcs, seeSection 1.2. One purposeof the paper is
to make thesestatements precise.We shall not, however, give the ultimate de�nition of
elliptic cocyclesbecausevarious aspectsof the theory have not beencompletelyworked
out yet.

Our main result, which to our mind justi�es all de�nitions, is the following analogue
of the tmf -orientation for string vector bundles[Ho, x6], [AHS]. As the underlying Segal
elliptic object, we in particular recover in the caseE = TX the `spinor bundle' over the
loop spaceLX . Our enrichment expressesthe locality (in X ) of this spinor bundle. We
expect that this enriched elliptic object will play the role of an elliptic Euler classand,
in a relative version,of the elliptic Thom class.

Theorem 1.0.3. Let E be an n-dimensionalvector bundle over a manifold X . Assume
that E comesequipped with a string structure and a string connection. Then there is a
canonical degree n enriched elliptic object over X such that for all x 2 X the algebras
A(x) are hyper�nite type III 1 factors. Moreover, if one varies the string connection then
the resulting enriched elliptic objects are isomorphic.

4



A vector bundle over X hasa string structure if and only if the characteristic classes
w1; w2 and p1=2 vanish. In Section5 wede�ne a string structure on an n-dimensionalspin
bundle as a lift of the structure group in the following extensionof topological groups:

1 � ! PU(A) � ! String(n) � ! Spin(n) � ! 1

Here A is an explicit hyper�nite type I I I1 factor, the `local fermions on the circle',
cf. Example 4.3.2. Its unitary group is contractible (in the strong operator topology)
and therefore the resulting projective unitary group PU(A) = U(A)=T is a K (Z; 2).
The extensionis constructed so that � 3 String(n) = 0 which explains the condition on
the characteristic classp1=2. This interpretation of string structures is crucial for our
construction of the enriched elliptic object in Theorem1.0.3,the relation being given by
a monomorphism

String(n) � ! Aut( A)

which arises naturally in the de�nition of the group extension above. It should be
viewed as the `fundamental representation' of the group String(n). The notion of a
string connection, usedin the above theorem,will be explainedbeforeCorollary 5.3.6.

1.1 Segal elliptic ob jects and Excision

A Segal elliptic object over X [Se1, p.199] associates to a map 
 of a closed rigged
1-manifold to a target manifold X a topologicalvector spaceH (
 ), and to any conformal
riggedsurface� with map � : � ! X a vector 	(�) in the vector spaceassociated to the
restriction of � to @� (we will de�ne riggings in De�nition 4.1.2below). This is subject
to the axiom

H (
 1 q 
 2) �= H (
 1) 
 H (
 2)

and further axiomsfor 	 which expressthe fact that the gluing of surfaces(along closed
submanifoldsof the boundary) correspondsto the composition of linear operators. Thus
an elliptic object over a point is a conformal �eld theory as axiomatized by Atiyah and
Segal: it's a functor from a categoryC(X ) to the categoryof topological vector spaces.
Here the objects in C(X ) are mapsof closedrigged 1-manifoldsinto X , and morphisms
are mapsof conformal rigged surfacesinto X .

Originally, the hope wasthat theseelliptic objects would lead to a geometricdescrip-
tion of elliptic cohomology. Unfortunately, excisionfor the geometrictheory de�ned via
elliptic objects didn't seemto work out. More precisely, consider the Mayer-Vietoris
sequence

: : : � ! E n (X ) � ! E n (U) � E n (V ) � ! E n (U \ V) � ! : : :

associated to a decomposition X = U [ V of X into two open subsetsU;V � X . This is
an exact sequence for any cohomologytheory X 7! E n (X ). For K -theory the exactness
of the above sequenceat E n (U) � E n (V ) comesdown to the fact that a vector bundle
E ! X can be reconstructedfrom its restrictions to U and V.
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Similarly, we expect that the proof of exactnessfor a cohomologytheory built from
Cli�ord elliptic objects of degreen would involve being able to reconstruct an elliptic
object over U [ V from its restriction to U and V. This doesnot seemto be the case:
suppose(H; 	) is an elliptic object over U [ V and considertwo paths 
 1; 
 2 between
the points x and y. Assumethat the path 
 1 lies in U, that 
 2 lies in V , and denoteby
�
 2 the path 
 2 run backwards. Then the restriction of (H; 	) to U (resp. V) contains
not enoughinformation on how to reconstruct the Hilbert spaceH (
 1 [ �
 2) associated
to the loop 
 1 [ �
 2 in U [ V.

1.2 Decomp osing the Hilb ert space

Our basic idea on how to overcome the di�cult y with excision is to notice that in
the basic geometric examplecoming from a vector bundle with string connection (see
Theorem1.0.3), there is the following additional structure: To a point x 2 X the string
structure associatesa gradedtype I I I1-factor A (x) and to a �nite number of points x i it
assignsthe spatial tensor product of the A(x i ). Moreover, to a path 
 from x to y, the
string connectiongivesa gradedright module B(
 ) over A (@
 ) = A(x)op �
A (y). There
are canonical isomorphismsover A (@�
 ) = A (y)op �
A (x) (using the `conjugate' module
from Section4.3).

B(�
 ) �= B(
 )

The punchline is that Hilbert spaceslike H (
 1 [ �
 2) discussedabove can be decomposed
as

H (
 1 [ �
 2) �= B(
 1) � A (@
 i ) B(�
 2):

where we used the fusion product of modules over von Neumann algebrasintroduced
by Connes[Co1, V.B.� ]. Following Wassermann[Wa], we will refer to this operation
as Connesfusion. Connes'de�nition was motivated by the fact that a homomorphism
A ! B of von Neumann algebrasleads in a natural way to an B � A-bimodule such
that composition of homomorphismscorrespondsto his fusion operation [Co1, Prop. 17
in V.B.� ]. In [Wa], WassermannusedConnesfusion to de�ne the correct product on the
categoryof positive energyrepresentations of a loop group at a �xed level.

We abstract the data we found in the basic geometricexamplefrom Theorem 1.0.3
by giving the following preliminary

De�nition 1.2.1. (Preliminary!) A degree n enriched elliptic object over X is a tuple
(H; 	 ; A ; B; � B; � H ), where

1. (H; 	) is a degreen Cli�ord elliptic object over X . In particular, it givesa Hilbert
spacebundle over the free loop spaceLX ,

2. A is a von Neumannalgebrabundle over X ,
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3. B is a module bundle over the free path spacePX . Here the end point map
PX ! X � X is usedto pull back two copiesof the algebrabundle A to PX , and
theseare the algebrasacting on B. The modulesB(
 ) comeequipped with gluing
isomorphisms(of A (x1)op �
 A (x3)-modules)

� B(
 ; 
 0) : B(
 [ x2 
 0)
�=� ! B(
 ) � A (x2 ) B(
 0)

if 
 is a path from x1 to x2, and 
 0 is a path from x2 to x3.

4. � H is an isomorphismof Hilbert spacesassociated to each pair of paths 
 1 and 
 2

with @
 1 = @
 2:

� H (
 1; �
 2) : H (
 1 [ @
 i 
 2)
�=� ! B(
 1) � A (@
 i ) B(�
 2):

All algebrasand modules are Z=2-gradedand there are several axioms that we require
but haven't spelled out above.

Remark 1.2.2. This is only a preliminary de�nition for several reasons.Among others,

� we left out the conditions for surfacesglued alongnon-closedparts of their bound-
ary. The vectors	(�) of a Cli�ord elliptic objectscomposenicelywhentwo surfaces
are glued alongclosed submanifoldsof the boundary, compareLemma2.3.14. Our
enriched elliptic objects composein addition nicely when two surfacesare glued
along arcs in the boundary, seeProposition 4.3.10.

� we left out the super symmetric part of the story. We will explain in Section3.2
why super symmetric data are essential even in the de�nition of K -theory.

� we left out the fermions from the discussions. These will be used to de�ne the
degreen of an elliptic object, and they are extra data neededso that a conformal
spin surfaceactually givesa vector in the relevant Hilbert space.If the surface� is
closed,then a fermion is a point in the n-th power of the Pfa�an line of �. Since
the Pfa�an line is a square-root of the determinant line, this is consistent with the
fact that a degreen elliptic object shouldgive a modular form of weight n=2 when
evaluated on tori, seeSections3.3 and 4.1.

� Segal'sHilbert spaceassociated to a circle will actually be de�ned by 4 above,
rather than introducing the isomorphisms� H . So it will not play a central role
in the theory, but can be reconstructed from it. At this point, we wanted to
emphasizethe additional data neededto resolve the problem with excision,namely
a decomposition of Segal'sHilbert space.

Most of these de�ciencies will be �xed in Section 4 by de�ning a degreen enriched
elliptic object as a certain functor from a bicategory Dn (X ) made from d-manifolds
(with n fermions) mapping into X , d = 0; 1; 2, to the bicategory vN of von Neumann
algebras,their bimodulesand intertwiners.
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We end this introduction by making a brief attempt to expressthe meaning of an
enriched elliptic object over X in physics lingo: it is a conformal �eld theory with
(0; 1) super symmetry (and target X ), whosefermionic part has been quantized but
whosebosonic part is classical. This comesfrom the fact that the Fock spacesare
a well establishedmethod of fermionic quantization, whereasthere is up to date no
mathematical way of averaging the maps of a surfaceto a curved target X . Moreover,
the enriched (0-dimensional)aspect of the theory is somekind of an open string theory.
It would be very interesting to relate it to Cardy's boundary conformal �eld theories.

1.3 Disclaimer and Ac knowledgmen ts

This paper is a survey of our current understandingof the geometryof elliptic objects.
Only ideasof proofsare given, and someproofsare skipped all together. We still believe
that it is of serviceto the research community somake such work in progressaccessible.

It is a pleasureto thank Dan Freed,GraemeSegaland Antony Wassermannfor many dis-
cussionsabout conformal�eld theory. Graeme'sdeepin
uence is obvious, and Dan's ap-
proach to Chern-Simonstheory [Fr1] motivated many of the considerationsin Section5.
Antony's groundbreakingwork [Wa] on Connesfusion for positive energyrepresentations
was our starting point for the central de�nitions in Section 4. He also proof-read the
operator algebraic parts of this paper, all remaining mistakes were produced later in
time.
Many thanks go to Vincente Cortez, Mike Hopkins, Justin Roberts, Markus Rosellen
and Hans Wenzl for discussionsabout various aspectsof this paper.
Part of this project wasdeveloped during our stay at the Max-Planck Institute in Bonn,
and we are very grateful for the wonderful research environment it provided. In March
2002,we held a preliminary workshop at the Sonderforschungsbereich in M•unster, and
we thank all the participants for their support, and in particular Wolfgang L•uck for
initiating that workshop.

2 Field theories

Following Graeme Segal [Se2], we explain in this section the axiomatic approach to
�eld theories, leading up to a de�nition of `Cli�ord linear �eld theoriesof degreen' (cf.
de�nitions 2.3.16and 2.3.20)after introducing the necessarybackground on Fock spaces,
spin structures and Dirac operators.

2.1 d-dimensional �eld theories

Roughly speaking, a d-dimensional �eld theory associates to a closedmanifold Y of
dimension d � 1 a Hilbert spaceE(Y) and to a bordism � from Y1 to Y2 a Hilbert
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Schmidt operator E(Y1) ! F (Y2) (a boundedoperator T is Hilbert-Schmidt if the sum
of the norm squaresof its matrix elements is �nite). The main requirement is that gluing
bordisms should correspond to composing the associated operators. As is well-known,
this can be madepreciseby de�ning a d-dimensional �eld theory to be a functor

E : Bd � ! Hilb;

from the d-dimensionalbordism category Bd to the category Hilb of complex Hilbert
spaceswhich are compatible with additional structures on thesecategoriesspelled out
below. The precisede�nition of the categoriesBd and Hilb is the following:

� The objects of the d-dimensionalbordism category Bd areclosedoriented manifolds
of dimensiond � 1, equipped with geometricstructures which characterizethe 
a-
vor of the �eld theory involved (seeremarks below). If Y1, Y2 are objects of Bd,
the orientation preservinggeometricdi�eomorphisms from Y1 to Y2 are morphisms
from Y1 to Y2 which form a subcategoryof Bd. There are other morphisms,namely
oriented geometricbordismsfrom Y1 to Y2; i.e., d-dimensionaloriented manifolds
� equipped with a geometric structure, together with an orientation preserving
geometricdi�eomorphism @� �= �Y1 q Y2, where �Y1 is Y1 equipped with the opposite
orientation. More precisely, two bordisms� and � 0 are consideredthe samemor-
phism if they areorientation preservinggeometricdi�eomorphic relative boundary.
Composition of bordismsis given by gluing; the composition of a bordism � from
Y1 to Y2 and a di�eomorphism Y2 ! Y3 is again the bordism �, but with the iden-
ti�cation @� �= �Y1 q Y2 modi�ed by composition with the di�eomorphism Y2 ! Y3.

� The objects of Hilb are separableHilbert spaces(over the complexnumbers). The
morphisms from H1 to H2 are the bounded operators T : H1 ! H2; the strong
topology on the spaceof boundedoperators makesHilb a topological category.

Without additional geometric structures on the objects and the bordisms, such a
�eld theory would be referredto asa topological �eld theory. If the geometricstructures
are conformal structures on bordisms and objects, the associated �eld theory is called
conformal (for short CFT). If the conformal structure is a replacedby a Riemannian
metric, one obtains what is usually referred to as a Euclidean �eld theory (EFT) to
distinguish it from the Lorentz case.We sometimesusethe term �eld theory (FT) if the
geometricstructures are not speci�ed.

The main examplesof �eld theoriesin thesenoteswill haveat leasta conformalstruc-
ture on the manifolds,and in addition all manifoldsunder considerationwill beequipped
with a spin structure (seeDe�nition 2.3.4for a careful explanation of spin structures on
conformalmanifolds). It is important to point out that every spin manifold hasa canon-
ical involution associated to it (which doesn't move the points of the manifold but 
ips
the two sheetsof the spin bundle). This has the e�ect that all algebraicobjects associ-
ated to spin manifoldswill be Z=2-graded.This is the �rst step towardssuper symmetry
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and our reasonfor introducing spin structures in the main De�nitions 2.3.16and 2.3.20.
We should point out that thosede�nitions (where the categoriesof geometricmanifolds
are denotedby CB2

n respectively EB1
n ) introduce the spin structures (and the degreen)

for the �rst time. The following warm-up discussions,in particular De�nition 2.1.3,only
usean orientation, not a spin structure (even though the notation CB2 respectively EB1

is very similar).
Summarizing,the readershould expect spin structures whenever there is a degreen

in the discussion.Indeed, we will seethat the degreemakessenseonly in the presence
of spin structures.

De�nition 2.1.1. (Additional structures on the categories B d and Hilb).

� Symmetric monoidal structures. The disjoint union of manifolds(respectively
the tensor product of Hilbert spaces)gives Bd (resp. Hilb) the structure of sym-
metric monoidalcategories.The unit is given by the empty setand C, respectively.

� In volutions and anti-in volutions. There are involutions Bd ! Bd and Hilb !
Hilb. On the category Bd this involution is given by reversing the orientation on
the d-manifold (objects) as well as the bordisms(morphisms); this operation will
be explained in detail in De�nition 2.3.1. We note that if � is a bordism from Y1

to Y2, then � with the opposite orientation can be interpreted as a bordism from
�Y1 to �Y2. For an object H 2 Hilb, �H is the spaceH with the opposite complex
structure; for a morphism f : H1 ! H2, the morphism �f : �H1 ! �H2 is equal to f
as a map of sets.

There are also anti-in volutions (i.e., contravariant functors) � : Bd ! Bd and
� : Hilb ! Hilb. Theseare the identit y on objects. If T : H1 ! H2 is a bounded
operator, then T � : H2 ! H1 is its adjoint; similarly, if � is a bordism from Y1 to
Y2, then � � is � with the opposite orientation, consideredas a morphism from Y2

to Y1. Finally, if � is a di�eomorphism from Y1 to Y2 then � � def= � � 1.

� Adjunction transformations. There are natural transformations

Bd(; ; Y1 q Y2) � ! Bd( �Y1; Y2) Hilb(C; H1 
 H2) � ! Hilb( �H1; H2)

On Bd this is given by reinterpreting a bordism � from ; to Y1 q Y2 as a bordism
from �Y1 to Y2. On Hilb we can identify Hilb( C; H1 
 H2) with the spaceof Hilbert-
Schmidt operators from H1 to H2 and the transformation is the inclusion from
Hilbert-Schmidt operators into all boundedoperators. It should be stressedthat
neither transformation is in generalsurjective: in the categoryBd, a di�eomorphism
from Y1 to Y2 is not in the image;in Hilb, not every boundedoperator is a Hilbert-
Schmidt operator. For example,a di�eomorphism � givesa unitary operator E(� )
(if the functor E preserves the anti-in volution � above). In in�nite dimensions,a
unitary operator is never Hilbert-Schmidt.
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Remark 2.1.2. In the literature on �eld theory, the functor E always respects the
above involution, whereasE is called a unitary �eld theory if it also respects the anti-
involution. It is interesting that in our honestexamplein Section4.3 there are actually
3 (anti) involutions which the �eld theory has to respect.

De�nition 2.1.3. The main examplesof �eld theories we will be interested in are
2-dimensionalconformal �eld theories and 1-dimensionalEuclidean �eld theories. We
will usethe following terminology: A conformal �eld theory or CFT is a functor

E : CB2 ! Hilb

compatible with the additional structures on the categoriesdetailed by De�nition 2.1.1
where CB2 is the `conformal' version of B2, i.e., the bordisms in this category are
2-dimensionaland equipped with a conformal structure. A Euclidean �eld theory or
EFT is a functor

E : EB1 ! Hilb

compatiblewith the additional structuresof De�nition 2.1.1whereEB1 is the `Euclidean'
versionof B1, i.e., the bordismsin this categoryare 1-dimensionaland equipped with a
Riemannianmetric.

Example 2.1.4. Let M bea closedRiemannianmanifold, let H = L 2(M ) be the Hilbert
spaceof squareintegrable functions on M and let � : H ! H be the Laplaceoperator.
Then we can construct a 1-dimensionalEFT E : EB1 ! Hilb by de�ning

E(pt) = H E(I t ) = e� t � E(St ) = tr( e� t � ):

Here pt is the one-point object in EB1, I t is the interval of length t, consideredas a
morphism from pt to pt, and St 2 EB1(; ; ; ) is the circle of length t. We note that unlike
the Laplaceoperator � the heat operator e� t � is a boundedoperator, even a trace class
operator and henceit is meaningful to take the trace of e� t � .

It is not hard to show that the properties in De�nition 2.1.1 allow us to extend E
uniquely to a real EFT. More interestingly, the operator E(�) : E(Y1) ! E(Y2) associ-
ated to a bordism � from Y1 to Y2 can be described in terms of a path integral over the
spaceof maps from � to M . This is the Feynman-Kacformula, which for � = I t gives
e� t � .

De�nition 2.1.5. More generally, if X is a manifold, we may replace the category
Bd above by the category Bd(X ), whoseobjects are closedoriented (d � 1)-manifolds
equipped with a piecewisesmooth map to X ; similarly the morphisms of Bd(X ) are
oriented bordismsequipped with mapsto X and orientation preservingdi�eomorphisms
compatible with the given maps to X . We note that Bd(X ) can be identi�ed with Bd

if X is a point. The four structures described above on the bordism category Bd can
be extendedin an obvious way to the categoryBd(X ). We de�ne a d-dimensional �eld
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theory over X to be a functor E : Bd(X ) ! Hilb which is compatible with the monoidal
structure, (anti)-in volutions, and adjunction transformations mentioned above. Analo-
gously, we can form the categoriesCB2(X ) (resp. EB1(X )) of 2-dimensionalconformal
bordismsover X (resp. 1-dimensionalEuclidean bordismsover X ).

Example 2.1.6. This is a `parametrized'versionof Example2.1.4(which in the notation
below is the caseX = pt and Z = M ). Suppose that � : Z ! X is a Riemannian
submersion.Then we can construct a 1-dimensionalEFT E : EB1(X ) ! Hilb over X as
follows. On objects, E associatesto a map 
 from a 0-manifold Y to X the Hilbert space
of L2-functions on the spaceof lifts f ~
 : Y ! Z j � � ~
 = 
 g of 
 ; in particular if Y = pt
and 
 (pt) = x, then E(Y; 
 ) is just the spaceof L 2-functions on the �b er over x. We can
associate an operator E(� ; �) : E(Y1; 
 1) ! E(Y2; 
 2) to a bordism (� ; �) from (Y1; 
 1)
to (Y2; 
 2) by integrating over the spaceof maps ~� : � ! Z which are lifts of � : � ! X .
For � = I t and if � maps all of � to the point x, then the operator constructed this
way is via the Feynman-Kac formula just e� t � x , where � x is the Laplace operator on
the �b er over x.

2.2 Cli�ord algebras and Fock mo dules

De�nition 2.2.1. (Cli�ord algebras). Let V be a real or complex Hilbert space
equipped with an isometric involution � : V ! V , v 7! �v = � (v) (C-anti-linear in the
complexcase).This implies that

b(v; w) def= h�v; wi

is a symmetric bilinear form (here h ; i is the inner product on V, which is C-anti-linear
in the �rst and linear in the secondslot in the complexcase).

The Cli�or d algebra is the quotient of the real resp.complextensoralgebragenerated
by V by imposingthe Cli�ord relations

v � v = � b(v; v) � 1 v 2 V:

Suppressingthe dependenceon the involution in the notation, we'll just write C(V)
for this algebra. It is a Z=2-gradedalgebra with grading involution � : C(V) ! C(V)
induced by v 7! � v for v 2 V; the inner product on V extendsto an inner product on
the Cli�ord algebraC(V).

We will write � V for the Hilbert spacefurnished with the involution � � . We will
adopt the convention that if an involution � on V hasnot beenexplicitly speci�ed, then
it is assumedto be the identit y. For example,

� Cn
def= C(Rn ) is the Cli�ord algebra generatedby vectors v 2 Rn subject to the

relation v � v = �j vj2 � 1,
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� C� n
def= C(� Rn ) is the Cli�ord algebrageneratedby vectorsv 2 Rn subject to the

relation v � v = jvj2 � 1, and

� Cn;m
def= C(Rn � � Rm ) is the Cli�ord algebrageneratedby vectorsv 2 Rn , w 2 Rm

subject to the relations v � v = �j vj2 � 1, w � w = jwj2 � 1, v � w + w � v = 0. We will
userepeatedly that Cn;n is of real type for all n:

Cn;n
�= M2n (R)

The readershouldbe warned that conventions in the literature concerningCli�ord alge-
bras vary greatly; our conventions with regardsto Cn and Cn;m agreefor examplewith
[Ka, Ch. I I I, 3.13]and [LM, Ch. I, x3].

Remark 2.2.2. (Prop erties of Cli�ord algebras.) Usefulpropertiesof the construc-
tion V 7! C(V) include natural isomorphisms

C(V � W) �= C(V) 
 C(W) and C(� V) �= C(V)op; (2.2.3)

hereas throughout the paper 
 standsfor the graded tensor product; here the adjective
`graded'stipulates that the product of elements a 
 b;a0 
 b0 2 A 
 B is de�ned by

(a 
 b) � (a0 
 b0) def= (� 1)jbjj a0jaa0 
 bb0;

where jbj; ja0j are the degreesof b and a0 respectively. The opposite B op of a graded

algebraB is B asgradedvector spacebut with new a multiplication � de�ned by a� b def=
(� 1)jajj bjb�a for homogeneouselements a;b2 B of degreejaj; jbj 2 Z=2, respectively. Any
gradedleft A 
 B-module M can be interpreted as a bimodule over A � B op via

a � m � b def= (� 1)jmjj bj(a 
 b)m

for homogeneouselements a 2 A, b 2 B, m 2 M ) and vice-versa. In particular, a left
module M over C(V � � W) may be interpreted asa left module over C(V) 
 C(W)op; or
equivalently, as a C(V) � C(W)-bimodule, and we will frequently appeal to this move.
We note that this construction is compatible with `passingto the opposite module',
wherewe de�ne the opposite of a gradedA � B-module M , denotedM , to be M with
the grading involution � replacedby � � and the right B-action modi�ed by the grading
automorphismof B . This is consistent (by the above formula) with changingthe grading
and keepingthe sameA 
 B op-module structure.

De�nition 2.2.4. (Fermionic Fock spaces). Let V be a Hilbert spacewith an iso-
metric involution as in De�nition 2.2.1. There is a standard construction of modules
over the resulting Cli�ord algebra C(V) (cf. [PS, Ch. 12], [A]); the input datum for
this construction is a Lagrangian L � V. By de�nition , this meansthat L is closed,b
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vanishesidentically on L and that V = L � �L. Note that the existenceof L is a serious
condition on our data, for examplea Lagrangian cannot exist if the involution on V is
trivial.

Given a LagrangianL, the exterior algebra

�( �L) = � ev( �L) � � odd( �L ) =
M

p even

� p( �L) �
M

p odd

� p( �L)

is a Z=2-gradedmodule over the Cli�ord algebraC(V):

� for �v 2 �L � V � C(V), the corresponding operator c(�v) : �( �L) ! �( �L) is given by
exterior multiplication by �v (`creation operator'),

� for v 2 L, the operator c(v) is given by interior multiplication by v (`annihilation
operator'); i.e., c(v) acts as a gradedderivation on �( �L), and for �w 2 �L = � 1( �L)
we have c(v) �w = b(v; �w) = hw; vi .

Wede�ne the fermionic Fock spaceF (L) to be the completionof �( �L) with respect to the

inner product inducedby the inner product on �L � V . We will refer to Falg(L) def= �( �L)
as the algebraic Fock space; both of theseC(V)-moduleswill play an important role for
us.

We note that the adjoint c(v) � of the operator c(v) : F (L) ! F (L) is givenby c(v) � =
� c(�v) for any v 2 V. It is customary to call 1 2 � 0 �L � F (L) the vacuumvector and
to write 
 2 F (L) for it. It is easyto seethat 
 is a cyclic vector and henceF (L) is
a graded irreducible module over C(V). The classi�cation of thesemodules is given by
the following well-known result (cf. [A])

Theorem 2.2.5 (I. Segal-Shale equiv alence criterion). Two Fock representations
F (L) and F (L0) of C(V; b) are isomorphic if and only if the composition of orthogonal
inclusion and projection maps,

L0 ,! V � �L

is a Hilbert-Schmidt operator. Moreover, this isomorphismpreservesthe grading if and
only if dim( �L \ L0) is even.

We recall that an operator T : V ! W betweenHilbert spacesis a Hilbert-Schmidt
operator if and only if the sum

P 1
i=1 jjTei jj 2 converges,where f ei g is a Hilbert space

basisfor V. We note that the space�L \ L0 is �nite dimensionalif the map L 0 ! �L is a
Hilbert-Schmidt operator.

Remark 2.2.6. (Orien tations and bimo dules). Let V be a real inner product space
of dimensionn < 1 . Then there is a homeomorphism

f isometriesf : Rn ! Vg � ! L def= f LagrangiansubspacesL � V � � Rng
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given by sendingan isometry f to its graph. By passingto connectedcomponents, we
obtain a bijection betweenorientations on V and � 0L . Accordingto the Segal-ShaleThe-
orem(plus the fact that in �nite dimensionsany irreduciblemodule is isomorphicto some
Fock space),sendinga LagrangianL to the Fock spaceF (L) inducesa bijection between
� 0L and the set of isomorphismclassesof irreducible graded(left) C(V � � Rn )-modules;
asexplainedin (2.2.3), thesemay in turn be interpreted asC(V) � Cn-bimodules. Sum-
marizing, we can identify orientations on V with isomorphism classesof irreducible
C(V) � Cn -bimodules S(V). We observe that the opposite bimodule S(V), de�ned
above 2.2.4,correspondsto the opposite orientation.

Remark 2.2.7. (Functorial aspects of the Fock space construction). Let V1; V2

be Hilbert spaceswith involutions as in de�nition 2.2.1 and let L 1 � V2 � � V1 be a
Lagrangian. The associated algebraicFock spaceFalg(L1) (cf. De�nition 2.2.4) is then
a gradedmodule over the Cli�ord algebraC(V2 � � V1); alternatively we can view it as
a bimodule over C(V2) � C(V1). We wish to discussin which sensethe constructions
V 7! C(V) and L 7! Falg(L) give a functor (cf. [Se2, x8]). Here the objects of the
`domaincategory'areHilbert spacesV with involutions, andmorphismsfrom V1 to V2 are
Lagrangiansubspacesof V2 � � V1. Given morphismsL1 � V2 � � V1 and L2 � V3 � � V2,
their composition is given by the Lagrangian L 3 � V3 � � V1 obtained by `symplectic'
reduction from the LagrangianL def= L2 � L1 � V def= V3 � � V2 � V2 � � V1, namely

L r ed def= L \ U? b=L \ U � V r ed def= V \ U? b=U;

Here U is the isotropic subspaceU = f (0; v2; v2; 0) j v2 2 V2g � V and U? b is its
annihilator with respect to the bilinear form b. We note that the reducedspaceV r ed can
be identi�ed with V3 � � V1.

The objects of the `rangecategory' are graded algebras;the morphisms from A to
B are pointed, gradedB � A-bimodules; the composition of a pointed B � A-bimodule
(M ; m0) and a pointed C � B-bimodule (N; n0) is given by the C � A-bimodule (N 
 B

M ; n0 
 m0). The following lemma shows that in the type I casecomposition of La-
grangiansis compatiblewith the tensorproduct of pointed bimodules,i.e., the construc-
tion V 7! C(V), L 7! (Falg(L); 
) is a (lax) functor. Here `type' refers to the type of
the von Neumann algebra generatedby C(V) in B(F (L)) as explained in Section 4.3.
Type I is the easiestcasewherethe von Neumannalgebrais just the boundedoperators
on someHilbert space.This correspondsgeometricallyto gluing alongclosedparts of the
boundary. Gluing along, say, arcs in the boundary corresponds to type I I I for which a
more di�cult gluing lemmais needed:Connesfusion appears,seeProposition 4.3.10. It
actually coversall types,sowe restrict in the arguments below to the �nite dimensional
case.That is all oneneedsfor 1-dimensionalEFT's, i.e. for K -theory.

Gluing Lemma 2.2.8. If the von Neumannalgebra generated by C(V2) hastype I, there
is a unique isomorphismof pointed, graded C(V3) � C(V1) bimodules

(Falg(L2) 
 C(V2 ) Falg(L1); 
 2 
 
 1) �= (Falg(L3); 
 3):
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Here we assumethat L i intersect Vj trivial ly (which is satis�ed in the geometric appli-
cations if there are no closed components,cf. De�nition 2.3.12).

Proof. We note that Falg(L2) 
 C(V2 ) Falg(L1) is the quotient of Falg(L2) 
 Falg(L1) =
Falg(L2 � L1) = Falg(L) modulo the subspace �UFalg(L). Here �U � V is the sub-
spaceobtained from U de�ned above by applying the involution v 7! �v; explicitly,
�U = f (0; � v2; v2; 0) j v2 2 V2g; we observe that for �u = (0; � v2; v2; 0) 2 �U, and
 i 2 Falg(L i ) we have

c( �u)(  2 
  1) = (� 1)j  2 j(�  2c(v2) 
  1 +  2 
 c(v2) 1):

We recall that an element �u 2 �U � V , which decomposesas �u = u1 + �u2 2 V = L � �L
with ui 2 L acts on Falg(L) = �( �L) as the sum c(u1) + c( �u2) of the `creation' operator
c(u1) and the `annihilation' operator c( �u2). We observe that by assumption the map
L r ed � �U ! L given by (v; �u) 7! v + u1 is an isomorphism. In �nite dimensions,a
�ltration argument shows that the C(V r ed)-linear map

�( �L r ed) � ! �( �L r ed � U)=c( �U)�( �L r ed � �U)

is in fact an isomorphism.

De�nition 2.2.9. (Generalized Lagrangian). For our applications to geometry, we
will need a slightly more generalde�nition of a Lagrangian. This will also avoid the
assumptionin the gluing lemma above. A generalized Lagrangian of a Hilbert spaceV
with involution is a homomorphismL : W ! V with �nite dimensionalkernel so that
the closureLW � V of the imageof L is a Lagrangian. In the geometricsituation we are
interested in, W will be the spaceof harmonic spinors on a manifold �, V will be the
spaceof all spinorson the boundary @�, and L is the restriction map. Then we de�ne
the algebraic Fock space

Falg(L) def= � top(kerL) � 
 �( �LW );

where� top(kerL) � = � dim (ker L ) (kerL) � is the top exterior power of the dual spaceof the
kernel of L. The algebraicFock spaceis a module over the Cli�ord algebraC(V) via its
action on �( �LW ).

Unlike the casediscussedpreviously, this Fock spacehas only a canonical vacuum
element 
 = 1 
 1 if kerL = 0. Otherwise the vacuum vector is zerowhich is consistent
with the geometric setting where it corresponds to the Pfa�an element of the Dirac
operator: it vanishes,if there is a nontrivial kernel. Therefore,the gluing Lemma 2.3.14
in the following sectionhasto be formulated morecarefully than the gluing lemmaabove.
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2.3 Cli�ord linear �eld theories

We recall that a d-dimensional�eld theory is a functor E : Bd ! Hilb; in particular on
objects, it assignsto a closedoriented (d� 1)-manifold Y a Hilbert spaceE(Y). It is the
purposeof this sectionto de�ne Cli�or d linear �eld theories E of degree n (for d = 1; 2).
Such a theory assignsto Y as above a Hilbert spaceE(Y) which is a right module over
C(Y)
 n , where C(Y) is a Cli�ord algebra associated to Y. The formal de�nition (see
De�nition 2.3.16for d = 2 and De�nition 2.3.20for d = 1) is quite involved. The reader
might �nd it helpful to look �rst at Example 2.3.3,which will be our basicexampleof a
Cli�ord linear �eld theory (for d = 1) and which motivatesour de�nition. This example
is a variation of Example 2.1.4with the Laplaceoperator replacedby the squareof the
Dirac operator.

De�nition 2.3.1. (Spin structures on Riemannian vector bundles). Let V be
an inner product spaceof dimension d. Motivated by Remark 2.2.6 we de�ne a spin
structure on V to be an irreducible gradedC(V) � Cd-bimodule S(V) (equipped with a
compatible inner product as in the caseof Fock spaces).If W is another inner product
spacewith spin structure, a spin isometry from V to W is an isometry f : V ! W
together with an isomorphism f̂ : S(V)

�=! f � S(W) of graded C(V) � Cd-bimodules
with inner products. We note that f � S(W) is isomorphic to S(V) if and only if f is
orientation preserving;in that casethere are two choicesfor f̂ . In other words, the space
of spin isometriesSpin(V; W) is a double covering of the spaceSO(V; W) of orientation
preservingisometries. It is clear that spin isometriescan be composedand so they can
be regardedasthe morphismsin a categoryof inner product spaceswith spin structures.

Now we can use a `parametrizedversion' of the above to de�ne spin structures on
vector bundles as follows. Let E ! X be a real vector bundle of dimension d with
Riemannian metric, i.e., a �b erwisepositive de�nite inner product. Let C(E) ! X be
the Cli�ord algebra bundle, whose�b er over x is the Cli�ord algebra C(Ex ). A spin
structure on E is a bundle S(E) ! X of gradedirreducible C(E) � Cd-bimodules. It is
tempting (at least for topologists)to think of two isomorphicbimodule bundlesasgiving
the samespin structure. However, it is better to think of the `categoryof spin structures'
(with the obvious morphisms),sincebelow we want to considerthe spaceof sectionsof
S(E) and that is a functor from this categoryto the categoryof vector spaces.Then the
usual object topologistsare interestedin are the isomorphismclassesof spin structures.
The group H 1(X ; Z=2) acts freely and transitively on the set of isomorphismclasses.

To relate this to the usualde�nition of spin structure expressedin terms of a principal
Spin(d)-bundle Spin(E) ! X (cf. [LM, Ch. I I, x1]), we note that we obtain a C(E) �
Cd-bimodule bundle if we de�ne

S(E) def= Spin(E) � Spin(d) Cd:

Moreover, we note that S(E) determinesan orientation of E by Remark2.2.6. We de�ne
the opposite spin structure on E to be S(E) (whose�b er over x 2 X is the bimodule
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opposite to S(Ex ) in the senseof Remark 2.2.6); this inducesthe opposite orientation
on E.

Remark 2.3.2. We note that there is a functor F from the categoryof spin-structures
on E � R to the categoryof spin structures on E. Given a spin structure on E � R, i.e.,
a C(E � R) � Cd+1 -bimodule bundle S ! X over, we de�ne F (S) def= S+ (E � R), the
even part of S(E � R). This is a gradedC(E) � Cd-bimodule, if we de�ne the grading
involution on S+ (E � R) by  7! e1 e1 (e1 2 R is the standard unit vector), the left
action of v 2 E � C(E) by  7! ve1 and the right action of w 2 Rd � Cd by  7!  e1w.
The functor F is compatible with `passingto the opposite spin structure' in the sense
that there is an isomorphismof spin structures F (S) �= F (S), which is natural in S.

Example 2.3.3. (EFT associated to a Riemannian spin manifold). Let M be
a closedmanifold of dimension n with a spin structure; i.e., a spin structure on its
cotangent bundle T � M . In other words, M comesequipped with a graded irreducible
C(T � M ) � Cn-bimodule bundle S ! M . A Riemannianmetric on M inducesthe Levi-
Civita connectionon the tangent bundle TM which in turn inducesa connectionr on
S. The Dirac operator D = DM is the composition

D : C1 (M ; S) r� ! C1 (M ; T � M 
 S) c� ! C1 (M ; S);

where c is Cli�ord multiplication (given by the left action of T � M � C(T � M ) on S).
The Dirac operator D is an (unbounded) Fredholm operator on the real Hilbert space
L2(M ; S) of squareintegrable sectionsof S. As in Example 2.1.4 we can construct a
1-dimensionalEFT E : EB1 ! Hilb by de�ning

E(pt) = L2(M ; S) 
 R C E(I t ) = e� tD 2
:

However, there is more structure in this example: the �b ers of S and hencethe Hilbert
spaceL2(M ; S) is a Z=2-graded right moduleover Cn (or equivalently by Remark2.2.2,a
left module over Cop

n = C� n ). Moreover, D and henceE(I t ) commutewith this action. It
shouldbe emphasizedthat we are working in the graded world; in particular, saying that
the odd operator D commutes with the left C� n -action meansD(c � x) = (� 1)jx jc � D(x)
for a homogeneouselement c 2 C� n of degreejcj and x 2 E(pt).

De�nition 2.3.4. (Spin structures on conformal manifolds). Let � be a manifold
of dimensiond and for k 2 R let L k ! � be the oriented real line bundle (and hence
trivializable) whose�b er over x 2 � consistsof all maps � : � d(Tx �) ! R such that
� (�! ) = j� jk=d� (! ) for all � 2 R. Sectionsof L d are referredto asdensities; they can be
integrated over � resulting in a real number.

Now assumethat � is equipped with a conformal structure (i.e., an equivalence
classof Riemannianmetrics wherewe identify a metric obtained by multiplication by a
function with the original metric). We remark that for any k 6= 0 the choiceof a metric
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in the conformal classcorresponds to the choice of a positive section of L k . Moreover,
the conformal structure on � inducesa canonical Riemannian metric on the weightless
cotangentbundle T �

0 � def= L � 1 
 T � �.
A spin structure on a conformald-manifold � is by de�nition a spin structure on the

Riemannian vector bundle T �
0 �. The opposite spin structure on � is the opposite spin

structure on the vector bundle T �
0 �. We will usethe notation �� for � equipped with the

opposite spin structure.
If � 0 is another conformal spin d-manifold, a conformal spin di�e omorphismfrom �

to � 0 is a conformal di�eomorphism f : � ! � 0 together with an isometry betweenthe
C(T �

0 �) � Cd-bimodule bundlesS(�) and f � S(� 0). Weobserve that every conformalspin
manifold � has a canonicalspin involution � = � � , namely the identit y on � together
with the bimodule isometry S(�) ! S(�) given by multiplication by � 1.

Example 2.3.5. (Examples of spin structures) The manifold � = Rd has the fol-
lowing `standard' spin structure: identifying T �

0 � with the trivial bundle Rd, the bundle

S def= Rd � Cd ! Rd becomesan irreducible gradedC(T �
0 �) � Cd-bimodule bundle. Re-

stricting S we then obtain spin structureson codimensionzerosubmanifoldslike the disc
D d � Rd or the interval I t = [0; t] � R.

The above spin structure on Rd makessenseeven for d = 0; hereR0 consistsof one
point and S = R is a gradedbimodule over Cd = R (i.e., a graded real line). We will
write pt for the point equipped with this spin structure, and pt for the point equipped
with its opposite spin stucture (the bimodule for pt is an `even' real line, while the
bimodule for pt is an `odd' real line).

If � hasa boundary @�, we note that the restriction T �
0 � j@� is canonically isometric

to T �
0 @� � R. It follows by Remark 2.3.2 that a spin structure on �, i.e., a C(T �

0 �) �
C(Rd)-bimodule bundle S ! � restricts to a spin structure S+ ! @� on the boundary
@�. In particular, the standard spin structure on D 2 restricts to a spin structure on
S1 = @D 2, which we refer to as the zero-bordant or anti-periodic spin structure; we'll use
the notation Sap.

De�nition 2.3.6. (The Cd� 1-Hilb ert space V (Y )). If Y d� 1 is a conformal spin
manifold with spinor bundle S ! Y, we de�ne

V(Y) def= L2(Y; L
d� 1

2 
 S);

the spaceof square-integrablesectionsof the real vector bundle E = L
d� 1

2 
 S. We note
that using the �b erwiseinner product of the spinor bundle S, we can pair sections';  
of E to obtain a sectionof L d� 1 which in turn may be integrated over Y to obtain a real
valued inner product h';  i on the spaceof smooth sectionsof E; completion then gives
the real Hilbert spaceV(Y). We note that each �b er of E is a gradedright Cd� 1-module,
which inducesthe samestructure on V(Y).
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De�nition 2.3.7. (The Cli�ord algebra C (Y ); d = 1; 2). Let Y d� 1 be a conformal
spin manifold and let V(Y) be as above. In particular, for d = 1, V(Y) is just a graded
real Hilbert space;for d = 2, the Cli�ord algebra Cd� 1 is isomorphic to C and hence
V(Y) is a complexvector spaceon which the grading involution acts by a C-anti-linear
involution. After extendingthe R-valuedinner product to a C-valuedhermitian product,
we can regard V(Y) as a graded complex Hilbert space. So for d = 1; 2, V(Y) has

the structures neededto form the Cli�ord algebra C(Y) def= C(V(Y)) as described in
De�nition 2.2.1. Here the involution � is given by the grading involution (which for
d = 2 anticommutes with the action of C1 = C).

Example 2.3.8. (Examples of Cli�ord algebras C (Y )). If pt, pt are the point
equipped with its standard resp.its oppositespin structure asde�ned in De�nition 2.3.4,
then C(pt) = C1 and C(pt) = C� 1.

If Y = ; , then V(Y) is zero-dimensionaland consequently, C(; ) = R (for d = 1)
resp.C(; ) = C (for d = 2).

De�nition 2.3.9. (The generalized Lagrangian L (�) : W (�) ! V (@�)). Let
� d be a conformal spin manifold. Picking a Riemannian metric in the given conformal
classdeterminesthe Levi-Civita connectionon the tangent bundle of �, which in turn
determinesconnectionson the spinor bundle S = S(T �

0 �), the line bundlesL k and hence
L k 
 S for all k 2 R. The corresponding Dirac operator D = D � is the composition

D : C1 (�; L k 
 S) r� ! C1 (�; T � � 
 L k 
 S)

= C1 (�; L k+1 
 T �
0 � 
 S) c� ! C1 (�; L k+1 
 S); (2.3.10)

wherec is Cli�ord multiplication (given by the left action of T �
0 � � C(T �

0 �) on S). It
turns out that for k = d� 1

2 the Dirac operator is in fact independentof the choiceof the
Riemannianmetric.

According to Green'sformula, we have

hD ; � i � h ; D � i = hc(� ) j ; � j i  ; � 2 C1 (� ; L
d� 1

2 
 S);

where  j ; � j is the restriction of  resp. � to @� and � is the unit conormal vector
�eld (the section of T �

0 � j@� corresponding to 1 2 R under the natural isomorphism
T �

0 � j@�
�= T �

0 @� � R). Replacing by  e1 in the formula above and using the fact that
multiplication by e1 is skew-adjoint, we obtain

hD e1; � i + h ; D �e 1i = hc(� ) je1; � j i : (2.3.11)

Let W(�) def= kerD + whereD + hasdomainC1 (� ; L
d� 1

2 
 S+ ) and considerthe restriction
map to the boundary

L(�) : W(�) � ! L 2(@� ; L
d� 1

2 
 S) = V(@�)
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The closureL � of the imageof L(�) is the Hardy space of boundary valuesof harmonic
sectionsof L

d� 1
2 
 S+ . The kernel of L(�) is the spaceof harmonic spinorson � which

vanishon the boundary. If � 0 � � denotesthe subspaceof closedcomponents of � then
kerL(�) = kerD +

� 0
is the (�nite dimensional)subspaceof harmonic spinorson � 0.

The Green formula shows that L � is isotropic with respect to the bilinear form
b(v; w) = h� (v); wi , wherethe involution � is given by � (v) = c(� )ve1. Comparisonwith
Remark 2.3.2 shows that � is precisely the grading involution on S+ de�ning the spin
structure on @� and it agreeswith the grading involution on V(@�). Analytically, much
more involved arguments show that L � is in fact a Lagrangian subspace[BW]. This
implies that L(�) is a generalizedLagrangian in the senseof De�nition 2.2.9.

Moreover, the map L(�) : W(�) ! V (@�) is linear with respect to Cev
d = Cd� 1, since

the Dirac operator D commutes with the right Cd-action.

We give the following de�nition only for dimensionsd = 1; 2 becausetheseare the
caseswhere Cd� 1 is commutativ e and henceone has a good de�nition of the `exterior
algebra'over Cd� 1. For higher dimensions,onecould ignore the Cd� 1-action, but we will
not discussthis caseas it's not important for our applications.

De�nition 2.3.12. (The C (@�)-mo dules Falg (�) and F (�)). Using the gener-

alized Lagrangian from the previous de�nition, we de�ne Falg(�) def= Falg(L(�)), the
algebraicFock module over C(@�) from De�nition 2.2.9. This is a real vector spacefor
d = 1 and a complexvector spacefor d = 2. Recall that

Falg(L(�)) = � top(kerL(�)) � 
 �( �L � ) (2.3.13)

and that �L � (and hencethe exterior algebra) is equipped with a natural inner product.
If � 0 � � denotes again the subspaceof closed components of � then kerL(�) =
kerD +

� 0
. We note that D +

� 0
is is skew-adjoint by equation (2.3.11) with respect to the

natural hermitian pairing between the domain and range of this operator: for  2
C1 (�; L (d� 1)=2 
 S+ ) and � 2 C1 (�; L (d+1) =2 
 S� ) the point-wise inner product of  � e1

and � givesa sectionof L 2 which may be integrated over � to give a complexnumber;
this allows us to identify L 2(� ; L (d+1) =2 
 S� ) with the dual of L2(� ; L (d� 1)=2 
 S+ ). In
particular, � top(kerL(�)) � = � top(kerD +

� 0
)� is the Pfa�an line Pf(�) of the skew-adjoint

operator D +
� 0

, which comesequipped with the Quillen metric [BF] (this is a real line for
d = 1 and a complex line for d = 2). Henceboth factors on the right hand side of
equation 2.3.13are equipped with natural inner products and we obtain a Hilbert space
F (�) as the completion of Falg(�), which is still a module over C(@�). We note that
the Fock spaceF (�) can be regardedasa generalizationof the Pfa�an line, sincefor a
closed � the Fock spaceF (�) is equal to Pf(�).
For d = 1 we have Falg(�) = F (�) becauseboth are �nite dimensional.

If � is a conformal spin bordism from Y1 to Y2, then F (�) is a left module over
C(@�) = C(Y1)op 
 C(Y2); in other words, a C(Y2) � C(Y1)-bimodule.
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Weneedto understandhow theseFock modulesbehaveundergluing surfacestogether
(we shall not discussthe 1-dimensionalanalogueexplicitly but the readerwill easily �ll
this gap). So let � i be conformal spin surfaceswith decompositions

@� 1 = Y1 [ Y2; @� 2 = Y2 [ Y3;

where Yi \ Yi +1 could be nonempty (but always consistsof the points @Yi ).Let � 3
def=

� 1 [ Y2 � 2. Then this geometricsetting leadsto the algebraicsetting in Remark 2.2.7:

We have Vi
def= V(Yi ) and L i

def= L � i so that we can derive a gluing isomorphism. Note
that there are two cases,depending on the type of the von Neumannalgebragenerated
by C(V2) = C(Y2): If Y is closedthen we are in type I, and if Y has boundary we are
in type I I I wherea more sophisticatedgluing lemma is needed.Note alsothat we really
have generalizedLagrangiansL(� i ) which areusedin the gluing lemmabelow. It follows
from our algebraicgluing lemma (for type I) together with the canonical isomorphisms
of Pfa�an lines for disjoint unions of closedsurfaces.

Gluing Lemma 2.3.14. If Y2 is a closed 1-manifold, there are natural isomorphisms
of graded C(Y3) � C(Y1) bimodules

Falg(� 2) 
 C(Y2 ) Falg(� 1) �= Falg(� 3):

Again there is a re�ned versionof this lemma for all typesof von Neumannalgebras
which usesConnesfusion, seeProposition 4.3.10. It will actually imply that the above
isomorphismare isometriesand hencecarry over to the completionsF (� i ).

Remark 2.3.15. A di�erent way to seethe isometry for completionsis to observe that
our assumptionon Y2 beingclosed(i.e. that the von NeumannalgebraA(Y2) is of type I)
implies that A(Yi ) �= B(H i ) for someHilbert spacesH i and also that

F (� 1) �= H S(H2; H1); F (� 2) �= H S(H3; H2); F (� 3) �= H S(H3; H1):

Then the isomorphism for Lemma 2.3.14 is just given by composing these Hilbert-
Schmidt operators. Note that if Yi bound conformal spin surfacesSi then we may
chooseH i = F (Si ) in which caseeverything becomescanonical. It is important to note
that in the caserelevant for string vector bundles, this last assumptionwill be satis�ed
becausewe will be working in a relative situation whereYi consistsof two copiesof the
samemanifold, onewith a trivial bundle, and with a nontrivial bundle over it.

After thesepreliminaries, we are now ready to de�ne Cli�ord linear �eld theoriesof
degreen. To motivate the following de�nition, werecallExample2.3.3of a 1-dimensional
EFT: herethe Hilbert spaceE(pt) associtated to the point pt has additional structure:
E(pt) is a Z=2-graded left module over the Cli�ord algebra C� n = (C(pt) op)
 n (see
Example 2.3.8). Roughly speaking, a Cli�or d �eld theory of degree n is a �eld theory
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(of dimension d = 1 or 2) with extra structure ensuring that the Hilbert spaceE(Y)
associated to a manifold Y of dimensiond � 1 is a gradedleft module over the Cli�ord
algebra C(Y) � n def= (C(Y)op)
 n . To make this precise,we de�ne Cli�ord linear �eld
theoriesof degreen as functors from CB2

n (resp. EB1
n ) to the categoryof Hilbert spaces;

here CB2
n (resp. EB1

n ) are `larger' versionsof the categoriesCB2 (resp. EB1) such that
the endomorphismsof the object given by Y contains the Cli�ord algebraC(Y) � n . This
implies that for such a functor E the Hilbert spaceE(Y) is left module over C(Y) � n (or
equivalently, a right module over C(Y) 
 n ).

De�nition 2.3.16. (CFT of degree n). A Cli�or d linear conformal �eld theory of
degree n 2 Z is a continuous functor

E : CB2
n � ! Hilb;

compatible with the additional structures in De�nition 2.1.1 on both categories. We
recall that theseare the monodial structures, involutions and anti-in volutions, and ad-
junction transformations on both categories.In addition we require that the functor E
is compatible with the linear structure on morphisms in the sensethat the equations
2.3.17below hold. For brevity's sake, we will refer to such a theory also just as CFT
of degree n (we note that we have de�ned the notion of `degree'only for theseCli�ord
linear theories).

The objects of CB2
n are closedconformal spin 1-manifoldsY. If Y1, Y2 are objects of

CB2
n , there are two typesof morphismsfrom Y1 to Y2, namely

� pairs (f ; c) consisting of a spin di�eomorphism f : Y1 ! Y2 and an element c 2
C(Y1)� n ; here C(Y1)k stands for the graded tensor product of jkj copiesof C(Y1)
if k � 0 resp.C(Y1)op if k < 0. In particular, there are morphisms

f def= (f ; 1 2 C(Y1)� n ) 2 CB2
n (Y1; Y2) and c def= (1Y1 ; c) 2 CB2

n (Y1; Y1)

� pairs (� ; 	), where� is a conformalspin bordismfrom Y1 to Y2, and 	 2 Falg(�) � n .
HereF = Falg(�) is the algebraicFock space,and F k standsfor the gradedtensor
product of jkj copiesof F if k � 0 resp.of �F if k � 0. A conformal spin bordism
� from Y1 to Y2 is a conformal spin manifold together with a spin di�eomorphism
@� �= �Y1 q Y2. More precisely, we identify the morphisms (� ; 	) and (� 0; 	 0) if
there is a conformal spin di�eomorphism � ! � 0 compatible with the boundary
identi�cation with �Y1 q Y2 such that 	 is sent to 	 0 under the inducedisomorphism
on Fock spaces.Werecall from de�nition 2.3.12that if � hasno closedcomponents,
then Falg(�) is a Fock spacewhich by de�nition 2.2.4hasa canonical cyclic vector

. Then 
 � n 2 Falg(�) � n and we will write

� def= (� ; 
 � n ) 2 CB2
n (Y1; Y2):
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We note that every 1-manifold hasa unique conformalstructure; henceour de�nition of
spin structure and the construction of the Cli�ord algebraC(Y) appliesto every oriented
1-manifold Y. Composition of morphismsis given as follows:

� If (f 1; c1) is a morphism from Y1 to Y2, and (f 2; c2) is a morphism from Y2 to Y3,
then (f 2; c2) � (f 1; c1) = (f 2 � f 1; f �

1 c2 � c1). In particular, interpreting as above a
spin di�eomorphism f : Y1 ! Y2 as a morphism from Y1 to Y2, and an element
c 2 C(Y1)� n as an endomorphismof Y1 we have (f ; c) = f � c.

� If (� 1; 	 1) is a morphism from Y1 to Y2, and (� 2; 	 2) is a morphism from Y2 to Y3,
their composition is givenby (� 2[ Y2 � 1; 	 2[ Y2 	 1), where� 3 = � 2[ Y2 � 1 is obtained
by `gluing' along the common boundary component Y2, and the fermion 	 3 =
	 2 [ Y2 	 1 on � 3 is obtainedby `gluing' the fermions	 2 and 	 1, i.e., it is the image
of 	 2 
 	 1 under the (( � n)-th power of the) `fermionic gluing homomorphism'
from Lemma 2.3.14:

Falg(� 2) 
 C(Y2 ) Falg(� 1) � ! Falg(� 3):

In the present context where Y2 is closed,the assumptionsof Lemma 2.3.14are
indeedsatis�ed.

� Composing a morphism (� ; 	) from Y1 to Y2 with a di�eomorphism f : Y2 ! Y3

is again (� ; 	), but now regarding � as a bordism from Y1 to Y3, and Falg(�) as
a bimodule over C(Y3) � C(Y1) by meansof f . Precomposition of (� ; 	) by a
di�eomorphism is de�ned analogously.

� For ci 2 C(Yi )� n � CB2
n (Yi ; Yi ) we have

c2 � (� ; 	) = (� ; c2 � 	) and (� ; 	) � c1 = (� ; 	 � c1):

We note that Falg(�) is a C(Y2) � C(Y1)-bimodule and hence Falg(�) � n is a
C(Y2)� n � C(Y1)� n -bimodule, which explains the products c2 � 	 and 	 � c1.

We require that a CFT E : CB2
n ! Hilb is compatible with the linear structure on

morphismsin the sensethat given a spin di�eomorphism f : Y1 ! Y2 or a conformalspin
bordism � from Y1 to Y2 the maps

C(Y1)� n � ! Hilb( E(Y1); E(Y1)) Falg(�) � n � ! Hilb( E(Y1); E(Y2)) (2.3.17)

given by c 7! E(f ; c) (resp. 	 7! E(� ; 	)) are linear maps.

Remark 2.3.18. (Basic prop erties of Cli�ord conformal �eld theories) Let �
be a bordism from Y1 to Y2 with no closedcomponents. Then 
 � n is a cyclic vector
in the C(Y2)� n � C(Y1)� n -bimodule Falg(�) � n and henceevery morphism (� ; 	) can
be written as (� ; c2
 � nc1) = c2 � (� ; 
 � n ) � c1. This shows that the morphismsin the
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category CB2
n are generatedby di�eomorphisms f , Cli�ord elements c, and conformal

bordisms� = (� ; 
 � n ) (with no closedcomponents).
We note that the spin involution � = � Y (seeDe�nition 2.3.4) on a conformal spin

1-manifold Y inducesthe grading involution on the associtated Cli�ord algebra C(Y).
This implies that asmorphismsin the categoryCB2

n , it commuteswith the even elements
of the Cli�ord algebraC(Y) � n , while it anti-commutes with the odd elements. In par-
ticular, if E : CB2

n ! Hilb is a CFT of degreen, then the Hilbert spaceE(Y) is a graded
left C(Y) � n -module (or equivalently, a right C(Y)n -module). If � is a conformal spin
bordism from Y1 to Y2, then the `spin involution' � � restricts to � Yi on the boundary and
hencewe have the relation

� Y2 � � = � � � Y1

in CB2
n . In particular, the corresponding bounded operator E(�) : E(Y1) ! E(Y2) is

even.
We claim that E(�) is in fact a Hilbert-Schmidt operator from E(Y1) to E(Y2). To

seethis, observe that � 2 CB2
n (Y1; Y2) is in the imageof the natural transformation

CB2
n (; ; �Y1 q Y2) � ! CB2

n (Y1; Y2)

by regarding � as a bordism from ; to �Y1 q Y2. This implies that E(�) is in the image
of the corresponding natural transformation in Hilb

Hilb( C; E(Y1) 
 E(Y2)) � ! Hilb(E(Y1); E(Y2)) ;

which consistsexactly of the Hilbert-Schmidt operators from E(Y1) to E(Y2).

Remark 2.3.19. We note that if � is a bordism from Y1 to Y2, and E is a Cli�ord linear
theory of degreen then the map F (�) � n � ! Hom(E(Y1); E(Y2)), 	 7! E(� ; 	) in fact
inducesa C(Y2)� n-linear map

E(�) : F (�) � n 
 C(Y1 ) � n E(Y1) � ! E(Y2)

De�nition 2.3.20. (EFT of degree n). A Cli�or d linear 1-dimensional Euclidean
�eld theory of degree n is a continuous functor

EB1
n � ! Hilb

compatible with the additional structures in De�nition 2.1.1 and the linear structure
on the morphisms(equation 2.3.17). Here the 1-dimensionaldegreen bordism category
EB1

n is de�ned as for CB2
n , except that the dimensionof all manifolds involved is down

by one: the objects of EB1
n are 0-dimensionalspin manifolds Y and the bordisms� are

1-dimensional;furthermore the geometricstructure on thesebordisms are Riemannian
metrics rather than conformal structures. We want to emphasizethat now the Cli�ord
algebrasC(Y) and the Fock spacesF (�) are �nite dimensional real vector spaces.
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We note that we can de�ne real EFT's; theseare functors from EB1
n to the category

HilbR of real Hilbert spaces with the sameproperties. In fact our motivating example
2.3.3 is the complexi�cation of a real EFT.

It should be pointed out that there are no naive `real' versionsof CFT's, sincee.g.
the map C(Y) � n ! Hilb( E(Y); E(Y)) is required to be linear, which meanscomplex
linear if Y is 1-dimensional(in which caseC(Y) is an algebraover C). Consequently, we
can't restrict the vector spacesE(Y) to be real.

De�nition 2.3.21. (Cli�ord linear �eld theories over a manifold X ). As in
de�nition 2.1.5we de�ne Cli�ord linear �eld theoriesover a manifold X as follows. Let
CB2

n (X ) resp.EB1
n (X ) be categorieswhoseobjects are asin the categoriesCB2

n resp.EB1
n

except that all objects Y (given by manifolds of dimension 1 resp. 0) come equipped
with piecewisesmooth mapsto X . Similarly all bordisms� comewith piecewisesmooth
maps to X . The additional structures on CB2

n and EB1
n extend in an obvious way to

CB2
n (X ) and EB1

n (X ), respectively. We de�ne a Cli�or d linear CFT of degree n over X
to be a functor E : CB2

n ! Hilb compatible with the additional structures.
Similarly a Cli�or d linear EFT of degree n over X is a functor E : EB1

n (X ) ! Hilb
compatible with the additional structures.

Example 2.3.22. (Basic example of a Cli�ord linear EFT over X ). Let � ! X
be an n-dimensional spin vector bundle with metric and compatible connection over
a manifold X . Let S(� ) ! X be the associated spinor bundle (a C(� ) � Cn -bimodule
bundle, seeDe�nition 2.3.1). Then there is a Cli�ord linear EFT over X of degreen: this
is a functor E : EB1

n (X ) ! Hilb which mapsthe object of EB1
n (X ) given by pt 7! x 2 X

to the Hilbert spaceS(� )x ; on morphisms,E(c) for c 2 C(pt) � n = Cop
n is given by the

right Cn -module structure on S(� ). If 
 : I t ! X is a path from x to y representing a
morphism in EB1

n , then E(
 ) : S(� )x ! S(� )y is given by parallel translation along 
 .
The properties of a Cli�ord linear �eld theory then determinethe functor E.

2.4 Twisted Cli�ord algebras and Fock mo dules

In this sectionwe shall generalizeall the de�nitions given in Section2.3 to the twisted
case,i.e. where the manifolds are equipped with vector bundlesand connections.This
is a straightforward step, so we shall be fairly brief. At the end of the de�nition of the
twisted Cli�ord algebra (respectively twisted Fock module), we'll explain the relative
version of the constructions, which involves the twisted and untwisted objects. It is
theserelative objects which will be usedin Section5.

De�nition 2.4.1. (The Cd� 1-Hilb ert space V ( � )). Let Y d� 1 be a conformal spin
manifold with spinor bundle S, and let � ! Y be a vector bundle, equipped with a
Riemannianmetric. De�ne

V(� ) def= L2(Y; L
d� 1

2 
 S 
 � );
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the spaceof square-integrablesectionsof the real vector bundle E = L
d� 1

2 
 S 
 � . Each
�b er of E is a gradedright Cd� 1-module, which inducesthe samestructure on V(� ).

De�nition 2.4.2. (The Cli�ord algebras C (� ) and C (
 )). The above de�nition
gives for d = 1 a graded real Hilbert spaceV(� ); for d = 2, the Cli�ord algebra Cd� 1

is isomorphic to C and henceV(� ) is a complex vector spaceon which the grading
involution acts by a C-anti-linear involution. As in De�nition 2.3.7, V(� ) has thus the

structures neededto form the Cli�ord algebraC(� ) def= C(V(� )) for d = 1; 2.
In casethat � = 
 � E is the pullback of an n-dimensionalvector bundle E ! X via

a smooth map 
 : Y ! X , we de�ne the following relative Cli�ord algebra:

C(
 ) def= C(
 � E) 
 C(Y) � n

For example,if Y = pt and 
 (pt) = x 2 X then this givesthe algebraC(x) = C(Ex ) 

C� n . Recall that a spin structure on Ex can then be described as a graded irreducible
(left) C(x)-module.

De�nition 2.4.3. (The generalized Lagrangian L ( � ) : W (� ) ! V (@� )). Let � d

be a conformal spin manifold with boundary Y. Assumethat the bundle � extendsto a
vector bundle with metric and connectionon �. We denoteit again by � and let @� be
its restriction to Y. Let S be the spinor bundle of � and recall from De�nition 2.3.4that
the restriction of S+ to Y is the spinor bundle of Y. Consider the twisted (conformal)
Dirac operator

D � : C1 (�; L
d� 1

2 
 S 
 � ) r� ! C1 (�; T � � 
 L
d� 1

2 
 S 
 � )

= C1 (�; L
d+1

2 
 T �
0 � 
 S 
 � ) c� ! C1 (�; L

d+1
2 
 S 
 � ); (2.4.4)

wherer is the connectionon L
d� 1

2 
 S 
 � determinedby the connectionon � and the
Levi-Civita connectionon L

d� 1
2 
 S for the choice of a metric in the given conformal

class. Let W(� ) def= kerD +
� where D +

� has domain C1 (� ; L
d� 1

2 
 S+ 
 � ) and consider
the restriction map to the boundary

L(� ) : W(� ) � ! L 2(@� ; L
d� 1

2 
 S 
 � ) = V(@� )

The closureL � of the imageimageof L(� ) is the twisted Hardy space of boundary values
of harmonic sectionsof L

d� 1
2 
 S+ 
 � . kerL(� ) is the spaceof twisted harmonic spinors

which vanishon the boundary. If � 0 � � denotesthe subspaceof closedcomponents of �
and � 0 is the restriction of � , then kerL(� ) = kerD +

� 0
is the (�nite dimensional)subspace

of twisted harmonic spinors on � 0. As before, one shows that L(� ) is Cd� 1-linear and
that L � is a Lagrangian subspaceof V(@� ).
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De�nition 2.4.5. (The C (@� )-mo dules Falg ( � ) and F ( � )). We de�ne Falg(� ) def=
Falg(L(� )), the algebraic Fock module over C(@� ) determined by the generalizedLa-
grangian L(� ) : W(� ) ! V (@� ), seeDe�nition 2.2.9. As before, this is a real Hilbert
spacefor d = 1 and a complexHilbert spacefor d = 2. As in De�nition 2.3.12,Falg(� )
can be completedto the Hilbert spaceF (� ) = F (L(� )).

In casethat � = � � E is the pullback of an n-dimensionalvector bundle E ! X via
a smooth map � : � ! X , we de�ne the following relative Fock modules:

F (�) def= F (� � E) 
 F (�) � n and Falg(�) def= Falg(� � E) 
 Falg(�) � n

These are left modules over the relative Cli�ord algebra C(
 ) from De�nition 2.4.2,
where 
 = � jY . It is important to note that the vacuum vector for � is by de�nition

 � 2 Falg(� � E).

If � is closedthen Pf(�) def= Falg(�) is the relative Pfa�an line.

There are again gluing laws for twisted Fock spacesas in Lemma 2.3.14and Propo-
sition 4.3.10.

3 K-theory and 1-dimensional �eld theories

3.1 The space of 1-dimensional Euclidean �eld theories

We recall from de�nition 2.3.20that an EFT of degreen is a continuousfunctor E from
the Euclidean bordism categoryEB1

n to the categoryHilb of Hilbert spacescompatible
with the symmetric monoidal structure, the (anti-) involutions � and ��, the `adjunction
transformations' (see2.1.1)and the linear structure on morphisms(seeequation2.3.17).
An important feature is that the Hilbert spaceE(pt) associated to the point is a graded
left C� n -module, or equivalently, a gradedright Cn -module. In our basicexample2.3.3,
E(pt) is the spaceof squareintegrable sectionsof the spinor bundle S ! M of a spin
n-manifold, wherethe right Cn -action is induced by the right Cn-action on S.

It might be important to repeat the reasonwhy the algebra C� n comesup: The
geometricexampledictates that E(pt) be a right Cn module. (This goesback to the fact
that a frame for a vector spaceV is an isometry Rn ! V , and henceO(n) acts on the
right on theseframes.) However, from a functorial point of view, the endomorphismsof
an object in a categoryact on the left. This is preserved under the covariant functor E.
Sincewe built in C� n as the endomorphismsof the object pt 2 EB1

n , E(pt) becomesa
left C� n-module. Equivalently, this is a right Cn -module, exactly what we want.

In this subsectionwe consider the spaceof EFT's. We want to assumethat the
(right) Cn -module E(pt) is a submodule of some�xed gradedcomplexHilbert spaceH
(equipped with a right Cn-action such that all irreducible modulesoccur in�nitely often)
in order to obtain a set of such functors.
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Prop osition 3.1.1. There is a bijection

f EFT's of degree ng R� ! Hom(R+ ; H Sev;sa
Cn

(H ))

Here R+ is the additive semi-groupof positive real numbers, and H Sev;sa
Cn

(H ) is the
semi-groupof Cli�ord linear, even (i.e., grading preserving),self-adjoint Hilbert-Schmidt
operators with respect to composition.

De�nition 3.1.2. (Construction of R ). Let R be equipped with the standard spin
structure (seeExample2.3.5). Wenote that the translation action of R on itself is by spin
isometries,allowing us to identify all the spin 0-manifoldsf tg with the object pt of the
bordismcategoryEB1

n . WerecallC(pt) = C1 (Example 2.3.8)and henceC(pt) � n = C� n .
For t > 0 let I t 2 EB1

n (pt ; pt) be the endomorphismgiven by the Riemannian spin
1-manifold [0; t] � R. We note that the composition I t � I t0 is represented by gluing
together the spin 1-manifolds [0; t0] and [0; t], identifying 0 2 [0; t] with t0 2 [0; t0] by
meansof the translation t0 2 R+ . This results in the spin 1-manifold [0; t + t0]. We
note that I �

t = I t , sincere
ection at the midpoint of the interval I t is a spin structure
reversing isometry.

As discussedin remark 2.3.18,if E : EB1
n ! Hilb is a Cli�ord linear EFT of degree

n, then E(pt) is a right Cn -module and E(I t ) : E(pt) ! E(pt) is an even, Cli�ord linear
Hilbert-Schmidt operator. Furthermore, dueto I �

t = I t , and the requiredcompatibilit y of
E with the anti-in volution � , the operator E(I t ) is self-adjoint. The relation I t � I t0 = I t+ t0

in the categoryEB1
n implies that

R+ � ! H Sev;sa
Cn

(E(pt)) t 7! E(I t ) (3.1.3)

is a semi-grouphomomorphism. Extending the Hilbert-Schmidt endomorphismE(I t )
of E(pt) � H to all of H by setting it zero on E(pt) ? de�nes the desiredsemi-group
homomorphismR(E) : R+ ! H Sev;sa

Cn
(H ).

Sketchof proof of Proposition 3.1.1. Concerningthe injectivit y of the mapR, weobserve
that the functor E : EB1

n ! Hilb can be recovered from E(pt) (as gradedright module
over Cn ) and E(I t ) as follows. Every spin 0-manifold Z is a disjoint union of copiesof
pt and �pt and henceE(Z ) is determined by the Hilbert spaceE(pt), E(pt) = E(pt)
and the requirement that E sendsdisjoint unions to tensor products. Concerning the
functor E on morphisms, we note that E(c) for c 2 C(pt) � n = C� n � EB1

n (pt ; pt)
is determined by the (left) C� n-module structure on E(pt) � H . Similarly, the im-
ageof the endomorphism� 2 B n

1 (pt ; pt) is the grading involution on E(pt). Now the
morphismsof the categoryEB1

n are generated by I t , c 2 C(pt) � n and � using the opera-
tions of composition, disjoint union, the involution �� and the adjunction transformations
EB1

n (; ; Z1 q Z2) ! EB1
n (Z 1; Z2). For example, I t can be interpreted as an element of

EB1
n (pt ; pt) or EB1

n (; ; pt q pt) or EB1
n (pt q pt; ; ). The secondand third interpretation

correspond to each other via the involution ��; the �rst is the imageof the secondunder
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the natural transformation EB1
n (; ; pt q pt) ! EB1

n (pt ; pt). It can be shown that the
composition

; I t� ! pt q pt
I t 0

� ! ; (3.1.4)

is the circle Sap
t+ t0 of length t + t0 with the anti-p eriodic spin structure, while

; I t� ! pt q pt � q 1� ! pt q pt
I t 0

� ! ; (3.1.5)

is Sper
t+ t0, the circle of length t + t0 with the periodic spin structure. The best way to

remember this result is to embed I as the upper semicircleinto the complexplane. For
x 2 I , the real line S+

x (I ) canbe identi�ed with the complexnumberswhosesquarelies in
Tx I � C. It follows that the spinor bundle S+ (I ) is a band twisted by � =2 (or a `quarter
twist'). This is consistent with the fact that S(@I ) consistsof one even line, and one
odd line (which are orthogonal). Gluing two such quarter twisted bands together gives
a half twisted band (i.e. the anti-p eriodic spin structure on the corresponding circle).
This alsofollows from the fact that this circle boundsa disk in the complexplane,and is
thus spin zero-bordant. Gluing together two quarter twisted bandsusing the half twist
� givesa fully twisted band (i.e. the periodic spin structure on S1).

The fact that the morphismsin EB1
n are generatedby I t , � and c 2 C(pt) � n implies

that the functor E is determined by the semi-grouphomomorphismE(I t ). Hencethe
map E 7! E(I t ) is injective. Surjectivity of this map is proved by similar arguments by
analyzing the relations betweenthesegenerators.

Remark 3.1.6. As in our motivating Example2.3.3for a Cli�ord linear �eld theory, let
M bea Riemannianspin manifold of dimensionn and considerthe semi-groupof Hilbert-
Schmidt operators t 7! e� tD 2

acting on the Hilbert spaceL 2(M ; S). Then Proposition
3.1.1(or rather its versionfor real EFT's) shows that there is a real Cli�ord linear EFT
of degreen with E(pt) = L 2(M ; S) and E(I t ) = e� tD 2

.
This EFT contains interestinginformation, namelythe Cli�or d indexof D, an element

of K On(pt ), see[LM, xI I.10]. Werecall (seee.g.[LM, Ch. I, Theorem9.29])that K On (pt)
candescribedasK On (pt) = M (Cn)=i� M (Cn+1 ), whereM (Cn) is the Grothendieck group
of gradedright modulesover the Cli�ord algebraCn , and i � is induced by the inclusion
map Cn ! Cn+1 . Hencethe Cn -module kerD 2 represents an element of K On(pt). The
crucial point is that [kerD 2] 2 K On (pt) is independent of the choice of Riemannian
metric used in the construction of D. The argument is this: the eigenspaceE � of D 2

with eigenvalue � is a Cn -module; for � > 0 the automorphism� � 1=2�D of E � hassquare
� 1 and anti-commutes with right multiplication by v 2 Rn � Cn . In other words, the
gradedCn-module structure on E � extendsto a Cn+1 -module structure. This shows that
[kerD 2] = [E<� ] 2 K On(pt), whereE<� (D 2) for � > 0 is the (�nite dimensional)sum of
all eigenspacesE � with eigenvalue � < � . Choosinga � not in the spectrum of D 2, the
Cn -module E<� (D 2) can be identi�ed with E<� ((D 0)2) for any su�cien tly closeoperator
D 0, in particular for Dirac operators corresponding to slightly deformedmetrics on M .
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This shows that [E<� (D 2)] 2 K On(pt ) is independent of the choice of � > 0 as well as
the metric on M . We note that in terms of the EFT, the Cli�ord index can be described
as[E>� (E(I t ))] 2 K On(pt), whereE>� (E(I t )) is the sumof all eigenspacesof E(I t ) with
eigenvalue > � (a �nite dimensionalgradedCn -module); the argument above shows that
this is independent of t and � > 0.

This examplesuggeststhat the spaceof 1-dimensionalEFT's of degreen contains
interesting `index information' and that we should analyzeits homotopy type. Unfortu-
nately, the result is that it is contractible! To seethis, useProposition 3.1.1 to identify
this spacewith the spaceof semi-groupst 7! Pt of even, self-adjoint, Cn -linear Hilbert-
Schmidt operators. We note that if Pt is such a semi-group,then so is t 7! stPt for any
s 2 [0; 1], which implies that the spaceof thesesemi-groupsis contractible.

3.2 Super symmetric 1-dimensional �eld theories

After the `bad news' expressedby the last remark, we'll bring the `good news' in this
section: if we replace1-dimensionalEFT's by super symmetric EFT's, then we obtain a
spacewith a very interesting homotopy type. Before stating this result and explaining
what a super symmetric EFT is, let us motivate a little better why super symmetry is
to be expectedto comein here.

Remark 3.2.1. Let E be a real EFT of degreen. Then motivated by Remark3.1.6,one
is tempted to de�ne its Cli�ord index in K On (pt) to be represented by the Cn -module
E>� (E(I t )) (the sumof the eigenspaceof E(I t ) with eigenvalue> � ). However, in general
this does depend on t and � ; moreover, for �xed t; � replacing the semi-groupE(I t ) by
the deformed operator stE(I t ) leads to a trivial module for su�cien tly small s! This
simply comesfrom the fact that this operator has no Eigenvalues > � for su�cien tly
small s.

What goes wrong is this: the arguments in Remark 3.2.13 show that there is a
non-negative, self-adjoint, even operator A (not bounded!) on somesubspaceH 0 � H
which is an in�nitesimal generator of the semi-groupE(I t ) in the sensethat E(I t ) =
e� tA 2 H Sev;sa

Cn
(H 0) � H Sev;sa

Cn
(H ) (this inclusion is given by extending by 0 on the

orthogonal complement of H 0 in H ). However, in generalA is not the squareof an odd
operator D, and sothe argument in Remark 3.1.6showing that [E>� (E(I t ))] 2 K On (pt)
is independent of t; � fails.

The argument goesthrough for thosesemi-groupsR+ ! H Sev;sa
Cn

(H ) whosegenera-
tors are squaresof odd operators; we will seethat theseare preciselythose semi-group
which extend to `super homomorphims'R1j1

+ ! H Ssa
Cn

(H ).

De�nition 3.2.2. (Susy EFT of degree n). A super symmetric 1-dimensional Eu-
clidean �eld theory (or susyEFT) of degreen is a continuous functor

E : SEB1
n � ! Hilb
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satisfying the compatibilit y conditions 2.1.1. Here SEB1
n is the `super' version of the

1-dimensionalbordism categoryEB1
n , where1-dimensionalRiemannianmanifolds(which

are morphisms in EB1
n ) are replaced by super manifolds of dimension (1j1) with an

appropriate `super' structure corresponding to the metric.

We refer to [DW] or [Fr2] for the de�nition of super manifolds. To a super manifold
M of dimension(njm) we can in particular associate

� its `algebraof smooth functions' C1 (M ), which is a Z=2-graded,gradedcommu-
tativ e algebra;

� an ordinary manifold M r ed of dimensionn sothat C1 (M r ed) (the smooth functions
on M r ed) is the quotient of C1 (M ) by its nil radical.

One assumesthat C1 (M ) is a locally free module over C1 (M r ed). A basicexampleof
a super manifold of dimension(njm) is Rnjm with

(Rnjm)r ed = Rn and C1 (Rnjm ) = C1 (Rn ) 
 � � Rm :

More generally, if � is a manifold of dimensionn and E ! � is a real vector bundle of
dimensionm, then there is an associated super manifold M of dimension(njm) with

M r ed = � and C1 (M ) = C1 (� ; � � E � );

whereC1 (� ; � � E � ) is the algebraof smooth sectionsof the exterior algebrabundle � � E �

generatedby the dual vector bundle E � .
In particular, if � is a spin bordism between 0-manifolds Y1 and Y2, then we can

interpret � as a super manifold of dimension (1j1) (using the even part S+ ! � of
the spinor bundle) and Y1; Y2 as super manifolds of dimension(0j1); in fact then � is a
`super bordisms' betweenY1 and Y2 with � r ed being the original bordism betweenY r ed

1

and Y r ed
2 . The questionis what is the relevant geometric structure on �, which reducesto

the Riemannianmetric on the underlying 1-manifold � r ed? We note that a Riemannian
metric on an oriented 1-manifold determinesa unique 1-form which evaluates to 1 on
each unit vector representing the orientation. Conversely, a nowhere vanishing 1-form
determinesa Riemannianmetric. We generalizethis point of view by de�ning a metric
structure on a (1j1)-manifold � to be an even 1-form ! (see[DW, x2.6] for the theory of
di�erential forms on super manifolds) such that

� ! and d! are both nowhere vanishing (interpreted as sectionsof vector bundles
over � r ed) and

� the Berezin integral of ! over (0j1)-dimensionalsubmanifoldsis positive.

On � r ed � � such a form ! restricts to a nowhere vanishing 1-form which in turn
determinesa Riemannianmetric on � r ed.
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Example 3.2.3. For example,on the (1j1)-dimensionalsuper manifold R1j1 with even
coordinate t and odd coordinate � , the form ! = dz+ � d� is a metric structure (we note
that d! = d� ^ d� 6= 0; the form d� is an odd 1-form and hencecommuteswith itself
accordingto equation (2.6.3) in [DW]). The Berezin integral of ! over f tg � R0j1 gives
the value 1 for every t (the form dt � � d� gives the value � 1 and henceis not a metric
structure). The form ! restricts to the standard form dz on (R1j1)r ed = R by setting
� = 0. In particular, the metric structure ! inducesthe standard Riemannianmetric on
(R1j1)r ed = R.

With this terminology in placewe can de�ne SEB1
n . It is a category (enriched over

super manifolds!) and its morphisms consist of `super bordisms' as in EB1
n , except

that 1-dimensionalspin bordisms� equipped with Riemannianmetrics are replacedby
(1j1)-dimensionalsuper bordisms equipped with a metric structure. In particular, the
endomorphismspacesof each object arenow super semigroups,compareDe�nition 3.2.7.

1-EFT's and the K-theory spectrum. We can now give a preciseformulation of
Theorem1.0.1from the introduction. It says that the spaceEF Tn of susyEFT's of degree
n has the homotopy type of K � n , the (� n)-th spacein the 
-sp ectrum K representing
periodic complexK -theory. Here K 0 = 
 1 K is the 0-th spacein the spectrum K , and
all the spacesK n , n 2 Z are related to each other by 
 K n ' K n� 1. Note that this
implies that the connectedcomponents of the spaceof susy EFT's of degreen are the
homotopy groupsof the spectrum:

� 0(EF Tn) = � 0(K � n ) = K � n (pt) = K n (pt) (3.2.4)

Remark 3.2.5. There is an R-versionof the above result (with the sameproof), namely
that the spaceEF T R

n of real susyEFT's of degreen is homotopy equivalent to K O� n ,
the (� n)-th spacein the real K -theory spectrum K O.

To convince the readerthat onecan really do explicit constructionsin terms of these
spacesof �eld theories,we will describe the Thom classof a spin vector bundle and the
family Dirac index of bundle with spin �b ers in terms of maps into these spaces(see
Remarks3.2.22and 3.2.21).

The `super' analogof Proposition 3.1.1 is then the following result.

Prop osition 3.2.6. There is a bijection

EF Tn
R� ! Hom(R1j1

+ ; H Ssa
Cn

(H ))

Here H Ssa
Cn

(H ) is the super (Z=2-graded) algebra of self-adjoint Cn -linear Hilbert-
Schmidt operators on a Hilbert spaceH which is a graded right module over Cn (con-
taining all irreducible Cn -modules in�nitely often). The `super semi group' R1j1

+ and
homomorphismsbetweensuper semigroupsare de�ned as follows.
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De�nition 3.2.7. (The super group R1j1). We give R1j1 the structure of a `super
group' by de�ning a multiplication

R1j1 � R1j1 � ! R1j1 (t1; � 1); (t2; � 2) 7! (t1 + t2 + � 1� 2; � 1 + � 2);

here the points of R1j1 are parametrized by pairs (t; � ), where t is an even and � is an
odd variable.

What do we mean by `odd' and `even' variables, and how do we make senseof the
above formula? A convenient way to interpret theseformulasis to extendscalarsby some
exterior algebra � and form R1j1(�) def= (R1j1 
 �) ev, called the � -points of R1j1. Here
R1j1 = R � R is just consideredasa gradedvector space,with onecopy of R in even, the
other copy of R of odd degree,so that (R1j1 
 �) ev = � ev � � odd. Now considering(t; � )
asan element of R1j1(�) the formula in De�nition 3.2.7makessense:for t1; t2 2 � ev and
� 1; � 2 2 � odd, we have t1 + t2 + � 1� 2 2 � ev and � 1 + � 2 2 � odd and it is easyto check that
in this fashionwe have given R1j1(�) the structure of a group. But how about a `super
group structure' on R1j1 itself? Well, in one approach to super groupsputting a super
group structure on R1j1 is by de�nition the sameasputting a group structure on R1j1(�)
for every �, depending functorially on �. In particular, the formula in De�nition 3.2.7
givesR1j1 the structure of a super group.

Hopefully, the readercan now guesswhat a homomorphismA ! B betweensuper
groups is: it is a family of ordinary group homomorphismsA(�) ! B (�) depending
functorially on �. A particularly interesting exampleof a super homomorphismis given
in Example 3.2.9.

Remark 3.2.8. It is well-known that the group of orientation preservingisometriesof
R equipped with its standard orientation and metric can be identi�ed with R acting on
itself by translations. Similarly the group of automorphismsof the super manifold R1j1

preservingthe metric structure ! = dz+ � d� can be identi�ed with the super group R1j1

acting on itself by translations. Let us check that for (t; � ) 2 R1j1 the translation

Tt;� : R1j1 � ! R1j1 (z; � ) 7! (t + z + � � ; � + � )

preservesthe form ! :

T �
t;� dz = d(t + z + � � ) = dz � � d� T �

t;� d� = d(� + � ) = d�

and hence
T �

t;� ! = (dz � � d� ) + (� + � )d� = dz + � d� = ! :

The �-p oints R1j1
+ (�) of the super spaceR1j1

+ consistof all (t; � ) 2 � ev
+ � � odd, where

the � 0-component of t is positive. We note that the multiplication on R1j1 restricts to
a multiplication on R1j1

+ , but there are no inverses; i.e., R1j1
+ is a `super semi-group'.

It is the analog of R+ (where `multiplication' is given by addition): we can interpret
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R+ as the moduli spaceof of intervals equipped with Riemannian metrics; similarly,
R1j1

+ can be interpreted as the moduli spaceof `super intervals with metric structures'.
The multiplication on R+ (resp. R1j1

+ ) correspondsto the gluing of intervals (resp. super
intervals).

Example 3.2.9. (A super homomorphism). Let H be the Z=2-gradedHilbert space
of L2-sectionsof the spinor bundle on a compact spin manifold, let D be the Dirac
operator acting on H , and let H Ssa(H ) be the spaceof self-adjoint Hilbert-Schmidt
operators on H . Then we obtain a map of super spacesR1j1

+ ! H Ssa
C� n

(H ) by de�ning
it on �-p oints in the following way:

R1j1
+ (�) = � ev

+ � � odd � ! H Ssa(H )(�) = (H Ssa(H ) 
 �) ev

(t; � ) 7! e� tD 2
+ � De� tD 2

:

Here e� tD 2
is de�ned for real-valued t > 0 via functional calculus; for a general t, we

decomposet in the form t = tB + tS with tB 2 R+ = � 0
+ and tS 2

L 1
p=1 � 2p (physics

terminology: tB is the `body' of t, while tS is the `soul' of t). Then we use Taylor
expansionto de�ne e� tD 2

= e� (tB + tS )D 2
asan element of H Ssa(H ) 
 � (we note that the

Taylor expansiongivesa �nite sumsincetS is nilpotent). We note that � and D areboth
odd, so that e� tD 2

+ � De� tD 2
is indeed in the even part of the algebraH Ssa(H ) 
 �.

We will check in the proof of Lemma3.2.14that the map de�ned above is in fact a super
homomorphism.

De�nition 3.2.10. (Construction of R ). We recall from Remark 3.2.8 that for
(t; � ) 2 R1j1 the translation Tt;� : R1j1 � ! R1j1 preserves the metric structure given
by the even 1-form ! = dz+ � d� from example3.2.3. For t > 0, we will write I t;� for the
(1j1)-dimensionalsuper manifold [0; t] � R0j1 � R1j1 equipped with the metric structure
given by ! (the �-p oints of [0; t] � R0j1 consistof all (z; � ) 2 R1j1 such that zB , the `body'

of z is in the interval [0; t]). We considerI t;� as a super bordism betweenpt def= 0 � R0j1

and itself by identifying 0 � R0j1 with f tg � R0j1 by meansof the translation T(t;� ) . The
composition of I t1 ;� 1 and I t2 ;� 2 in the category SEB1

n (given by gluing of these `super
bordisms') is then given by

I t2 ;� 2 � I t1 ;� 1 = I t1+ t2+ � 1 � 2 ;� 1+ � 2 ;

sincewe usethe translation Tt1 ;� 1 to identify [0; t2] � R0j1 with [t1; t1 + t2] � R0j1. This
then `�ts' together with [0; t1] � R0j1 to form the bigger domain [0; t1 + t2] � R0j1, the
relevant identi�cation betweenf 0g � R0j1 and the right hand boundary f t1 + t2g � R0j1

of this domain is given by Tt2 ;� 2 � Tt1 ;� 1 = Tt1+ t2+ � 1 � 2 ;� 1+ � 2 .
This implies that

R(E) : R1j1
+ � ! H S(E(pt)) � H S(H ) (t; � ) 7! E(I t;� )
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is a super homomorphism. As in De�nition 3.1.2 it follows that E(I t;� ) is a self-adjoint
operator. However, in generalit won't be even; unlike the situation in the categoryEB1

n

in the super bordism category SEB1
n the spin involution � = � pt (seede�nition 2.3.4)

doesnot commute with I t;� ; rather we have

� � I t;� � � = I t; � � : (3.2.11)

To seethis, we recall that the spin involution � � of a conformal spin manifold � is the
identit y on � and multiplication by � 1 on the �b ersof the spinor bundle S(�) ! �. If
� is d-dimensional,this is an involution on the (dj2d)-dimensionalsuper manifold S(�).
In particular for � = f 0g � R, S(�) can be identi�ed with f 0g � R0j1 � R1j1 on which �
acts by (z; � ) 7! (z; � � ). It is easyto check that the translation Tt;� and the involution
� (consideredas automorphism of R1j1) satisfy the relation � � Tt;� � � = Tt; � � . This in
turn implies the relation (3.2.11)betweenendomorphismof pt = f 0g � R0j1

The equation(3.2.11)showsthat restricting a super symmetricEFT E : SEB1
n ! Hilb

to the semi-groupof morphismsI t;� 2 SEB1
n (pt ; pt) givesa Z=2-equivariant semi-group

homomorphismR(E) as desired.

The proof of Proposition 3.2.6 is analogousto the proof of Proposition 3.1.1, so we
skip it. The proof of Theorem 1.0.1 is basedon a description of K -theory in terms of
homomorphismsof C � -algebras. We recall that a C � -algebra A is a subalgebraof the
algebraof boundedoperatorson someHilbert spacewhich is closedunder the operation
a 7! a� of taking adjoints and which is a closedsubsetof all bounded operators with
respect to the operator norm. Equivalently, A is an algebra(over R or C) equipped with
a norm and an anti-in volution � satisfying somenatural axioms[BR],

[Co1], [HR].
The examplesof C � -algebrasrelevant to us are:

� The C � -algebra C0(R) of continuous real valued functions on R which vanish at
1 with the supremum norm and trivial � -operation. This is a Z=2-gradedalgebra
with grading involution � : C0(R) ! C0(R) induced by t 7! � t for t 2 R.

� The C � -algebraK(H ) of compact operators on a Hilbert spaceH ; if H is graded,
K(H ) is a graded C � -algebra. More generally, if H is a graded module over the
Cli�ord algebraCn , then the algebraKCn (H ) of Cn -linear compact operators is a
gradedC � -algebra.

If A, B are gradedC � -algebras,let C � (A; B) be the spaceof grading preserving� -homo-
morphisms f : A ! B (i.e., f (a� ) = f (a) � ; such maps are automatically continuous)
equipped with the topology of pointwiseconvergence,i.e., a sequencef n convergesto f
if and only if for all a 2 A the sequencef n (a) convergesto f (a).
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Theorem 3.2.12 (Higson-Guen tner [HG]). Let H be a real Hilbert space which
is a graded right module over the Cli�or d algebra Cn (containing all irr educible Cn -
modulesin�nitely often). Then the space C � (C0(R); KCn (H )) is homotopyequivalent to
the (� n)-th space in (the 
 -spectrum equivalent to) the real K -theory spectrum K O.

Remark 3.2.13. This picture of K -theory is derived from Kasparov's KK-theory, see
e.g. [HR]. It is also closely related to a geometric picture of K O-homology due to
Graeme Segal [Se3]. We note that if ' : C0(R) ! K(H ) is a � -homomorphism (not
necessarilygrading preserving), then ' (f ) for f 2 C0(R) is a family of commuting
self-adjoint compact operators. By the spectral theorem, there is a decomposition of
H into mutually perpendicular simultaneouseigenspacesof this family. On a particular
eigenspacethe correspondingeigenvalue� (f ) of ' (f ) determinesa real number t 2 R[ 1
such � (f ) = f (t) (any algebrahomomorphismC0(R) ! C is given by evaluation at some
point t 2 R [ 1 ). The eigenspacesare necessarily�nite dimensional (except possibly
for t = 1 ), and the only accumulation point of points t 2 R corresponding to a non-
trivial eigenspaceis 1 . Hencea C � -homomorphism ' determinesa con�guration of
points on the real line with labels which are mutually perpendicular subspacesof H
(given by the corresponding eigenspaces);conversely, such a con�guration determinesa
C � -homomorphism' . The conjugation involution on the spaceof all � -homomorphisms
C0(R) ! K(H ) (whose�xed point set is C � (C0(R); K(H ))) correspondsto the involution
on the con�guration spaceinduced by t 7! � t and the grading involution on H . We
observe that this implies that every grading preserving� -homomorphism' : C0(R) !
K(H ) is of the form f 7! f (D) 2 K(H 0) � K(H ), whereH 0 � H is the subspacegiven
by the direct sum of all subspacesE t of H which occur as `labels' of points t 2 R of the
con�guration corresponding to ' . The operator D : H 0 ! H 0 has E t as its eigenspace
with eigenvalue t; the equivariancecondition implies that D is an odd operator.

A geometricmodel for C � (C0(R); KCn (H )) is obtained by requiring that the points
t 2 R are labeledby Cn -linear subspacesof H .

Theorem1.0.1follows from Theorem3.2.12and the following result.

Lemma 3.2.14. The inclusion map H Ssa
C� n

(H ) ! K sa
C� n

(H ) inducesa homotopyequiv-

alence of the corresponding spaces of homomorphismsof super groups from R1j1
+ to

H Ssa
C� n

(H ) resp.K sa
C� n

(H ). Moreover, there is a homeomorphism

C � (C0(R); KCn (H )) �� ! Hom(R1j1
+ ; K sa

Cn
(H ))

Sketchof proof. Let usoutline the proof of the secondpart. The homeomorphismis given
by sendinga grading preserving� -homomorphism' : C0(R) ! KCn (H ) (which may be
considereda super homomorphism!) to the composition R1j1

+
�

� ! C0(R)
'

� ! KCn (H ),
where� is the map of super spacesgiven on �-p oints by

R1j1
+ (�) = � ev � � odd � (�)

� ! C0(R)(�) = (C0(R; �)) ev

(t; � ) 7! e� tx 2
+ � xe� tx 2

:
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Here the expressione� tx 2
+ � xe� tx 2

is interpreted the sameway as in example3.2.9: for
t 2 R+ � � ev

+ , e� tx 2
, xe� tx 2

are obviously elements of C0(R); for generalt = tB + tS we
useTaylor expansionaround tB .

Let us check that � (�) is in fact a homomorphism:

(e� t1x2
+ � 1xe� t1 x2

)(e� t2x2
+ � 2xe� t1 x2

)

= e� (t1 + t2 )x2
� � 1� 2x2e� (t1+ t2 )x2

+ (� 1 + � 2)xe� (t1 + t2 )x2

= e� (t1 + t2+ � 1 � 2)x2
+ (� 1 + � 2)xe� (t1 + t2 )x2

= e� (t1 + t2+ � 1 � 2)x2
+ (� 1 + � 2)xe� (t1 + t2+ � 1 � 2)x2

Here the minus sign in the secondline comesfrom permuting the odd element x past
the odd element � 2; the secondequality follows by taking the Taylor expansion of
e� (t1 + t2+ � 1 � 2)x2

around the point t1 + t2; the third equality follows from the observation
that the higher terms of that expansionare annihilated by multiplication by � 1 + � 2.

To �nish the proof, oneneedsto show that the above map � inducesan isomorphism
of gradedC � -algebras

C � (R1j1
+ ) �= C0(R)

wherethe left hand side is the C � -algebrageneratedby the super semigroupR1j1
+ .

Theorem1.0.1and its real analogidentify in particular the components of the space
EF Tn (resp.EF T R

n ) of complex(resp. real) super symmetric 1-�eld theoriesof degreen;
there is a commutativ e diagram

� 0EF T R
n

�� � � !
�=

K On (pt) def= M (Cn)=i� M (Cn+1 )
?
?
y

?
?
y

� 0EF Tn
�� � � !
�=

K n (pt) def= M C(Cn)=i� M C(Cn+1 )

;

where the horizontal isomorphismsare given by the theorem and the vertical maps
comefrom complexi�cation; M (Cn) (resp. M C(Cn )) is the Grothendieck group of real
(resp. complex) gradedmodules over the Cli�ord algebraCn , and i � is induced by the
inclusion map Cn ! Cn+1 (this way of relating K -theory and Cli�ord algebrasis well-
known; seefor example[LM, Ch. I, Theorem 9.29]). Explicitly , the map � is given by
associating to a �eld theory E (real or complex) the gradedCn -module E>� (E(I t )) (the
�nite dimensionalsum of the eigenspacesof E(I t ) with eigenvalue > � ); the argument
in Remark 3.1.6shows that its classin K -theory is independent of t; � and dependsonly
on the path component of E in EF Tn .

By Bott-p eriodicity, K 2k+1 (pt) = 0 and K 2k
�= Z. This isomorphismcanbedescribed

explicitly as follows.
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Lemma 3.2.15. For n eventhe map

M C(Cn)=i� M C(Cn+1 ) � ! Z [M ] 7! str(
 
 n : M ! M )

is an isomorphism. Here 

def
= 2� 1=2i1=2e1 2 C1 
 C and 
 
 n = 
 
 � � � 
 
 2 C`n =

C`1 
 � � � 
 C`1, where C`n = Cn 
 R C is the complexi�ed Cli�or d algebra.

Proof. The complex Cli�ord algebra C`2 is isomorphic to the algebra of complex 2 �
2-matrices. Let � = C2 be the irreducible module over C`2; make � a gradedmodule by
declaringthe grading involution � to be multiplication by the `complexvolume element'
! C = ie1e2 2 C`2 [LM, p. 34]. It is well-known that � 
 k (the gradedtensorproduct of k
copiesof �) represents a generatorof M C(C2k)=i� M C(C2k+1 ) [LM, Ch. I, Remark 9.28].
We have


 
 2 = 
 
 
 =
i
2

e1e2 =
1
2

! C 2 C`1 
 C`1 = C`2:

We note that for any homomorphismf : M ! M on a gradedvector spacewith grading
involution � we have str(f ) = tr( �f ). In particular, for M = � with grading involution
� = ! C we obtain

str(! C : � ! �) = tr (! 2
C) = tr(1 � ) = dim � = 2:

This implies str(
 
 2 : � ! �) = 1 and hencestr(
 
 2k : � 
 k ! � 
 k) = 1.

The above lemma motivates the following

De�nition 3.2.16. If M is a �nite dimensionalgradedCn module we de�ne its Cli�or d
super dimensionas

sdimCn (M ) def= str(
 
 n : M ! M )

More generally, if f : M ! M is a Cn-linear map then we de�ne its Cli�or d super trace
as

strCn (f ) def= str(
 
 n f : M ! M ):

We note that the de�nition of the Cli�ord super trace continues to make sensefor not
necessarily�nite dimensional modules M , provided f is of trace class, i.e., f is the
composition of two Hilbert-Schmidt operators (this guarantees that the in�nite sums
giving the super trace above converge).

The simplest invariants associated to a �eld theory E are obtained by consideringa
closedd-manifold � equipped with a fermion 	 2 Falg(�), and to regard (� ; 	) as an
endomorphismof the object ; ; then E(� ; 	) 2 Hilb( E(; ); E(; )) = Hilb( C; C) = C. For
d = 1 we obtain the following result:
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Lemma 3.2.17. Let I t the interval of length t, let Sper
t (resp.Sap

t resp.St ) be the circle
of length t with the periodic (resp. anti-periodic resp. unspeci�e d) spin structure. Let
� : Falg(I t ) ! Falg(St ) be the fermionic gluing map and let 	 2 Falg(I t )� n . If E is a
EFT, then

E(Sper
t ; � (	)) = str(E(I t ; 	)) E(Sap

t ; � (	)) = tr( E(I t ; 	)) :

This lemma follows from decomposing Sper
t+ t0 resp. Sap

t+ t0 as in equation 3.1.4 (resp.
3.1.5) and noting that the algebraicanalogof this chain of morphismsis just the trace
(resp. super trace) of E(I t1 � I t2 ) = E(I t1+ t2 ).

Remark 3.2.18. We remark that unlike tr( E(I t ; 	)) the function str(E(I t ; 	)) is inde-
pendent of t: super symmetry implies that the generatorA of the semi-groupE(I t ) =
e� tA : E(pt) ! E(pt) is the square of an odd operator. This implies that for any
c 2 C(pt) � n = C� n the contributions to the super trace of E(I t ; c
 � n ) = E(c)E(I t ) =
E(c)e� tA coming from eigenspacesof A with non-zero eigenvalues vanish and hence
str(E(c)e� tA ) = str(E(c) : kerA ! kerA) is independent of t (cf. Remark 3.2.1).

De�nition 3.2.19. If E is a EFT of degreen, we will call the function

ZE (t) def= strCn (E(I t )) = str(
 
 nE(I t )) = E(Sper
t ; � (
 
) 
 n)

the partition function of E. The previous remark shows that this function is constant
if E is super symmetric. This terminology is motivated by the fact that physicists refer
to the analogousfunction for higher dimensional�eld theoriesaspartition function (see
De�nition 3.3.5 for the caseof 2-dimensionalconformal �eld theories).

Putting Theorem1.0.1,Lemma 3.2.15and Lemma 3.2.17together, we obtain:

Corollary 3.2.20. There is a bijection

� 0EF T2k � ! Z

which sendsthe EFT E to its (constant) partition function ZE (t) 2 Z.

It is desirableto describe certain important K -theory classes(like the families index
or the Thom class) as maps to the spaceEF Tn of �eld theoriesof degreen. Below we
do somethinga little less:we describe mapsto the spaceHom(R1j1

+ ; H Ssa
Cn

(H )), which is
homeomorphicto EF Tn by Proposition 3.2.6;in other words, we describe the associated
EFT only on the standard super interval I t;� .

Remark 3.2.21. (The index of a family of spin manifolds). Let � : Z ! X be
a �b er bundle with �b ers of dimensionn. Assumethat the tangent bundle � along the
�b ers has a spin structure; this implies that � inducesa map � � : K O(Z) ! K O� n(X )

40



called `Umkehr map' or `integration over the �b er'. If � ! Z is a real vector bundle, the
element

� � (� ) 2 K O� n(X ) = [X ; K O� n ] = [X ; EF T R
n ]

can be described as follows. Let S ! Z be the C(� ) � Cn -bimodule bundle representing
the spin structure on � . Then we obtain a Cn -bundle over X whose�b er over x 2 X
is L2(Zx ; (S 
 � ) jZx ), the Hilbert spaceHx of L2-sectionsof S 
 � restricted to the �b er
Zx . The Dirac operator Dx 
 � on Zx `twisted by � ' acts on Hx and commutes with the
(right) Cn -action on Hx inducedby the action on S. Sincethe spaceof Cn -linear grading
preservingisometriesis contractible, we may identify H x with a �xed real Hilbert space
HR with Cn-action. Then the map

X � ! Hom(R1j1
+ ; H Ssa

Cn
(HR)) �= EF T R

n x 7! (( t; � ) 7! f t;� (Dx 
 � ))

represents the element � � (� ); here f t;� = e� tx 2+ � x = e� tx 2
+ � xe� tx 2

2 C0(R) for (t; � ) 2
R1j1; functional calculuscanthen beappliedto the self-adjoint operator D x 
 � to produce
the super semi-groupf t;� (Dx 
 � ) of even self-adjoint Hilbert-Schmidt operators.

Remark 3.2.22. (The K O-theory Thom class). Let � : � ! X bean n-dimensional
vector bundle with spin structure given by the C(� ) � Cn -bimodule bundle S ! X (see
Remark 2.3.1). We may assumethat there is a real Hilbert spaceHR which is a graded
Cn -module, and that S is a Cn-linear subbundleof the trivial bundle X � HR. We note
that for v 2 � the Cli�ord multiplication operator c(v) : Sx ! Sx is skew-adjoint, and
�c(v) is selfadjoint (� is the grading involution); moreover, �c(v) commuteswith the right
action of the Cli�ord algebraC� n = C(� Rn ) if we let w 2 Rn act via �c(w). Then the
map

� � ! Hom(R1j1
+ ; H Ssa

C� n
(HR)) �= EF T R

� n

v 7! (( t; � ) 7! f t;� (�c(v)) 2 H Ssa
C� n

(S� (v) ) � H Ssa
C� n

(HR)

extends to the Thom space X � and represents the K O-theory Thom class of � in
K On(X � ) = [X � ; EF T R

� n].

3.3 Conformal �eld theories and mo dular forms

In this section we will show that CFT's of degreen (seeDe�nition 2.3.16) are closely
related to modular forms of weight n=2. For a precisestatement seeTheorem 3.3.4
below. Let us �rst recall the de�nition of modular forms (cf. [HBJ, Appendix]).

De�nition 3.3.1. A modular form of weight k is a function f : h ! C which is holo-
morphic (also at i1 ) and which has the following transformation property:

f ( a� + b
c� + d) = (c� + d)k f (� ) for all ( a b

c d ) 2 SL2(Z): (3.3.2)
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Let us recall what `holomorphicat i1 ' means.The transformation property for the
matrix ( 1 1

0 1 ) implies the translation invariance

f (� + 1) = f (� ):

It follows that f : h ! C factors through h=Z, which is conformally equivalent to the
punctured open unit disc D 2

0 by meansof the map

h � ! D 2
0 � 7! q = e2� i� :

Then f (� ) is holomorphic at i1 if the resulting function f (q) on D 2
0 extendsover the

origin (note that � ! i1 corresponds to q ! 0). Equivalently, in the expansion

f (� ) =
X

n2 Z

anqn (3.3.3)

of f (q) asa Laurent seriesaround 0 (this is called the q-expansion of f ), we require that
an = 0 for n < 0.

Theorem 3.3.4. If E is a CFT of degree n, then its partition function ZE : H ! C (see
de�nition 3.3.5 below) hasthe transformation property 3.3.2 of a modular form of weight
n=2.

De�nition 3.3.5. (P artition function). We recall from De�nition 2.3.12that for a
closed conformal spin surface � the fermionic Fock spaceFalg(�) is the Pfa�an line

Pf(�). Given a CFT E of degreen and an element 	 2 Pf � n (�) def= Falg(�) � n , the pair
(� ; 	) represents a morphismsin the categoryCB2

n from ; to ; ; hencewe can apply the
functor E to (� ; 	) to obtain an element E(� ; 	) 2 Hilb( E(; ); E(; )) = Hilb( C; C) = C.
SinceE(� ; 	) dependslinearly on 	, we obtain an element

ZE (�) 2 Pfn (�) = Hom(Pf � n (�) ; C) given by 	 7! E(� ; 	) :

We recall that if g: � ! � 0 is a conformal spin di�eomorphism and g: Pf � n (�) !
Pf � n (� 0) is the induced isomorphismof Pfa�an lines, then for any 	 2 Pf � n (�) the
pairs (� ; 	) and (� 0; g	) represent the samemorphism in CB2

n (; ; ; ). In particular we
have

E(� ; 	) = E(� 0; g	) 2 C and g(ZE (�)) = ZE (� 0) 2 Pfn (� 0): (3.3.6)

This property can be usedto interpret ZE as a sectionof a complex line bundle Pfn

over the Teichm•uller spacesof conformal spin surfaceswhich is equivariant under the
action of the mapping classgroups. The partition function of E is obtained by restrict-
ing attention to conformal surfacesof genus one with the non-bounding spin structure.
This spin structure is preserved up to isomorphismby any orientation preservingdif-
feomorphism, i.e. by SL 2(Z), whereasthe other 3 spin structure are permuted. This
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will ultimately have the e�ect of obtaining a modular form for the full modular group
SL2(Z) rather than for an (index 3) subgroup.

Let us describe the Teichm•uller spaceof this spin torus explicitly. Given a point �
in the upper half plane h � C, let � �

def= C=(Z + Z� ) be the conformal torus obtained
as the quotient of the complexplane (with its standard conformalstructure) by the free
action of the group Z + Z� � C acting by translations. Let A � be the conformal annulus
obtained asa quotient of the strip f z 2 C j 0 � im(z) � im(� )g by the translation group
Z. The annulus is a bordism from S1 = R=Z to itself if we identify R with the horizontal
line f z 2 C j im(z) = im(� )g via s 7! s + � . Sowhile A � as a manifold dependsonly on
the imaginary part of � , the identi�cation between@A � and the disjoint union of Sper

(circle with periodic spin structure) and �Sper dependson the real part of � . Note that if
we equip C with the standard spin structure given by the bimodule bundle S = C � C2,
then the translation action of C on itself lifts to an action on S (trivial on the second
factor). This implies that the spin structure on C inducesa spin structure on � � (which
is the non-bounding spin structure) and A � .

For Y = Sper the spaceHilbert V(Y) from De�nition 2.3.6 can be identi�ed with
complexvalued functions on the circle. In particular, the constant real functions give us
an isometric embeddingR � V(Sper ) and hencean embeddingof Cli�ord algebrasC1 =
C(R) ! C(Sper ). Let 
 2 Falg(A � ) be the vacuumvector, let 
 2 C1 
 C � C(Sper ) 
 C
be the element constructed in Lemma 3.2.15,and let � � 2 Falg(� � ) be the imageof 
 

under the fermionic gluing map � : Falg(A � ) ! Falg(� � ). If E is a CFT of degreen (not
necessarilysuper symmetric), we de�ne its partition function to be the function

ZE : h � ! C � 7! E(� � ; � � n
� ):

We note that for g = ( a b
c d ) 2 SL2(Z) and � 2 h the map C ! C, z 7! (c� + d) � 1z

sendsthe lattice Z + Z� to Z + Zg� , g� = a� + b
c� + d . This conformaldi�eomorphism lifts to a

conformal spin di�eomorphism g: � � ! � g� , which inducesan isomorphismof Pfa�an
lines g� : Pf(� � ) ! Pf(� g� ).

Lemma 3.3.7. The induced map Pf(� � )
 2 ! Pf(� g� )
 2 sends� 
 2
� to (c� + d)� 
 2

g� .

Proof of Theorem 3.3.4. We note that the previous lemma and equation 3.3.6 implies
that if E is a CFT of degree2k, then

ZE (� ) = E(� � ; � � 2k
� ) = E(� g� ; g� (� � 2k

� )) = E(� g� ; (c� + d) � k � � 2k
g� ))

= (c� + d) � kE(� g� ; � � 2k
g� ) = (c� + d) � kZE (g� ) (3.3.8)

This shows that the partition function of E hasthe transformation property (3.3.2) of a
modular form of weight k as claimed by Theorem3.3.4.

Now we would like to discusswhether the partition function ZE (� ) of a conformal
�eld theory E of degree2k is a modular form of weight k; in other words, whether
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ZE (� ) is holomorphicand holomorphicat i1 . The key to this discussionis the following
result whoseproof is analogousto that of the corresponding result Lemma3.2.17for the
partition function of a 1-dimensionalEFT.

Lemma 3.3.9. ZE (� ) = str(E(A � ; (
 
) � n )) .

We note that E(Sper ) is a graded module over the Cli�ord algebra C(Sper )� n by
letting c 2 C(Sper )� n act on E(Sper ) via the operator E(c). We note that the operator
E(A � ) doesnot commute with the action of the algebraC(Sper)� n , but it doescommute
with the subalgebraC� n = C � n

1 � C(Sper)� n generatedby constant functions. Express-
ing (A � ; (
 
) � n )) 2 CB2

n (Sper ; Sper ) as the composition 
 � n � A � we obtain the following
alternative expressionfor the partition function (cf. De�nition 3.2.16):

ZE (� ) = str(E(
 
 n )E(A � )) = strCn (E(A � )) : (3.3.10)

The compatibilit y of E : CB2
n ! Hilb with the involution � on both categoriesimplies

that the homomorphism

h ! H Sev
Cn

(E(Sper )) � 7! E(A � ) (3.3.11)

is Z=2-equivariant, whereZ=2 acts on h by � 7! � �� and on H SCn (H ) by taking adjoints.
Any homomorphism� : h ! H Sev

Cn
(H ) has the form

� (� ) = qL 0 �q
�L 0 q = e2� i�

where L0; �L0 are two commuting, even, Cn -linear operators (in general unbounded),
such that the eigenvalues of L 0 � �L0 are integral. Moreover, the homomorphism is
Z=2-equivariant if and only if the operators L 0, �L0 are self-adjoint.

We want to emphasizethat the homomorphism(3.3.11) is completely analogousto
the homomorphism

R+ � ! H Sev;sa
Cn

(E(pt)) t 7! E(I t )

associated to a 1-dimensionalEFT (see Equation (3.1.3)). We've shown that E(I t )
is always of the form E(I t ) = e� tA for an (unbounded) self-adjoint, even operator A.
Moreover, if E is the restriction of a super symmetric EFT, i.e., if E extendsfrom the
bordism categoryEB1

n to the `super bordism category' SEB1
n , then A is the squareof an

odd operator. This had the wonderful consequencethat for any c 2 Cn the super trace
str(cE(I t )) is in fact independentof t.

Similarly, we would like to arguethat if the Cli�ord linear CFT E is the restriction
of a `super conformal' �eld theory of degreen, then the in�nitesimal generator �L0 of

E(A � ) = qL 0 �q
�L 0 (3.3.12)

is the squareof an odd self-adjoint operator �G0. Hereby `super conformal' �eld theory of
degreen we meana functor E : SCB2

n ! Hilb (satisfying the usual requirements), where

44



SCB2
n is the `super version'of the categoryCB2

n , in which the conformalspin bordismsare
replacedby super manifolds equipped with an appropriate `geometricsuper structure',
which induces a conformal structure on the underlying 2-dimensionalspin manifold.
Unfortunately our ignorance about super geometry has kept us from identifying the
correct version of this `geometricsuper structure', but we are con�dent that this can
be done (or has been done already). In this situation it seemsreasonableto proceed
assumingthis. In other words, from now on the results in this sectionall will be subject
to the following

Hyp othesis 3.3.13. There is an appropriate notion of `super conformal structure' with
the following properties:

1. on the underlying2-dimensionalspin manifold it amountsto a conformal structure;

2. if E : CB2
n ! Hilb is a CFT of degree n which extendsto a (yet unde�ned `super

symmetric CFT of degree n' then �L0 is the square of an odd operator �G0 (where
�L0 is as in equation (3.3.12)).

We want to emphasizethat the usual notion of `super conformal structure' is not
what is neededhere;we will comment further in Remark 3.3.18.

Theorem 3.3.14. AssumingHypothesis3.3.13, the partition function ZE of a susyCFT
of degree n is a weak integral modular form of weight n

2 .

De�nition 3.3.15. (W eak in tegral modular forms). A weak modular form is a holo-
morphic function f : h ! C with the transformation property (3.3.2), whoseq-expansion
(3.3.3) hasonly �nitely many terms with negative powersof q; equivalently, the function
f (q) on the disc hasa pole, not an essential singularity at q = 0.

A (weak) modular form is integral if all coe�cien ts an in its q-expansionare integers
(this low-brow de�nition is equivalent to more sophisticatedde�nitions). An exampleof
an integral modular form is the discriminant � whoseq-expansionhas the form

� = q
1Y

n=1

(1 � qn )24:

Other examplesof integral modular forms are the the Eisensteinseries

c4 = 1 + 240
X

k> 0

� 3(k)qk c4 = 1 � 504
X

k> 0

� 5(k)qk ;

(modular forms of weight 4 respectively 6) where � r (k) = � djkdr . The ring of integral
modular forms is equal to the quotient of the polynomial ring Z[c4; c6; �] by the ideal
generatedby c3

4 � c2
6 � (12)3�.

Let us denoteby M F� the gradedring of weak integral modular forms; it is graded
by the degree of a modular form to be twice its weight; the motivation here being that
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with this de�nition the degreeof the partition function of a susyCFT E agreeswith the
degreeof E. Recall that the discriminant � has a simple zero at q = 0. It follows that
if f is a weak modular form, then f � N is a modular form for N su�cien tly large. As a
consequence,

M F� = Z[c4; c6; � ; � � 1]=(c3
4 � c2

6 � (12)3�) :

Proof of Theorem 3.3.14. By equations(3.3.10)and (3.3.12) we have

ZE (� ) = strCn (qL 0 �q
�L 0 ):

We recall that the eigenvaluesof L 0 � �L0 are integral; let Hk � E(Sper ) be the subspace
corresponding to the eigenvalue k 2 Z. According to our hypothesis 3.3.13 we have
�L0 = �G2

0. This allows us to calculate the partition function ZE (� ) as follows:

ZE (� ) = strCn (qL 0 �q
�L 0 ) = strCn (qL 0

j ker �L 0
) (3.3.16)

=
X

k2 Z

strCn (qL 0
j ker �L 0 \ H k

) =
X

k2 Z

qk sdimCn (ker �L0 \ Hk) (3.3.17)

Here the secondequality follows from the fact that the eigenspaceof �L0 with non-zero
eigenvaluedon't contribute to the supertrace(seeremark 3.2.1); the last equality follows
from the fact that restricted to the kernelof �L0 the operator L 0 = L0 � �L0 which in turn
is just multiplication by k on Hk . This implies that ZE (� ) is a holomorphic function
with integral coe�cien ts in its q-expansion.

To seethat all but �nitely many coe�cien ts ak with negative k must be zero,we note
that if ker �L0 \ Hk were 6= 0 for an in�nite sequenceof negative valuesof k, we would
run into a contradiction with the fact that qL 0 �q�L 0 is a Hilbert-Schmidt operator.

The above proof suggeststo associate to a susy CFT E of degreen the following
homomorphismof super groups

 k : R1j1 � ! H SCn (Hk) (t; � ) 7! e2� i (it �L 0 + i 1=2 � �G0) :

By the result of the previoussection,the super homomorphism k represents an element
	 k(E) 2 � 0(EF Tn ) �= K n (pt). Let us calculate the image of this element under the
isomorphismK n (pt) �= Z (for n even), which is givenby associating to 	 k(E) its partition
function. By the arguments leading to corollary 3.2.20,it is given by

strCn (e2� i (it �L 0 ) acting on Hk) = sdimCn (ker �L0 \ Hk)

which is the coe�cien t ak in the q-expansionof ZE (� ) by comparisonwith the proof of
theorem3.3.4.
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Sketchof proof of Theorem 1.0.2. This is a `parametrized' version of the above argu-
ment: if C is a Cli�ord elliptic object over X , then given a point x 2 X , we obtain
a susy Cli�ord linear CFT as the composition Ex : SCB2

n ! SCB2
n (X ) C� ! Hilb; here

the �rst map is given by using the constant map to x 2 X . From Ex we manufacture
a collection of homomorphisms k(x) : R1j1 ! H SCn (Hk) as above; thesedepend con-
tinuously on x. By the results of the last subsection,the map  k from X to the space
of homomorphismsrepresents an element of K � n (X ), giving the coe�cien t of qk in the
Laurent seriesM F (C) 2 K � n (X )[[q]][q� 1].

Remark 3.3.18. We would like to concludethis section with somecomments on our
Hypothesis3.3.13. The function � (� ) = qL 0 �q�L 0 can be rewritten in the form

� (� ) = qL 0 �q
�L 0 = e2� i [uL 0+ v �L 0 ];

whereu = � and v = � �� . Geometrically, the new coordinatesu; v can be interpreted as
follows: If we think of � = x + iy with coordinates x; y of h � R2 and with Euclidean
metric ds2 = dx2 + dy2, then the Wick rotation y 7! t = iy gives a new coordinate t
with respect to which the metric becomesthe Minkowski metric dx2 � dt2. We note that
u; v are the light conecoordinates with respect to the Minkowski metric (i.e., the light
coneconsistsof the points with uv = 0). In other words, if we write R2

E for R2 with
coordinates x; y and the usual Euclidean metric and R2

M for R2 with x; t coordinates
and the Minkowski metric, then the Wick rotation givesus an identi�cation R2

E 
 C =
R2

M 
 C between the complexi�cations. Let � � : Lie(R2
E ) � Lie(R2

E )C ! EndCn (H ) be
the Lie algebrahomomorphisminducedby � , extendedto the complexi�cation Lie(R2

E )C.
Interpreting the translation invariant vector�elds @

@x , @
@y on R2

E as elements of Lie(R2
E )

and @
@u , @

@v as elements of Lie(R2
M )C, the above equation shows that

� � (
@

@u
) = 2� iL 0 � � (

@
@v

) = 2� i �L0:

Let R2j1
M be the super Minkowski space(super spacetime) of dimension (2j1) with

even coordinatesu; v and oneodd coordinate � (see[Wi2, x2.8]or [Fr2, Lecture 3]). This
comesequipped with a natural geometric `super structure' extending the Minkowski
metric on the underlying R2

M . It has a group structure such that the translation action
on itself preserves that geometric structure. The corresponding super Lie algebra is
given by the spaceof invariant vector �elds; a basisis provided by the two even vector
�elds @

@u ; @
@v and the odd vector �eld Q = @� + � @

@v . The odd element Q commutes (in
the gradedsense)with the even elements; the crucial relation in this super Lie algebra
Lie(R2j1

M ) is (see[Wi2, p. 498]):

1
2

[Q; Q] = Q2 =
@
@v

:
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This shows that if the representation � : R2
M ! EndCn (H ) extendsto a representation

of the super Poincar�e group R2j1
M , then the operator �L0 isthe square of an odd operator.

We note that the usual `super conformal structure' on super manifolds of dimension
(2j2) [CR], [Ba] is not the geometricstructure we are looking for. This is too muchsuper
symmetry in the sensethat if a Cli�ord linear conformal �eld theory E : CB2

n ! Hilb
would extend over thesesuper manifolds, then both generators L 0 and �L0 of the semi-
group E(A � ) would be squaresof odd operators, thus making the partition function
ZE (� ) constant.

4 Elliptic ob jects

In this sectionwe describe varioustypesof elliptic objects (over a manifold X ). We start
by recalling Segal'soriginal de�nition, then we modify it by introducing fermions. After
adding a super symmetric aspect (as in Section3.2) we arrive at socalledCli�or d elliptic
objects. Theseare still not good enoughfor the purposesof excision,asexplainedin the
introduction. Therefore,we add data associated to points, rather than just circles and
conformal surfaces. Theseare our enriched elliptic objects, de�ned as certain functors
from a geometricbicategory Dn (X ) to the bicategory of von NeumannalgebrasvN.

4.1 Segal and Cli�ord elliptic ob jects

We �rst remind the readerof a de�nition due to Segal[Se1,p.199].

De�nition 4.1.1. A Segal elliptic object over X is a projective functor C(X ) ! V satis-
fying certain axioms. HereV is the categoryof topologicalvector spacesand trace class
operators; the objects of C(X ) are closedoriented 1-manifolds equipped with maps to
X and the morphismsare 2-dimensionaloriented bordisms equipped with a conformal
structure and a map to X . In other words, C(X ) is the subcategoryof the bordism cate-
gory CB2(X ) (seede�nition 2.1.5)with the sameobjects, but excludingthosemorphisms
which are given by di�e omorphisms.

The adjective `projective' basicallymeansthat the vector space(resp.operator) asso-
ciated to map of a closed1-manifold (resp. a conformal2-manifold) to X is only de�ned
up to a scalar. As explained by Segalin x4 of his paper [Se2] (after De�nition 4.4), a
projective functor from C(X ) to V can equivalently be described as a functor

bE : Cn (X ) � ! V;

wheren 2 Z is the central chargeof the elliptic object. Here Cn (X ) is some`extension'
of the category C(X ), whoseobjects and morphisms are like those of C(X ), but the
1-manifoldsand 2-manifolds(giving the objects resp.morphisms)are equipped with an
extra structure that we will refer to asn-riggings. The functor bE is required to satisfy a
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linearity condition explainedbelow. We will usethe notation bE for Segalelliptic objects
and E for Cli�ord elliptic objects (De�nition 4.1.3).

The following de�nition of n-riggings is not in Segal'spapers, but it is an obvious
adaptation of Segal'sde�nitions if we work with manifoldswith spin structures asSegal
proposesto do at the end of x6 in [Se1].

De�nition 4.1.2. (Riggings) Let Y be a closedspin 1-manifold which is zerobordant.
We recall that associated to Y is a Cli�ord algebra C(Y) (see De�nitions 2.3.6 and
2.3.7), and that a conformal spin bordism � 0 from Y to the empty set determinesan
irreducible (right) C(Y)-module F (� 0) (the `Fock space'of � 0; seeDe�nition 2.3.12).
The isomorphismtype of F (� 0) is independentof � 0.

Given an integer n, we de�ne an n-rigging of Y to be a right C(Y) � n -module R
isomorphic to F (� 0)� n for some� 0. In particular, such a conformal spin bordism � 0

from Y to ; determines an n-rigging for Y, namely R = F (� 0)� n . This applies in
particular to the caseSegaloriginally considered: if Y is parametrized by a disjoint
union of circlesthen the samenumber of disks can be usedas � 0.

Let � be a conformal spin bordism from Y1 to Y2 and assumethat Yi is equipped
with an n-rigging Ri . An n-rigging for � is an element � in the complex line

Pfn (� ; R1; R2) def= HomC(Y1 ) 
 n (R1; R2 � C(Y2 ) � n F (�) � n )

which is well de�ned sinceby De�nition 2.3.12F (�) is a left moduleover C(Y1)op
 C(Y2).
If � is closed,this is just the (� n)-th power of the Pfa�an line Pf(�) = F (�). More
generally, if the riggings Ri comefrom conformal spin bordisms � 0

i from Yi to ; , then
the line Pfn (� ; R1; R2) can be identi�ed with the (� n)-th power of the Pfa�an line of
the closedconformal spin surface� 0

2 [ Y2 � [ Y1 �
0
1.

We want to point out that our de�nition of a 1-rigging for a closedspin 1-manifold Y
is basically the `spin version' of Segal'sde�nition of a rigging (as de�ned in section4 of
[Se2],after De�nition 4.4). As Segalmentions in a footnote in x6 of [Se2]a rigging (in his
sense)is the datum neededon the boundary of a conformal surface� in order to de�ne
the determinant line Det(�) (which is the dual of the top exterior power of the spaceof
holomophic1-forms on � for a closed�). Similarly, an n-rigging on the boundary of a
conformal spin surface� makes it possibleto construct the n-th power of the Pfa�an
line of �.

Our notion of rigging for a conformal surface,however, is di�erent from Segal's(see
De�nition 5.10in [Se2]);his is designedto give the datum neededto de�ne non-integral
powersof the determinant line Det(�) (corresponding to a non-integral central charge).
This is then usedto resolve the phaseindeterminancy and get a non-projective functor.
In our setting, only integral powers of the Pfa�an line arise, so that our de�nition has
the samee�ect.
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A Segalelliptic object bE : Cn (X ) ! V is required to be linear on morphismsin the
sensethat the operator bE(� ; � ; � ) associated to a bordism � equipped with an n-rigging
� dependscomplex linearly on � .

If � is a torus, Pf � 2(�) is canonically isomorphicto the determinant line Det(�). In
particular, an n-rigging on a closedconformalspin torus amounts to the choiceof an el-
ement � 2 Detn=2(�). Evaluating a Segalelliptic object bE over X = pt of central charge
n on the family of tori � � = C=(Z + Z� ) parametrized by points � 2 h of the upper
half plane (equipped with the non-bounding spin structure), we obtain a sectionof the
complex line bundle Pfn ! h; it is given by � 7! (� 7! bE(� � ; � )) 2 Hom(Pf � n (� � ); C)
(compare De�nition 3.3.5). By construction, this section is SL 2(Z)-equivariant; it is
holomorphicby Segal'srequirement that the operator bE(� ; � ) associated to a conformal
spin bordism � equipped with a rigging � depends holomorphically on the conformal
structure (the Teichm•uller spaceof conformal structures on � is a complex manifold);
such CFT's are referred to as chiral. Moreover, the section is holomorphic at in�nit y
thanks to the `contraction condition' on bE (see[Se1,x6]). In other words, this construc-
tion associatesa modular form of weightn=2 to a Segalelliptic object over X = pt.

Chiral CFT's are `rigid' in a certain senseso that they are not generalenoughto
obtain an interesting spaceof such objects (this is not to say that elliptic cohomology
couldn't be described in terms of chiral CFT's; in fact it might well be possible to
obtain the elliptic cohomologyspectrum from a suitable symmetric monoidalcategoryof
chiral CFT's the sameway that the K -theory spectrum is obtained from the symmetric
monoidal category of �nite dimensional vector spaces). We propose to study `super
symmetric' CFT's which are non-chiral, but whosepartition functions are holomorphic
asa consequenceof the built-in super symmetry, seethe proof of Theorem1.0.2in section
3.3.

De�nition 4.1.3. A Cli�or d elliptic object over X is a Cli�ord linear 2-dimensional
CFT in the senseof De�nition 2.3.21,together with a super symmetric re�nement. The
latter is given just like in the K -theoretic context described in Section3.2 by replacing
conformal surfacesby their (complex) (1j1)-dimensionalpartners. This is explained in
more detail in Section3.3.

Roughly speaking, the relationship betweena Segalelliptic object of central charge
n and a Cli�ord elliptic object of degreen is analogousto the relationship betweenthe
complexspinor bundle SC(� ) and the Cli�or d linear spinor bundle S(� ) associated to a
spin vector bundle � of dimensionn = 2k over a manifold X (see[LM, I I.5]). Given a
point x 2 X the �b er SC(� )x is a vector space,while S(� )x is a graded right module
over Cn , or equivalently, a gradedleft module over C� n = C(pt) � n ; we can recover SC(� )
from S(� ) as SC(� ) = � 
 k 
 C� n S(� ).

Similarly, given a Cli�ord elliptic object E over X of degreen, we can produce an
associated functor

bE : Cn (X ) � ! V
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as follows:

� given an object of Cn (X ), i.e. a closedspin manifold Y with a rigging R and a map
� : Y ! X , we de�ne bE(Y; R; �) to be the Hilbert spaceR � C(Y ) � n E(
 );

� Given a morphism (� ; �; �) in Cn (X ) from (Y1; 
 1; R1) to (Y2; 
 2; R2), i.e. a confor-
mal spin bordism � from Y1 to Y2 equipped with an n-rigging � 2 Pfn (� ; R1; R2),
we de�ne the operator E(� ; � ; � ) to be the composition

bE(
 1) = R1 � C(Y1 ) � n E(
 1)
� � 1� ! R2 � C(Y2 ) � n F (�) � n � C(Y1 ) � n E(
 1)

1� E (�)
� ! R2 � C(Y2 ) � n E(
 2) = bE(
 2); (4.1.4)

seeRemark 2.3.19for the meaningof E(�).

It shouldbe emphazisedthat the resulting functor bE is not a Segalelliptic object: in
generalthe operators bE(� ; � ) won't depend holomorphically on the complex structure
on �, since there is no such requirement for E(�) in the de�nition of Cli�ord elliptic
objects. However, as mentioned above, the built in super symmetry for E will imply
that the partition function (for X = pt) of bE is holomorphic and sowe obtain a (weak)
modular form of weight n=2.

4.2 The bicategory Dn(X ) of conformal 0-,1-, and 2-manifolds

A bicategory D consistsof objects (represented by points), 1-morphisms(horizontal ar-
rows) and 2-morphisms (vertical double arrows). There are composition maps of 1-
morphismswhich are associative only up to a natural transformation betweenfunctors,
and an identit y 1-morphismexists (but it is only an identit y up to natural transforma-
tions). There are also compositions of 2-morphisms(which are strictly associative) and
strict identit y objects. In particular, given objects a;b there is a categoryD(a;b) whose
objects are the 1-morphismsfrom a to b and whosemorphismsare the 2-morphismsbe-
tweentwo such 1-morphisms;the composition in D(a;b) is given by vertical composition
of 2-morphismsin D. Given another object c, horizontal composition givesa functor

D(b;c) � D(a;b) � ! D(a;c);

which is associative only up to a natural transformation. We refer to [Be] for more
details.

We will �rst describe the geometricbicategory Dn (X ). The objects, morphismsand
2-morphismswill be manifoldsof dimension0, 1 and 2, respectively, equipped with con-
formal and spin structures,and mapsto X aswell asthe fermionsfrom De�nition 2.3.16.
Note that the conformal structure is only relevant for surfaces.

Following is a list of data necessaryto de�ne a bicategory. We only spell out the case
X = pt, in the generalcaseonejust has to add piecewisesmooth mapsto X , for all the
0-,1-, and 2-manifoldsbelow. So it will be easyfor the readerto �ll in thosede�nitions.
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ob jects: The objects of Dn = Dn (pt) are 0-dimensionalspin manifolds Z , i.e. a �nite
number of points with a gradedreal line attached to each of them.

morphisms: A morphism in Dn (Z1; Z2) is either a spin di�eomorphism Z1 ! Z2, or
a 1-dimensionalspin manifold Y, together with a spin di�eomorphism @Y ! �Z1 q Z2.

Comp osition of morphisms: For two di�eomorphisms, one usesthe usual compo-
sition, and for 2 bordisms, composition is given by gluing 1-manifolds, and pictorially
by

Z3 Z2
Y2oo Z1

Y1oo = Z3 Z1
Y2 [ Z 2 Y1oo ;

The composition of a di�eomorphism and a bordism is given as for the category Bd,
namely by using the di�eomorphism to changethe parametrization of oneof the bound-
ary piecesof the bordism.

2-morphisms: Given two bordism type morphismsY1, Y2 from the object Z1 to the
object Z2, then a 2-morphism in Dn (Y1; Y2) consistseither of a spin di�eomorphism
Y1 ! Y2 (rel. boundary), or it is given by a conformal spin surface� together with a
di�eomorphism @� �= Y1 [ Z1 [ Z2 Y2; this is schematically represented by the following
picture:

Z2 Z1

Y1

��

Y2

^̂ �

��

As in the categoryCBn
2 , we needin addition the following datum for a 2-morphismfrom

Y1 to Y2: In the caseof a di�eomorphism, we have an element c 2 C(Y1)
 n ; in the case
of a bordism, we needa fermion 	 in the n-th power of the algebraicFock spaceFalg(�)
from De�nition 2.3.12.Moreover, we de�ne two such pairs (� ; 	) and (� 0; 	 0) to give the
same2-morphismfrom Y1 to Y2, if there is a conformal spin di�eomorphism � : � ! � 0

sending	 to 	 0.
Given onespin di�eomorphism � : Z1 ! Z2 and onebordism Y, then onecan form a

closedspin 1-manifold Y� by gluing the endsof Y together along � . Then a 2-morphism
from � to Y is a conformal spin surface � together with a fermion in Falg(�) and a
di�eomorphism @� �= Y� . Again, two such 2-morphismsare consideredequal if they are
related by a conformal spin di�eomorphism.

Comp osition of 2-morphisms: Depending on the caseat hand, (horizontal and
vertical) composition in the 2-categoryDn is either givenby gluing surfacesor composing
di�eomorphisms. This is very similar to the categoryCBn

2 , so details are omitted.
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As for K -cocycles,it will be important that our enriched elliptic objects preserve a
symmetric monoidal structure, certain involutions on the bicategories,aswell ascertain
adjunction transformations. The monoidal structure on Dn is simply given by disjoint
union, which hasa unit given by the empty set.

The involutions in D n . In the caseof Bd we mentioned two involutions, called�� and
� . The �rst reversedthe spin structure on (d � 1)-manifolds, the secondon d-manifolds.
Soin the caseof Dn it is natural to have 3 involutions in the game,each of which reverses
the spin structure of manifoldsexactly in dimensiond = 0; 1 respectively 2. Wecall these
involutions (in that order), op, �� and � even though it might seemfunny to distinguish
thesenames.Note however, that there'll be analogousinvolutions on the von Neumann
bicategory vN and we wish to be able to say which involutions are taken to which by
our enriched elliptic object.

The adjunction transformation in D n . Given objects Z1, Z2 of Dn , there is a
functor

Dn (; ; Z1 q Z2) � ! Dn(Z op
1 ; Z2): (4.2.1)

On objects, it reinterprets a bordism Y from ; to Z1 q Z2 as a bordism from Z op
1 to

Z2. Similarly, if Y1, Y2 are two such bordisms, and � is a morphism from Y1 to Y2 in
the category Dn(; ; Z1 q Z2), then it can be reinterpreted as a morphism between Y1

and Y2 consideredas morphismsin Dn (Z op
1 ; Z2). This is natural in Z1, Z2; expressedin

technical terms, it is a natural transformation betweenthe two functors from Dn � Dn

to the categoryof topological categoriesgiven by the domain resp. rangeof the functor
4.2.1. It is clear that the functor 4.2.1 is not surjective on objects or morphisms,since
no di�eomorphisms can lie in the image.

4.3 Von Neumann algebras and their bimo dules

Referencesfor this section are [vN], [Co1], [BR] and [Ta] for the generaltheory of von
Neumannalgebras.For the fusion aspectswe recommendin addition [J2], [J4] and [Wa].
We thank Antony Wassermannfor his help in writing this survey.

General facts on von Neumann algebras. A von Neumann algebra A is a unital
� -subalgebraof the boundedoperatorsB(H ), closedin the weak(or equivalently strong)
operator topology. We assumehere that H is a complex separableHilbert space. For
example,if S is any � -closedsubsetof B(H ), then the commutant (or symmetry algebra)

S0 def= f a 2 B(H ) j as = sa 8s 2 Sg

is a von Neumann algebra. By von Neumann's double commutant theorem, any von
Neumann algebra arisesin this way. In fact, the double commutant S00 is exactly the
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von Neumann algebra generated by S. For example,given two von Neumann algebras
A i � B (H i ) onede�nes the spatial tensor product A1 �
 A2 � B (H1 
 H2) to be the von
Neumannalgebrageneratedby A1 and A2.

Just like a commutativ e C � -algebra is nothing but the continuous functions on a
topologicalspace,onecan show that a commutativ e von Neumannalgebrais isomorphic
to the algebraof boundedmeasurablefunctions on a measurespace.The corresponding
Hilbert spaceconsistsof the L 2-functions which are acted upon by multiplication.

On the opposite side of the story, one needsto understand factors which are von
Neumann algebraswith center C. By a direct integral construction (which reduces
to a direct sum if the measurespacecorresponding to the center is discrete), one can
then combine the commutativ e theory with the theory of factors to understandall von
Neumannalgebras.

The factors comein 3 types, depending on the range of the Murray-von Neumann
dimension function d(p) on projections p 2 A. This function actually characterizes
equivalenceclassesof projections p, or equivalently, isomorphismclassesof A0-modules
pH. Type I factorsarethosevon Neumannalgebrasisomorphicto B(H ) wherethe range
of the dimension is just f 0; 1; 2; : : : ; dimC(H )g (where dimC(H ) = 1 is not excluded).
For type I I1 factors, d(p) can take any real value in [0; 1] and for type I I1 any value
in [0; 1 ] (`continuous dimension'). Finally, there are type I I I factors for which the
dimensionfunction canonly take the values0 and 1 . Thus all nontrivial projectionsare
equivalent. It is an empirical fact that most von Neumannalgebrasarising in quantum
�eld theory are of this type.

Example 4.3.1. (Group von Neumann algebras). For a discretecountable group
� onede�nes the group von Neumannalgebra as the weak operator closureof the group
ring C� in the boundedoperators on `2(�). It is always of type I I1 and a factor if and
only if each conjugacyclass(of a nontrivial group element) is in�nite. There are many
deepconnectionsbetweensuch factors and topology described for examplein [Lu]. An
application to knot concordanceis given in [COT].

Example 4.3.2. (Lo cal Fermions). Considerthe Fock spaceH = F (�) of a conformal
spin surface� as in De�nition 2.3.12. If Y is a compact submanifold of the boundary
of � we can considerthe Cli�ord algebraC(Y) inside B(H ). The weak operator closure
is a factor A(Y) which is of type I if Y itself has no boundary. Otherwise A(Y) is a
type I I I factor known as the local fermions [Wa].

We remark that by taking an increasingunion of �nite dimensionalsubspacesof the
Hilbert spaceof spinors V(Y), it follows that A(Y) is hyper�nite , i.e. it is (the weak
operator closureof) an increasingunion of �nite dimensional von Neumann algebras.
It is a much deeper fact that a group von Neumann algebra as in Example 4.3.1 is
hyper�nite if and only if the group is amenable.

There is a classi�cation of all hyper�nite factors due to Connes[Co1, p.45] (and
Haagerup[H] in the I I I1 case).The completelist is very short:
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In : A = B(H ) wheren = dimC(H ) is �nite or countably in�nite.

I I1: Group von Neumannalgebras(of amenablegroupswith in�nite conjugacyclasses).
All of theseturn out to be isomorphic!

I I1 : The tensor product of typesI1 and II1.

I I I0: The Krieger factor associated to a non-transitive ergodic 
o w.

I I I � : The Powers factors, where � 2 (0; 1) is a real parametercoming from the `
ow of
weights'.

I I I1: The local fermionsexplainedin Example 4.3.2. Again, theseare all isomorphic.

This classi�cation is obtained via the modular theory to which we turn in the next
section. For example,a factor is of type I I I1 if and only if there is a vacuum vector 

for which the modular 
o w � it on the vacuum representation only �xes multiples of 
.

Tomita-T akesaki theory . We start with a factor A � B(H 0) and assumethat there
is a cyclic and separating vector 
 2 H0. (Recall that this just meansthat A
 and
A0
 are both densein H0). Then H0 is called a vacuum representation (or standard
form) for A, and the vector 
 is the vacuumvector. It hasthe following extra structure:
Consider the (unbounded) operator a
 7! a� 
 and let S be its closure. Then S has a
polar decomposition S = J � 1=2, whereJ is a conjugatelinear isometry with J 2 = id and
� is a positive operator (usually unbounded). By functional calculusonegetsa unitary

o w � it , referred to as the modular 
ow corresponding to 
, and the main fact about
this theory is that

JAJ = A0 and � it A� � it = A:

Note that in particular H0 becomesa bimodule over A by de�ning a right action of A on
H0 by � 0(a) def= J � (a) � J in terms of the original left action � (a). This structure encodes
the `
ow of weights' which classi�es all hyper�nite factors as explained in the previous
section.

It turns out that up to unitary isomorphism,there is a uniquepair (H0; J ) consisting
of a (left) A-module H0 and a conjugate linear isometry J : H0 ! H0 with JAJ = A0;
such a pair is refered to as vacuum representation of A. For a given von Neumann
algebraA there is a more sophisticatedconstruction of such a pair, even in the absence
of a cyclic and separating vector. In this invariant de�nition (see [Co1, p.527]), the
vacuum representation is denotedby L 2(A), in analogy to the commutativ e casewhere
A = L1 (X ) and L2(A) = L2(X ) for somemeasurespaceX . Similarly, if A is a group
von Neumann algebracorresponding to � then L 2(A) = `2(�). If one chooses
 to be
the � -function concentrated at the unit element of �, then J (

P
i ai gi ) =

P
i �ai g� 1

i and
� = id.
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Remark 4.3.3. A vacuum vector 
 de�nes a faithful normal state on A via

' 
 (a) def= ha
 ; 
 i H 0

De�ning � (a) def= � 1=2a� � 1=2 2 A for entire elements a 2 A (this is a densesubsetof A
for which � is de�ned, see[BR, I 2.5.3]) onecan then verify the relation [BR, I p.96]

' 
 (ba) = ' 
 (� � 1(a)� (b))

for all entire elements a;b in A. It follows that ' 
 is a trace if and only if � = id. Such
vacuum vectorscan be found for typesI and I I.

Remark 4.3.4. The independencefrom 
 implies that the imageof the modular 
o w
(given by conjugation with � it on A) de�nes a canonicalcentral subgroupof Out(A) def=
Aut( A)=Inn(A). As discussedin the previous remark, this quotient 
o w is nontrivial
exactly for type I I I. Alain Connessometimesrefers to it as an `intrinsic time', de�ned
only in the most noncommutativ e setting of the theory.

Example 4.3.5. Considerthe exampleof local fermionsin the specialcasethat � = D 2

and @� = Y [ Yc is the decomposition into the upper and lower semicircle. It wasshown
in [Wa] that in this casethe operators J and � it can be described geometrically: J
acts on the Fock spaceF (�) by re
ection in the real axis, which clearly is of order two
and interchangesA(Y) and A(Yc) = A(Y)0. Moreover, the modular 
o w � it on A(Y) is
induced by the M•obius 
o w on D 2 (which �xes � 1 = @Y). This implies in particular
that the Fock spaceis a vacuum representation (with 
 � as the vacuum vector):

F (�) �= L2(A(Y))

The last statement is actually true for any surface � and any Y � @� which is not
the full boundary. In the latter case,A(@�) = B(F (�)), so F (�) is not the vacuum
representation of A(@�)). In fact, the vacuum representation L 2(B (H )) of B(H ) is
given by the ideal of all Hilbert-Schmidt operators on H (with the operator J given by
taking adjoints, and � = id). This is a good exampleof a construction of the vacuum
representation without any canonicalvacuum vector in sight.

Bimo dules and Connes fusion. Given two von Neumann algebrasA i , an A2 �
A1-bimodule is a Hilbert spaceF together with two normal (i.e. weak operator continu-
ous) � -homomorphismsA2 ! B(F ) and Aop

1 ! B(F ) with commuting images.HereAop

denotesthe opposite von Neumann algebrawhich is the sameunderlying vector space
(and same� operator) as A but with the order of the multiplication reversed. One can
imagine A2 acting on the left on F and A1 acting on the right.

Given an A3 � A2 bimodule F2 and an A2 � A1 bimodule F1, on can construct an
A3 � A1 bimodule F2 � A 2 F1 known as the Connesfusion of F2 and F1 over A2. This
construction is not the algebraictensor product but it introducesa certain twist (by the
modular operator �) in order to stay in the categoryof Hilbert spaces.
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De�nition 4.3.6. (Connes fusion). It is the completionof the pre-Hilbert spacegiven
by the algebraictensor product F2 � F1, where

F2
def= BA op

2
(H0; F2)

are the boundedintertwiners from the vacuum H0 = L2(A2) to F2. An inner product is
obtained by the formula

hx 
 � ; y 
 � i def= h� ; (x; y) � � i F1 � ; � 2 F1; x; y 2 F2

wherewe have usedthe following A2-valued inner product on F2:

(x; y) def= x � y 2 BA op
2

(H0; H0) = A2:

Note that this makesF2 into a right Hilbert module over A2 and that the Connesfusion
is nothing but the Hilbert module tensor product with F1 and its A2-action. SinceAop

1

and A3 still act in the obvious way, it follows that the Hilbert spaceF = F2 � A 2 F1 is
an A3 � A1-bimodule.

This de�nition looks tantalizingly simple, for exampleone can easily check that the
relations

xa 
 � � x 
 a� = 0; a 2 A2; � 2 F1; x 2 F2

are satis�ed in F2 � A 2 F1 (becausethis vector is perpendicular to all elements of F2 � F1

with respect to the above inner product). This assertionis true using the obvious Aop
2 -

action on F2 for which xa(v) = x(av); v 2 H0. However, if onewants to write elements
in the Connesfusion in terms of vectors in the original bimodulesF1 and F2 (rather than
usingthe intertwiner spaceF2), then it turns out that this action hasto be twisted by �.
This can be seenmore preciselyas follows: First of all, onehasto pick a vacuum vector

 2 H0 (or at least a normal, faithful semi�nite weight) and the construction below will
depend on this choice. There is an obvious embedding

i 
 : F2 ,! F2; x 7! x(
)

and the crucial point is that this map is not Aop
2 -linear. To do this calculation carefully,

write � (a) for the left A2 action on H0 and � 0(a) for the right action. Recall from
the previous section that � 0(a) = J � (a) � J which implies the following formulas, using
J 
 = 
 = �
 and that S = J � 1=2 has the de�ning property S(� (a)
) = � (a) � 
.

x(
) � a = x(� 0(a)
) = x(J � (a) � J 
)

= x(J � 1=2� � 1=2� (a)� � 1=2
)

= x(S(� 1=2� (a)� � 1=2)� 
)

= x(� 1=2� (a)� � 1=2)
)
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Recall from Remark 4.3.3 that � (a) = � 1=2a� � 1=2 2 A2 is de�ned for entire elements
a 2 A2. Then we seethat i 
 has the intertwining property

i 
 (x� (a)) = i 
 (x)a for all entire a 2 A2: (4.3.7)

This explains the connection between the Connes fusion de�ned above and the one
given in [Co1, p.533]as follows. Considerthe Aop

2 -invariant subsetF2
 = im(i 
 ) of the
bimodule F2. Theseare exactly the �̀ -boundedvectors' in [Co1, Prop.6, p.531] where
in our casethe weight � is simply given by � (a) = ha
 ; 
 i H 0 . One can then start with
algebraictensors

� 2 
 � 1 with � 1 2 F1; � 2 2 F2
 � F2

instead of the spaceF1 � F2 used above. This is perfectly equivalent except that the
� -twisting of the map i 
 translates the usual algebraictensor product relations into the
following `Connes'relations which hold for all entire a 2 A2:

� 2a 
 � 1 = � 2 
 � (a)� 1 = � 2 
 � 1=2a� � 1=2� 1; � 1 2 F1; � 2 2 F2
 � F2

Remark 4.3.8. (Symmetric form of Connes fusion) There is the following more
symmetric way of de�ning the Connesfusion which was introduced in [Wa] in order to
actually calculate the fusion ring of positive energy representations of the loop group
of SU(n). One starts with the algebraic tensor product F2 � F1 and de�nes the inner
product by

hx2 
 x1; y2 
 y1i
def= hx �

1y1
 ; x �
2y2
 i H 0 = hy�

2x2x �
1y1
 ; 
 i H 0 for x i ; yi 2 Fi

One can translate this `4-point formula' to the de�nition given above by substituting
� = x1(
) ; � = y1(
). It usesagain that x �

i yi 2 A2 and also the choice of a vacuum
vector. After translating this de�nition into the subspacesFi 
 of Fi , onecan alsowrite
the Connesrelations (for entire a in A2) in the following symmetric form:

� 2� � 1=4a� 1=4 
 � 1 = � 2 
 � 1=4a� � 1=4� 1; � i 2 Fi 
 � Fi

Remark 4.3.9. (Subfactors). Weshouldmention that the fusionof bimoduleshashad
a tremendousimpact on low dimensional topology through the work of Jones,Witten
and many others, see[J3] for a survey. In the context of the Jonespolynomial for knots,
only the hyper�nite I I1 factor wasneeded,sothe subtlety in the Connesfusiondisappears
(because� = id if one usesthe trace to de�ne the vacuum). However, the interesting
data camefrom subfactorsA � B , i.e. inclusionsof one factor into another. They give
rise to the A � B bimodule L 2(B ). Iterated fusion leadsto very interesting bicategories
and tensor categories,compareRemark 4.3.13.

The main reasonConnesfusion arisesin our context, is that we want to glue two
conformal spin surfacesalong parts of their boundary. As explained in Section2.2, the
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surfaceslead naturally to Fock modulesover Cli�ord algebras.Using the notation from
the Gluing Lemma 2.3.14,the questionariseshow to expressF (� 3) asa C(Y3) � C(Y1)
bimodule in terms of F (� 2) and F (� 1). In Lemma 2.3.14 we explained the caseof
type I factors, wherethe modular operator � = id so there is no di�erence betweenthe
algebraic tensor product and Connesfusion. This caseincludes the �nite dimensional
setting (and henceK -theory) aswell asthe gluing formulas for Segaland Cli�ord elliptic
objects (as explainedin Example 4.3.2,type I correspondsexactly to the casewherethe
manifold Y along which onegluesis a closed 1-manifold).

After all the preparation, the following answer might not come as a surprise. We
only formulate it in the absenceof closed components in � i , otherwise the vacuum
vectors might be zero. There is a simply modi�cation in the generalcasewhich uses
isomorphismsof Pfa�an lines of disjoint unions of closedsurfaces.Similarly, there is a
twisted versionof this result which we leave to the reader. We note that in the following
the de�nition of fusion has to be adjusted to take the grading on the Fock modules into
account. This can be doneby the usual trick of Klein transformations.

Prop osition 4.3.10. There is a unique unitary isometry of C(Y3) � C(Y1) bimodules

F (� 2) � A(Y2 ) F (� 1)
�=� ! F (� 3)

sending
 2 
 
 1 to 
 3.

Recall that A(Y2) is the von Neumann algebrageneratedby C(Y2) in the bounded
operators on F (� 2). One knows that F (� 2) is a vacuum representation for A(Y2) with
vacuum vector 
 2 [Wa]. Therefore, the above expression
 2 
 
 1 is well de�ned in the
Connesfusion. The uniquenessof the isomorphismfollows from the fact that both sides
are irreducible C(Y3) � C(Y1) bimodules.

The bicategory vN of von Neumann algebras. The objectsof vN arevon Neumann
algebrasand a morphism from an object A1 to an object A2 is a an A2 � A1 bimodule.

Comp osition of morphisms: Is given by Connesfusion which will be denotedpic-
torially by

A3 A2
F2oo A1

F1oo = A3 A1
F2 � A 2 F1oo ;

Recall that this operation is associative up to higher coherence(which is �ne in a bi-
category). Moreover, the identit y morphism from A to A is the vacuum representation
H0 = L2(A) which thereforeplays the role of the `trivial' bimodule. This is in analogyto
the trivial 1-dimensionalrepresentation of a group.
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2-morphisms: Given two morphismsF1, F2 from the object A1 to the object A2, then
a 2-morphismfrom F1 to F2 is a boundedintertwining operator T 2 BA 2 � A 1 (F1; F2), i.e.
a boundedoperator which commutes with the actions of A1 and A2. Pictorially,

A2 A1

F1

��

F2

^̂ T

��

vertical comp osition: Let Fi , i = 1; 2; 3 be three morphismsfrom A1 to A2, let T1

be a 2-morphismfrom F1 to F2 and let T2 be a 2-morphism from F2 to F3. Then their
vertical composition is the 2-morphism T2 � T1, which is just the composition of the
boundedoperators T1 and T2. Pictorially,

A2 A1

F1

�� F2oo

F3

^̂

T1��

T2

��

= A2 A1

F1

{{

F3

cc
T2 � T1

��

horizon tal comp osition: The following picture should be self explaining.

A3 A2

F3

��

F4

^̂
T2

��

A1

F1

��

F2

^̂
T1

��

= A3 A1

F3 � A 2 F1

{{

F4 � A 2 F2

cc
T2 � T1

��

Additional structures on vN . The bicategoryvN hasa symmetric monoidal struc-
ture given on objects by the spatial tensor product of von Neumann algebras. There
are also monodial structures on the categoriesof bimodules by consideringthe Hilbert
tensor product of the underlying Hilbert spaces.

In volutions on vN . There are also3 involutions

A 7! Aop; F 7! �F ; T 7! T �

on the bicategory vN, where the �rst was explained above and the third is the usual
adjoint map. The conjugateA1 � A2 bimodule �F (for a A2 � A1 bimodule F ) is given
by the formula

a1 � �v � a2
def= (a�

2 � v � a�
1); v 2 F:

60



We leave it to the reader to extend the above de�nitions so that they really de�ne
involutions on the bicategory vN. This should be done so that the functorialit y agrees
with the 3 involutions in the bicategory Dn (X ) becauseour enriched elliptic object will
have to preserve theseinvolutions.

Adjunction transformations on vN. Just like in Dn (X ), we are looking for adjunc-
tion transformations of 1- respectively 2-morphisms

vN(C; A1 �
 A2) � ! vN(Aop
1 ; A2) and vN(C; F2 � A F1) � ! vN( �F2; F1):

where the left hand side is de�ned by consideringthe inclusion of the algebraic tensor
product in A1 �
 A2. The resulting bimodule is still referredto asa A1 �
 A2-modulebecause
the bimodule structure is in somesenseboring.

To addressthe right hand side, let A = A1 �
 A2 and consideran A-module F1 and an
Aop-module F2 (both thought of as lying in the imageof the left hand side transforma-
tion). Then we may form the Connesfusion F2 � A F1 as the completion of F2 � F1, see
De�nition 4.3.6. There is a natural map

� : F2 � F1 � ! BA ( �F2; F1); x 
 � 7! � x;� where� x;� ( �y) def= (y; x)� :

Here we have usedagain the A-valued inner product (y; x) = y� x on F2, as wellas the
linear isometry

F2 = BA op (H0; F2) � ! �F2
def= BA (H0; �F2) x 7! �x def= xJ:

Recall that �F2 is an A-module and so is �F2.

Lemma 4.3.11. In the abovesetting, the mapping� x;� is indeed A-linear.

Proof. We usethe careful notation usedto derive equation4.3.7,where� (a) denotesthe
A-action on H0 and � 0(a) = J � (a) � J the Aop-action. Then we get that for a 2 A and
y 2 F2

a�y = �y� 0(a) = yJ (J � (a) � J ) = (y� (a) � )J = ya�

This implies

� x;� (a�y) = (ya� ; x)� = (ya� )� x�

= ay� x� = a(y; x)�

= a� x;� ( �y)

which is exactly the statement of our lemma.
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Note that � takes values in the Banach spaceof A-intertwiners with the operator
norm. It actually turns out that it is an isometrywith respect to the fusioninner product.
To check this statement, we assumefor simplicity that A is of type I I I. Then there is a
unitary A-intertwiner U : H0 = L2(A) ! F2 and hencey� x = (y� U)(U� x) is a product
of two elements in A and jjy� Ujj = jj �yjj . Now let f =

P
i x i 
 � i be and arbitrary element

in F2 � F1. Then the norm squaredof �( f ) is calculatedas follows:

jj �( f )jj 2 = sup
06= �y2 �F2

jj
P

i (y; x i )� i jj 2

jj �yjj 2

= sup
06= �y2 �F2

jj
P

i (y
� U)(U� x i )� i jj 2

jj �yjj 2

= jj
X

i

(U� x i )� i jj 2 =
X

i;j

h� i ; x �
i UU� x j � j i F1

=
X

i;j

h� i ; (x i ; x j )� j i F1 = h
X

i

x i 
 � i ;
X

j

x j 
 � j i F2 � F1

= jj f jj 2
F2 � F1

This implies the following result becausewe have a functorial isometry which for F2 =
L2(A) clearly is an isomorphism. Note that the sameresult holds for bimodules, if there
are two algebrasacting on the left of F2 respectively the right of F1.

Prop osition 4.3.12. The abovemap � extendsto an isometry

� : F2 � A F1
�=� ! BA ( �F2; F1)

In order to de�ne our adjunction transformation announcedabove, we now have to
comparethe right hand side of the isometry to vN( �F2; F1). If one thinks of the latter
as all A-intertwiners then there is a seriousproblem in relating the two, becauseof the
twisting property 4.3.7of the inclusion i 
 : F2 ,! F2. This is wherethe modular operator
� hasto comein. At this moment in time, we don't quite know how to resolve the issue,
but it seemsvery likely that onehasto changethe de�nition of vN( �F2; F1) slightly. Note
that onecan't usethe right hand side of the above isometry becausetheseintertwiners
cannot be composed,certainly not in an obvious way. This problem is related to the
fact that in the exampleof a string vector bundle, we can only associate vectors in the
fusion product to conformal spin surfaces.

Remark 4.3.13. It is interesting to point out the following special subcategoriesof the
bicategory above. In the Jonesexamplefor a subfactor A � B , there are two objects
(namely A and B) and the morphismsareall bimodulesobtainedby iterated fusion from
A L2(B )B . The crucial �nite index property of Jonesguaranteesthat for all irreducible
bimodules A FB that arise the vacuum representation H0 is contained exactly once in
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F � B
�F and �F � A F . This condition expressesthe fact that F has �nite `quantum

dimension'. In [Oc], these bicategorieswere further developed and applied to obtain
3-manifold invariants.

If one �xes a single von Neumann algebra A, then one can considerthe bicategory
`restricted to A'. This meansthat onehasonly A � A bimodulesand their intertwiners,
together with the fusion operation. This is an exampleof a tensor category. Borrowing
some notation from Section 5.4 we get the following interesting subcategory: Fix a
compact simply connectedLie group G and a level ` 2 H 4(BG). Then there is a
canonicalI I I1-factor A and an embedding

� : G ,! Out(A) = Aut( A)=Inn(A):

We can thus consider those bimodules which are obtained from twisting L 2(A) by an
element in Aut (A) which projects to �( g) for someg 2 G. We believe that a certain
`quantization' of this tensorcategorygivesthe categoryof positive energyrepresentation
of the loop group LG at level `.

4.4 Enric hed elliptic ob jects and the elliptic Euler class

De�nition 4.4.1. An enriched elliptic object of degree n over X is a continuousfunctor
Dn (X ) ! vN to the bicategory of von Neumannalgebras.It is assumedto preserve the
monodial structures (disjoint union gets taken to tensor product), the 3 involutions op,
�� and � , as well as the adjunction transformations explainedabove. Finally, it has to be
C-linear in an obvious senseon Cli�ord algebraelements and fermions.

Again, this is only a preliminary de�nition becausesomeof the categoricalnotions
have not beende�ned yet, and it doesnot contain super symmetry. The main example
of an enriched elliptic object comesfrom a string vector bundle, hopefully leading to
an Euler classand a Thom classin elliptic cohomology. In fact, we hope that it will
ultimately lead to a map of spectra

M String � ! tmf

We explain the construction of the Euler classmomentarily classbut we shall useseveral
notions which are only developed in the comingsections.Thus the following outline can
be thought of asa motivation for the readerto read on.

We next outline the construction of a degreen enriched elliptic object corresponding
to an n-dimensionalvector bundle E ! X with string connection. This is our proposed
`elliptic Euler class'of E and it is the main examplethat guidedmany of our de�nitions.
In Remark5.0.7we explain brie
y how the analogousK -theory Euler classis de�ned for
a vector bundle with spin connection. As usual, this will be our guiding principle.

Recallfrom De�nition 4.4.1that an enrichedelliptic object of degreen in the manifold
X is a certain functor betweenbicategories

EE : Dn (X ) � ! vN
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So we have to explain the valuesof EE in dimensionsd = 0; 1; 2. Let S be the string
connectionon E asexplainedin De�nition 5.0.9. This de�nition is crucial for the under-
standingof our functor EE and we expect the reader to comeback to this section once
sheis familiar with the notion of a string connection.

The functor EE in dimension 0. This is the easiestcasebecausewe can just set
EE (xxx) = S(xxx) for a map xxx : Z ! X of a 0-dimensionalspin manifold Z . Recall that
S(xxx) is a von Neumannalgebrawhich is completely determinedby the string structure
on E (no connectionis needed).By construction, the monoidal structureson the objects
of our bicategoriesare preserved.

The functor EE in dimension 1. For each piecewisesmooth map 
 : Y ! X of a spin
1-manifold Y, the string connectionS(
 ) is a gradedirreducible C(
 ) � S(@
 ) bimodule.
Here C(
 ) is the relative Cli�ord algebrafrom De�nition 2.4.2. To de�ne EE (
 ) we use
the sameHilbert spacebut consideredonly as a C(Y) � n � S(@
 )-bimodule. Note that
this meansthat the module is far from being irreducible. If one takesorientations into
account, one gets a bimodule over the incoming-outgoingparts of @
 . The gluing law
of the string connectionS translatesexactly into the fact that our functor EE preserves
composition of 1-morphisms,i.e.it preservesConnesfusion.

The functor EE in dimension 2. Considera conformalspin surface� anda piecewise
smooth map � : � ! X , and let Y = @� and 
 = � jY . Then the string connectionon
� is a unitary isometry of left C(
 )-modules

S(�) : F (�) �= S(
 )

Herewe usedthe relative Fock module F (�) = F (� � E) 
 F (�) � n from De�nition 2.4.5.
Recall from the samede�nition that the vacuum vector 
 � of � lies in F (� � E). Given
a fermion 	 2 Falg(�) � n , we may thus de�ne

EE (� ; 	) def= S(�)(
 � 
 	) 2 S(
 ) = EE (
 ):

This is exactly the datum we needon 2-morphisms(� ; 	) in D(X )n . The behavior of the
string connectionwith respect to a conformalspin di�eomorphism � : � ! � 0 implies the
following important condition on an enriched elliptic object. Assuming that � restricts
to the identit y on the boundary and noting that conformality implies 
 � 0 = F (� )(
 � ),
we may concludethat

EE (� 0; F (� )(	)) = S(� 0)(F (� )(
 � 
 	) = S(�)(
 � 
 	) = EE (� ; 	) :

Finally, EE preserveshorizontal and vertical composition by the gluing laws of the string
connectionS as well as thoseof the vacuum vectors.

64



5 String structures and connections

Givenan n-dimensionalvector bundleE ! X , wewant to introducea topologicalnotion
of a string structure and then the geometricnotion of a string connection on E. As usual
we start with the analogy of a spin structure. It is the choice of a principal Spin(n)-
bundle P ! X together with an isomorphismof the underlying principal GL(n)-bundle
with the frame bundle of E. In particular, onegetsan inner product and an orientation
on E becauseonecan usethe sequenceof group homomorphisms

Spin(n) 2! SO(n) � O(n) � GL(n):

Recall that the last inclusion is a homotopy equivalenceand that, for n > 8, the �rst
few homotopy groupsof the orthogonal groupsO(n) are given by the following table:

k 0 1 2 3 4 5 6 7
� kO(n) Z=2 Z=2 0 Z 0 0 0 Z

It is well known that there are topological groupsand homomorphisms

S(n) ! Spin(n) ! SO(n) ! O(n)

which kill exactly the �rst few homotopy groups. More precisely, SO(n) is connected,
Spin(n) is 2-connected,S(n) is 6-connected,and the above maps induce isomorphisms
on all higher homotopy groups. This homotopy theoretical description of k-connected
covers actually works for any topological group in placeof O(n) but it only determines
the groupsup to homotopy equivalence.For the 0-th and 1-st homotopy groups,it is also
well known how to construct the groupsexplicitly, giving the smallestpossiblemodels:
onejust takesthe connectedcomponent of the identit y, and then the universalcovering.
In our casethis gives SO(n), an index 2 subgroupof O(n), and Spin(n), the universal
double covering of SO(n). In particular, both of thesegroupsare Lie groups. However,
a group S(n) cannot have the homotopy type of a Lie group since� 3 vanishes.To our
best knowledge, there has yet not been found a canonicalconstruction for S(n) which
has reasonablè size'and a geometricinterpretation.

The groups String (n ). In Section5.4 we construct such a concretemodel for S(n)
as a subgroup of the automorphism group of `local fermions' on the circle. Theseare
certain very explicit von Neumannalgebras,the easiestexamplesof hyper�nite type I I I1

factors. We denoteby String(n) our particular models of the groupsof homotopy type
S(n), and we hope that the choice of this name will becomeapparent in the coming
sections.In fact, Section5.4 dealswith the caseof compactLie groupsrather than just
Spin(n), and we thank Antony Wassermannfor pointing out to us this generalization. It
is also his result that the unitary group U(A) of a hyper�nite I I I1-factor is contractible
(seeTheorem5.3.3). This is essential for the theorem below becauseit implies that the

corresponding projective unitary group PU(A) def= U(A)=T is a K (Z; 2).
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Theorem 5.0.2. Consider a compact, simply connected Lie group G and a level ` 2
H 4(BG). Then one can associate to it a canonical von Neumannalgebra AG;` which is
a hyper�nite factor of type III 1. There is an extensionof topological groups

1 � ! PU(AG;` )
i� ! G` � ! G � ! 1

such that the boundary map � 3G ! � 2PU(AG;` ) �= Z is given by ` 2 H 4(BG) �=
Hom(� 3G; Z). Moreover, there is a monomorphism

� : G` ,! Aut( AG;` )

suchthat the composition � � i is givenby the inclusion of inner automorphismsinto all
of Aut( AG;` ).

Applied to G = Spin(n) and ` = p1=2 2 H 4(B Spin(n)) (or `level 1') this gives type
I I I1 factors An (�= A �
 n

1 ) and groupsString(n) as discussedabove.

De�nition 5.0.3. A G` -structure on a principal G-bundle is a lift of the structure group
through the above extension. In particular, a string structure on a vector bundle is a
lift of the structure group from SO(n) to String(n) using the homomorphismsexplained
above.

Corollary 5.0.4. A G` -structure on a principal G-bundle E ! X givesa bundle of von
Neumannalgebras over X .

This bundle is simply induced by the monomorphism� above, and henceover each
x 2 X the �b er A(x) comesequipped with a G-equivariant map

� x : IsoG(G; Ex ) � ! Out(AG;` ; A(x))

where Out(A; B) def= Iso(A; B)=Inn(A) are the outer isomorphisms. G-equivariance is
de�ned using the homomorphism e� : G ! Out(A). It is not hard to seethat the pair
(A(x); � x ) contains exactly the same information as the string structure on Ex . We
shall usethis observation in De�nition 5.3.4and henceintroducethe following notation
(abstracting the caseV = Ex above):

De�nition 5.0.5. Given (G; `) and a G-torsor V , de�ne a G` � V -pointed factor to be
a factor A together with a G-equivariant map

� : IsoG(G; V) � ! Out(AG;` ; A)

whereG-equivarianceis de�ned using the homomorphisme� : G ! Out(A). The choice
of (A; � ) is a G` -structure on V.

For the purposesof our application, it is actually important that all the von Neumann
algebrasare graded. It is possibleto improve the construction for G = Spin(n) so that
the resulting algebra is indeed graded by using local fermions rather than local loops,
seeSection5.4. The above algebraAn is then just the even part of this gradedalgebra.
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Characteristic Classes. The homotopy theoretical descriptiongivenat the beginning
of Section 5 implies the following facts about existenceand uniquenessof additional
structures on a vector bundle E in terms of characteristic classes.We point out that
we are more careful about spin (and string) structure as is customary in topology: A
spin structure is really the choice of a principal Spin(n)-bundle, and not only up to
isomorphism. In our language,we obtain the usual notion of a spin structure by taking
isomorphismclassesin the categoryof spin structures. Similar remarks apply to string
structures. The purposeof this re�nement canbe seenquite clearly in Proposition 5.0.6.

Let E be a vector bundle over X . Then

� E is orientableif and only if the Stiefel-Whitney classw1E 2 H 1(X ; Z=2) vanishes.
Orientations of E are in 1-1 correspondencewith H 0(X ; Z=2).

� In addition, E has a spin structure if and only if the Stiefel-Whitney classw2E 2
H 1(X ; Z=2) vanishes.Isomorphismclassesof spin structures on E are in 1-1 cor-
respondencewith H 1(X ; Z=2).

� In addition, E hasa string structure if and only if the characteristic classp1=2(E) 2
H 4(X ; Z) vanishes.Isomorphismclassesof string structures on E are in 1-1 corre-
spondencewith H 3(X ; Z).

More generally, a principal G-bundleE (classi�ed by c : X ! BG) hasa G` -structure
if and only if the characteristic classc� (`) 2 H 4(X ; Z) vanishes.Isomorphismclassesof
G` -structures on E are in 1-1 correspondencewith H 3(X ; Z).

In the next two sectionswe will enhancethesetopological data by geometricones,
namelywith the notion of a string connection. Theseareneededto construct our enriched
elliptic object for a string vector bundle, just like a spin connectionwasneededto de�ne
the K -cocyclesin Section3.

SinceString(n) is not a Lie group, it is necessaryto comeup with a new notion of
a connectionon a principal String(n)-bundle. We �rst present such a new notion in the
spin case,assumingthe presenceof a metric connectionon the bundle.

Spin connections. By De�nition 2.3.1, a spin structure on an n-dimensionalvector
bundle E ! X with Riemannian metric is a graded irreducible bimodule bundle S(E)
over the Cli�ord algebrabundle C(E) � Cn . For a point x 2 X , we denotethe resulting
bimodule S(Ex ) by S(x). It is a left module over the algebraC(x) = C(Ex ) 
 C� n from
De�nition 2.4.2. Wenow assumein addition that X is a manifold and that E is equipped
with a metric connection.

Prop osition 5.0.6. A spin connectionS on E givesfor each piecewisesmooth path 


from x1 to x2, an isomorphismbetween the following two C(@
 )
def
= C(x1)op 
 C(x2) (left)

modules:
S(
 ) : F (
 )

�=� ! HomR(S(x1); S(x2)) ;
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where F (
 ) is the relative Fock module from De�nition 2.4.5 (de�ned using the con-
nection on E). We assumethat S varies continuously with 
 and is independentof the
parametrization of I . Moreover, S satis�es the following gluingcondition: Given another
path 
 0 from x2 to x3, there is a commutative diagram

F (
 0 [ x2 
 )

�=
��

S(
 0[ x 2 
 )
//Hom(S(x1); S(x3))

F (
 0) 
 C(x2 ) F (
 ) �=

S(
 0)
S (
 ) //Hom(S(x2); S(x3)) 
 C(x2 ) Hom(S(x1); S(x2))

� �=

OO

where the left vertical isomorphismis the gluing isomorphismsfrom Lemma2.3.14.

Remark 5.0.7. The vacuumvectorsin the Fock modules
 
 2 F (
 � E) de�ne a parallel
transport in S(E) as follows: Recall that F (
 ) = F (
 � E) 
 F (I ) � n and that F (I ) =
C1. Thus the vector 
 
 2 F (
 � E) together with the identit y id 2 C� n = F (I ) � n

gives a homomorphismfrom S(x1) to S(x2) via S(
 )(
 
 
 id). One checks that this
homomorphismis in fact Cn -linear and coincideswith the usualparallel transport in the
spinor bundle S(E).

It is interesting to observe that thesevacuum vectors
 
 exist for any vector bundle
E with metric and connectionbut it is the spin connection in the senseabove which
makesit possibleto view them as a parallel transport.

Remark 5.0.8. There is a uniquespin connectionin the setting of the aboveproposition.
In the usual language,this is well known and follows from the fact that the �b er of the
projection Spin(n) ! SO(n) is discrete. For our de�nitions, existenceand uniqueness
follows from the fact that all the bimodulesare irreducible (and of real type) and hence
the isometriesS(
 ) are determinedup to sign. Sincethey vary continuously and satisfy
the gluing condition above, it is possibleto seethis indeterminacy in the limit where 

is the constant map with imagex 2 X . Then the right hand side contains a canonical
element, namely idS(x) and our gluing condition implies that it is the imageunder S(
 )
of 
 
 
 id. Hencethe indeterminacy disappears.

These are the data a spin structure associates to points in X and a spin connec-
tion associates to paths in X . It is easy to extend the spin connection to give data
associated to arbitrary 0- and 1-dimensionalspin manifolds mapping to X , just like in
Proposition 3.1.1.

In the next section, and in particular Lemma 5.1.4, we shall explain how all these
data are really derived from `trivializing' a 2-dimensional �eld theory (called Stiefel-
Whitney theory in this paper). This derivation is necessaryto motivate our de�nition of
a string connectionasa `trivialization' of the Chern-Simons(3-dimensional)�eld theory.
Becauseof the shift of dimensionfrom 2 to 3, a string connectionwill necessarilyhave
0-, 1- and 2-dimensionaldata. As above, it is enoughto formulate the top-dimensional
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data for manifoldswith boundary (intervals in the caseof spin, conformalsurfacesin the
caseof string), sincethe usual gluing formulas determinesthe data on closedmanifolds.
Also asabove, the 0-dimensionaldata are purely topological,and in the caseof a string
structure are given by the von Neumannalgebrabundle from Corollary 5.0.4.

String connections. We recall from De�nition 2.4.2that there is a (relative) complex
Cli�ord algebraC(
 ) de�ned for every piecewisesmooth map 
 : Y ! X , where Y is
a spin 1-manifold and X comesequipped with a metric vector bundle E. If Y is closed
then a connectionon 
 � E givesa preferredisomorphismclassof gradedirreducible (left)
C(
 )-modules as follows: Consider the conformal spin surfaceY � I and extend the
bundle


 � E [ Rdim (E ) def= (
 � E � 0) q (Y � 1 � Rdim (E ) )

over Y � f 0; 1g to a bundle E 0 (with connection)on Y � I (this usesthe fact that E is
orientable, and hencetrivial over 1-manifolds). In De�nition 2.4.5we explainedhow to
construct a Fock module F (E 0) from boundaryvaluesof harmonicsectionson Y � I . It is
a gradedirreducible C(
 ) module and the isomorphismclassof F (E 0) is independent of
the extensionof the bundle with connection. It will be denotedby [F (
 )]. If � : � ! X
is a piecewisesmooth map of a conformal spin surfacewith boundary 
 : Y ! X , then
a connectionon � � E givesa particular representativ e F (�) in this isomorphismclassas
explainedin De�nition 2.4.5.

De�nition 5.0.9. Let E ! X be an n-dimensionalvector bundle with spin connection.
Assumefurther that a string structure on E has beenchosenand denote by A(x) the
�b er of the corresponding von Neumann algebra bundle. A string connection S on E
consistsof the following data.

dim 0: For each map xxx : Z ! X of a 0-dimensionalspin manifold Z , S(xxx) is a von
Neumann algebra given by the von Neumann tensor product A(x1) �
 : : : �
 A(xn )
if xxx(Z ) consistsof the spin points x1; : : : ; xn . By de�nition, A( �x) = A(x)op and
S(; ) = C. All thesedata are completelydeterminedby the string structure alone.

dim 1: For each piecewisesmooth map 
 : Y ! X of a spin 1-manifold Y , S(
 ) is a
gradedirreducible C(
 ) � S(@
 ) bimodule. These�t together to bimodule bundles
over Maps(Y; X ) and we assumethat on thesebundlesthere are lifted actionsS(� )
of the spin di�eomorphisms � 2 Di� (Y; Y 0) which are the identit y on the boundary.
It is clear that theseare bimodule mapsonly if one takesthe action of � on C(
 )
into account, as well as the action of � j@
 on S(@
 ).

Given another such 
 0 : Y 0 ! X with 0-dimensionalintersection on the boundary
xxx def= @
 \ @
 0 = @in 
 = @out 
 0, there are C(
 [ xxx 
 0) � S(@(
 [ xxx 
 0)) bimodule
isomorphisms

S(
 ; 
 0) : S(
 [ xxx 
 0)
�=� ! S(
 ) � S(xxx) S(
 0)
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where we used Connesfusion of bimodules on the right hand side, and also the
identi�cations

C(
 [ xxx 
 0) �= C(
 ) 
 C(
 0) and S(@(
 [ xxx 
 0)) � S(@
 ) �
 S(@
 0)

The isomorphismsS(
 ; 
 0) must satisfy the obvious associativit y constraints. Note
that for closedY, we just get an irreducible C(
 )-module S(
 ), multiplicativ e
under disjoint union. We assumethat S(
 ) is a (left) module in the preferred
isomorphismclass[F (
 )] explainedabove.

dim 2: Considera conformal spin surface� and a piecewisesmooth map � : � ! X ,
and let Y = @� and 
 = � jY . Then there are two irreducible (left) C(
 )-modules
in the sameisomorphismclass,namely F (�) and S(
 ). The string connectionon
� is a unitary isometry of left C(
 )-modules

S(�) : F (�) �= S(
 )

such that for each conformalspin di�eomorphism � : (� ; �) ! (� 0; � 0) the following
diagram commutes:

F (�)

F (� )
��

S(�)
�=

//S(
 )

S(� j@
 )
��

F (� 0)
S(� 0)

�=
//S(
 0)

The module mapsS(�) �t together to continuoussectionsof the resulting bundles
over the relevant moduli spaces. The irreducibilit y of the modules in question
implies that there is only a circle worth of possibilities for each S(�). This is the
conformal anomaly.

Finally, therearegluing lawsfor surfaceswhich meetalonga part Y of their bound-
ary. If Y is closedthis can be expressedasthe composition of Hilbert-Schmidt op-
erators,. If Y has itself boundary oneusesConnesfusion, seeProposition 4.3.10.

Note that the irreducible C(
 )-module S(
 ) for 
 2 LM plays the role of the spinor
bundle on loop spaceLM . We explain in Section4.4 how the vacuum vectors for con-
formal surfaceslead to a `conformalconnection'of this spinor bundle. All of Section5.2
is devoted to discussthe motivation behind our above de�nition of a string connection.
This de�nition can alsobe given in the languageof gerbeswith 1- and 2-connection,see
e.g. [Bry]. But the gerbe in questionneedsto be de�ned on the total spaceof the prin-
cipal Spin(n)-bundle, restricting to the Chern-Simonsgerbe on each �b er. We feel that
such a de�nition is at least ascomplicatedasours, and it lacks the beautiful connection
to von Neumannalgebrasand Connesfusion.
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5.1 Spin connections and Stiefel-Whitney theory

We �rst explain a 2-dimensional�eld theory basedon the secondStiefel-Whitney class.
We claim no originality and thus skip most proofs. Stiefel-Whitney theory is de�ned on
manifolds with the geometric structure (or classical�eld) given by an oriented vector
bundle with inner product, and henceis a functor

SW : BSO
2 � ! HilbR

whereBSO
2 is the categoryexplainedin Section2.1, wherethe geometricstructure is an

oriented vector bundle with inner product. In the following de�nitions we could used
Z=2 instead of R as the values,but it will be convenient for further use to stay in the
languageof (real) Hilbert spaces. We use the embedding Z=2 = f� 1g � R and note
that theseare the numbersof unit length. Note alsothat a Z=2-torsor is the samething
as a 1-dimensionalreal Hilbert space,alsocalled a real line below.

De�nition of Stiefel-Whitney theory . Stiefel-Whitney theory SW associates to a
closedgeometric2-manifold E ! � the secondStiefel-Whitney number

SW(E ! �) def= hw2(E); [�] i 2 Z=2 = f� 1g � R

To a closedgeometric1-manifold E ! Y it associates the real line

SW(E ! Y) def= f (F; r ) j r 2 R; F ! Y � I ; F jY �f 0;1g = E [ Rdim( E )g= �

whereRn denotesthe trivial bundle and (F1; r1) � (F2; r2) if and only if w2(F1 [ F2 !
Y � S1) � r1 = r2. If @� = Y and E 0 ! � extendsE ! Y , then the equivalenceclassof
(F; w2(E [ F [ Rdim (E ) )) is a well de�ned element

SW(E 0 ! �) 2 SW(E ! @�) :

It is independent of the choiceof the bundle F by additivit y of w2. This theory by itself
is not very interesting but we shall make several variations, and ultimately generalize
it to Chern-Simonstheory. The �rst observation is that one can also de�ne the value
SW(E ! Z ) for a 0-manifoldZ . According to the usual �eld theory formalismwe expect
that this is a category whosemorphism spacesare real lines (which can then be used
to calculated the value of the �eld theory on 1-manifolds). In the spirit of the above
de�nition, we start with vector bundlesF ! Z � I which extend the bundle E [ Rdim (E )

on Z � f 0; 1g. Theseare the objects in a categorySW(E ! Z ) with morphismsde�ned
by

Mor(F1; F2)
def= SW(F1 [ F2 ! Z � S1) = Mor(F2; F1)

To complete the description of the theory, we needto associate somethingto a bundle
E 0 ! Y over a 1-manifold with boundary Z = @Y (with restricted bundle E = E 0jZ ). It
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shouldbe an `element' in the categorySW(E ! Z ) which can then be usedto formulate
the appropriate gluing laws of the theory. There are various possibleinterpretations of
such an `element' but in the best case,it would mean an object a in the category. In
order to �nd such an object, we slightly enlargethe above category, allowing as objects
not just vector bundles over Z � I but more generally, vector bundles over Y with
@Y = Z � f 0; 1g. The readerwill easily seethat this has the desirede�ect.

De�nition 5.1.1. Stiefel-Whitney theory is the extended 2-dimensional�eld theory de-
scribed above, wherethe geometricstructure on Y is given by an oriented vector bundle.
Here the word extended refers to the fact that SW also assignsa small category to
0-manifolds,and objects of this categoryto 1-manifoldswith boundary.

Relativ e, real Dirac theory . There is an interesting reformulation of the theory
which usesthat fact that our domain manifolds � are equipped with a spin structure
and that the bundle E comesa with connection. Enhancefor a moment the geometrical
structure on � by a conformal structure. Then we have the Dirac operator D � , as well
as the twisted Dirac operator DE . If � 2 is a closed,we get an index in K O2

�= Z=2. For
a closedconformal 1-manifold Y the Dirac operator is just covariant di�erentiation in
the spinor bundle from De�nition 2.3.1. Henceit comesequipped with a real Pfa�an
line Pf(DY ), seeDe�nition 2.3.12. If Y = @� then the relative index of � is an element
of unit length in Pf(DY ). The sameholds for the twisted case. Finally, for a bundle
with metric over a 0-manifold, we de�ne the following relative, real Dirac category: The
objects are LagrangiansubspacesL in V ? � Rn , whereV is again the orthogonal sum
of the �b ers and n is the dimensionof V . TheseLagrangiansshould be thought of as
boundaryconditionsfor the Dirac operator on a bundleon Z � I which restricts to V [ Rn

on the boundary. In particular, the boundary valuesof harmonic sectionsof a bundle E
over 1-manifold Y de�ne an object in the category for E j@Y = V0 [ V1 by rewriting the
spacesin questionas follows

� (V0 ? � Rn ) ? (V1 ? � Rn ) = (� V0 ? V1) ? (Rn ? � Rn )

This is in total analogy to the above rewriting of the isometry groups. The morphisms
in the categoryare given by the real lines

Mor(L1; L2)
def= HomC(V )� Cn (F (L1); F (L2)) ;

where F (L i ) are the Fock spacesfrom De�nition 2.2.4. They are irreducible graded
bimodules over the Cli�ord algebrasC(V) � Cn . Recall from Remark 2.2.6 that the
orientation of V speci�es a connectedcomponent of such LagrangiansL and we only
work in this component.

Lemma 5.1.2. There is a canonical isomorphismbetween the two extended 2-dim. �eld
theories, Stiefel-Whitney theory and relative, real Dirac theory. For n = dim(E) this
means the following statementsin the various dimensions
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dim 2: SW(E ! �) = index(D � 
 E) � n � index(D � ) 2 Z=2,

dim 1: SW(E ! Y) �= Pf(DY 
 E) 
 Pf � n (DY ), such that for Y = @� the element
SW(E 0 ! �) is mapped to the relative index.

dim 0: For an inner product space V, the category SW(V) is equivalentto the aboverel-
ative Dirac category, in a way that the objects de�ned by 1-manifoldswith boundary
correspond to each other.

The extra geometric structure of bundles with connection is needed to de�ne the right
hand side theory, as well as for the isomorphismsabove.

Proof. The 2-dimensionalstatement follows from index theory, and for the 1-dimensional
statement one usesthe relative index on Y � I . In dimension zero, recall from Re-
mark 2.2.6that a LagrangiansubspaceL in V ? � Rn is given by the graph of a unique
isometry V ! Rn . Moreover, parallel transport along a connectiongives exactly the
Lagrangianof boundary valuesof harmonic spinorsalong an interval.

Spin structures as trivializations of Stiefel-Whitney theory . Fix a manifold X
and an n-dimensionaloriented vector bundle E ! X with metric connection. One may
restrict the Stiefel-Whitney theory to thosebundles(with connection)that arepull-backs
of E via a piecewisesmooth map Y ! X . Thus geometricstructures on Y make up the
set Maps(Y; X ), and we call the resulting theory SWE .

Lemma 5.1.3. A spin structure on E ! X givesa trivialization of the Stiefel-Whitney
theory SWE in the following sense:

dim 2: SWE (� ! X ) = 0 if � is a closed 2-manifold.

dim 1: SWE (Y ! X ) is canonically isomorphic to R for a closed spin 1-manifold and
all elementsSWE (� ! X ) with @� = Y are mapped to 1.

dim 0: The set of objects ob(SWE (Ex )) = SO(Ex ; Rn ) of the category for a point
x 2 X comeswith a nontrivial real line bundle � and isomorphismsMor(b1; b2) �=
Hom(� b1 ; � b2 ) which are compatible with composition in the category.

Moreover, the last item is equivalent to the usual de�nition of a spin structure, and
so all the other items follow from it.

Proof. The 2-dimensional statement follows from the fact that w2(E) = 0, and the
isomorphismin dimension1 is induced by the relative secondStiefel-Whitney class. To
seewhy the last item is the usual de�nition of a spin structure on Ex , recall that the
real line bundle is the sameinformation asa doublecovering Spin(Ex ; Rn ), and that the
isomorphismsbetweenthe morphism spacesfollow from the group structures on SO(n)
and Spin(n).
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Spin connections as trivializations of relativ e, real Dirac theory . For the next
lemma,werecall from Remark2.2.6that for a inner product spaceEx of dimensionn, the
isometriesO(Ex ; Rn ) are homeomorphicto the spaceL (x) of Lagrangiansof Ex ? � Rn .

Lemma 5.1.4. A spin connection S on an oriented bundle E ! X with metric and
connection givesa trivialization of the relative, real Dirac theory on Maps(� ; X ) in the
following sense:

dim 2: index(D f � E ) = n � index(D � ) 2 Z=2 if � is a closed 2-manifold and f : � ! X
is used to twist the Dirac operator on � by E.

dim 1: For f : Y ! X , Y a closed spin 1-manifold, there is an isomorphism S(f ) :
Pf(f � E) �= Pfn (Y), taking twisted to untwisted indices of Dirac operators of sur-
faces � with @� = Y.

dim 0: For each x 2 X , there is a graded irr educible C(Ex ) � Cn bimodule S(x) =
S(Ex ) which givesa nontrivial line bundle over the connected component of L (x)
(given by the orientation of Ex ). Here the line over a Lagrangian L 2 L (x) is
HomC(x) (S(x); F (L)), where C(x) = C(Ex ) 
 C� n (and hence S(x) is a left C(x)-
module). Moreover, for each path 
 from x1 to x2, the spin structure on E induces
an isomorphismbetween the following two left modulesover C(x1)op 
 C(x2):

S(
 ) : F (
 )
�=� ! HomR(S(x1); S(x2))

where F (
 ) is the relative Fock module from De�nition 2.4.5. When two paths are
composed along one point, then the gluing laws from Proposition 5.0.6 hold.

Note that the bimodulesS(x) = S(Ex ) �t togetherto give the Cn -linear spinorbundle
S(E), so we have �nally motivated our De�nition 2.3.1of spin structures. The vacuum
vectorsin the Fock modulesF (
 � E) de�ne a parallel transport in S(E). It is interesting
to note that thesevacuumvectorsexist evenfor an oriented vector bundleE (with metric
and connection)but it is the spin structure in the senseabove which makes it possible
to view them as a parallel transport in the spinor bundle.

Proof. The result follows directly from Lemmas 5.1.2 and 5.1.3. In dimension 0 one
de�nes S(Ex) in the following way: For a given Lagrangian L we have a Fock space
F (L) but alsothe line � L from Lemma5.1.3(sinceL is the graph of a unique isometry).
Moreover, given two LagrangiansL i we have given isomorphisms

F (L1) 
 � L 1
�= F (L2) 
 � L 2

which areassociativewith respect to a third Lagrangian. Therefore,wemay de�ne S(Ex )
as the direct limit of this system of bimodules. Note that S(Ex) is then canonically
isomorphic to each bimodule of the form F (L) 
 � L and so one can recover the line
bundle � from S(Ex ). In fact, the bimodule and the line bundle � contain the exact same
information.
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5.2 String connections and Chern-Simons theory

We want to explain the stepsanalogousto the onesin the previous section with w2 2
H 2(BSO(n); Z=2) replacedby a \level" ` 2 H 4(BG; Z). The most interesting casefor
us is the generatorp1=2 of H 4(B Spin(n); Z) which will lead to string structures. The
analogueof Stiefel-Whitney theory is (classical)Chern-Simonstheory which we brie
y
recall, following [Fr1]. We shall restrict to the casewherethe domain manifoldsare spin
as this is the only casewe needfor our applications.

Let G be a compact Lie group and �x a level ` 2 H 4(BG; Z). For d = 0; : : : ; 4 we
consider compact d-dimensional spin manifolds M d together with connectionsa on a
G-principalbundle E ! M . The easiestinvariant is de�ned for a closed4-manifold M 4,
and is given by the characteristic number hc�

E (`); [M ]i 2 Z, where cE : M ! BG is a
classifyingmap for E. It is independent of the connectionand one might be tempted
to view it as the analogof SW(E ! �) 2 Z=2 of a closedsurface�. However, this is
not quite the right point of view. In fact, Chern-Simonstheory is a 3-dimensional�eld
theory

CS = CS̀ : BG
3 � ! HilbC

in the senseof Section 2.1, with geometric structure being given by G-bundles with
connection. The value CS(M 3; a) 2 S1 for a closed3-manifold is obtained by extending
the bundle and connectionover a 4-manifold W with boundary M , and then integrating
the Chern-Weil representativ e of ` over W. By the integrality of ` on closed4-manifolds,
it follows that onegetsa well de�ned invariant in S1 = R=Z, viewed asthe unit circle in
C (just like Z=2 = f� 1g was the unit circle in R). Thus we think of this Chern-Simons
invariant as the analogueof SW(E ! �). One can then usethe tautological de�nitions
explainedin the previoussectionsto get the following valuesfor the invariant CS(M d; a),
leading to an extended 3-dimensional�eld theory.

d M d closed @M d 6= ;
4 element in Z element in R reducing to invariant of @M
3 element in S1 point in the hermitian line for @M
2 hermitian line object in the C-categoryfor @M
1 C-category

By a C-category we mean a category where all morphism spacesare hermitian lines.
In Stiefel-Whitney theory we associated an R-category to 0-manifolds. So R has been
replacedby C and all dimensionshave moved up by one. It will be crucial to understand
the 0-dimensionalcasein Chern-Simonstheory, wherevon Neumannalgebrasenter the
picture.

Relativ e, complex Dirac theory . First we stick to dimensions1 to 4 as above and
explain the relation to Dirac operators.
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Theorem 5.2.1. For G = Spin(n) at level ` = p1=2, the above extended Chern-Simons
theory is canonically isomorphic to relative, complexDirac theory.

In Dirac theory onehasconformalstructures on the spin manifoldsM which enables
oneto de�ne the Dirac operator DM , aswell as the twisted Dirac operator Da. Herewe
usethe fundamental representation of Spin(n) to translate a principal Spin(n)bundle into
a spin vector bundle, including the connectionsa. In the variousdimensionsd = 1; : : : ; 4,
relative, complexDirac theory is given by the following table of classicalactions. It is a
(well known) consequenceof our theoremthat the relative theory is metric independent.
Let M be a closedd-manifold and E an n-dimensionalvector bundle E over M with
connectiona.

d D(M d; a) def=

4 indexr el(M ; a) def= 1
2 index(Da) � n

2 index(DM ) 2 Z
3 � r el(M 3; a) 2 S1

2 Pf r el(M 2; a), a hermitian line
1 [F r el(M 1; a)], a C-categoryof representations

Proof of Theorem 5.2.1. The statement in dimension4 follows from the index theorem
(seebelow) which implies that the relative index in the above table equals the char-
acteristic classhp1(E)=2; [M 4]i on closed4-manifolds. In dimension3, we �rst needto
explain the invariant � r el. It is onehalf of the reduced� -invariant which shows up in the
Atiyah-Patodi-Singer index theoremfor 4-manifoldswith boundary (wherewe are using
the Dirac operator twisted by the virtual bundle E � � Rn ):

index(DM 4 ;a) � n � index(DM ) =
Z

M
Â(M ) ech(E 
 C; a) � ~� (@M ; a) 2 R

Both indicesaboveareevendimensionalbecauseof a quaternionstructure on the bundles
(coming from the fact that the Cli�ord algebraC4 is of quaternion type). Applying this
observation together with the fact that the Chern character in degree4 is given by
p1(E 
 C)=2 = p1(E) onegets

Z

M
p1(E; a) � ~� (@M ; a) mod 2Z

Sincewe are assumingthat E is a spin bundle, the left hand side is an even integer for
closedM . Therefore,we may divide both sidesby 2 to obtain a well de�ned invariant
� r el(@M ; a) in R=Z which equalsCS(@M ; a).

In dimension2, oneneedsto understandthe Pfa�an line of the skew-adjoint operator
D +

a , as well as the corresponding relative Pfa�an line

Pf r el(M ; a) = Pf(a) 
 Pf(DM )
 n
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in the above table. The main point is that the relative � -invariant above canbe extended
to 3-manifoldswith boundary sothat it takesvaluesin this relative Pfa�an line. There-
fore, one can de�ne an isomorphism of hermitian lines CS(M 2; a) ! Pf r el(M 2; a) by
associating this relative � -invariant to a connectionon M 2 � I (extending a respectively
the trivial connection).

Finally, for a closed1-manifold, [F r el(M 1; a)] is the isomorphismclassof twisted Fock
spacesexplained in De�nition 2.3.12. They can be de�ned from harmonic boundary
valuesof twisted Dirac operatorson M � I . The isomorphismclassof the bimodule does
not depend on the extensionof bundle and connection to M � I . Each of theseFock
spacesis a complexgradedirreducible representation of the Cli�ord algebra

Cr el(M ; a) = C(E; a)op 
 C(M ) 
 dim (E ) ;

the latter replacingCn = C(pt) 
 n from Stiefel-Whitney theory. Given the isomorphism
classof such a bimodule, there is an associated C-category whoseobjects are actual
representations in this isomorphismtype, and whosemorphismsare intertwiners. The
equivalenceof categoriesfrom CS(M ; a) to the C-categoryde�ned by [F r el(M ; a)] is on
objects given by sendinga connectionon M 1 � I (extending a respectively the trivial
connection) to the Fock spacede�ned from harmonic boundary valuesof twisted Dirac
operators on M � I . By de�nition, this is an object in thecorrect category. To de�ne
the functor on morphisms,oneusesthe canonicalisomorphism

Pf r el(M 1 � S1; a) �= HomC r el (M � S1 ;a)(F
r el(M � I ; a0); F r el(M � I ; a1))

wherea is a connectionon a bundle over M � S1 which is obtained by gluing together
two connectionsa0; a1 on M � I .

5.3 Extending Chern-Simons theory to poin ts

Fix a compact, simply connected,Lie group G and a level ` 2 H 4(BG). Recall from
Theorem 5.0.2 that there is a von Neumann algebrasA = AG;` and a G-kernel (see
Remark 5.4.3)

e� : G � ! Out(A) def= Aut( A)=Inn(A)

canonicallyassociated to (G; `). Moreover, e� de�nes the extensionG` of G by PU(A) =
Inn(A) and lifts to a monomorphism� : G` ! Aut( A). We want to use thesedata to
de�ne the Chern-Simonsinvariant of a point.

On a G-bundle V over a point, we �rst pick a G` -structure. Recall from De�ni-
tion 5.0.5 that this is an algebraAV together with a G-equivariant map

� V : IsoG(G; V) � ! Out(A; AV ) def= Iso(A; AV )=Inn(A)

It turns out that the Out(A)-torsor Out(A; AV ) is actually de�ned independently of the
choiceof such a G` -structure.
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De�nition 5.3.1. We de�ne CS(V) to be the Out(A)-torsor Out(A; AV ).

The above independenceargument really shows that there is a map

IsoG(V1; V2) � ! Out(AV1 ; AV2 )

which is well de�ned without choosing G`-structures. In particular, without knowing
what the algebrasAVi really are. When applying this map to the parallel transport of a
G-connectiona an interval I , we get the value CS(I ; a).

To motivate why this de�nition really extends Chern-Simonstheory to points, we
proposea whole new picture of the theory.

Chern-Simons theory revisited. We propose a rigidi�ed picture of the Chern-
Simons actions motivated by our de�nition in dimension 0. For a given (G; `), the
Chern-Simonsinvariant CS(M d; a) for connectedd-manifolds would then take values
in mathematical objects listed in the table below. Note that the valuesfor closedspin
manifolds are special casesof manifolds with boundary, i.e. the entries in the middle
column are subsetsof the entries in the right hand column.

d M d closed @M d 6= ;
4 Z R
3 S1 U(A)
2 PU(A) Aut( A)
1 Out(A) Out(A)-equivariant maps
0 spaceof Out(A)-torsors

HereA = AG;` is the von Neumannalgebradiscussedin the previoussection. The guiding
principle in the table above is that for closedconnectedd-manifoldsM , the Chern-Simons
invariant CS(M d; a) should be a point in a particular versionof an Eilenberg-MacLane
spaceK (Z; 4 � d) (whereasfor manifolds M with boundary one gets a point in the
corresponding contractible space).More precisely, for K (Z; 4 � d) we usedthe models

Z; S1 = R=Z; Inn(A) �= PU(A) = U(A)=S1; Out(A) = Aut( A)=Inn(A);

for d = 4; 3; 2; 1. Our model of a K (Z; 4) is the spaceof Out(A)-torsors. This is only
a conjectural picture of classicalChern-Simonstheory but it should be clear why it
rigidi�es the de�nitions in Section5.2: Every point in PU(A) de�nes a hermitian line
via the S1-torsor of inverseimagesin U(A). Moreover, every point in g 2 Out(A) de�nes
an isomorphismclassof [Fg] of A � A-bimodulesby twisting the standardbimodule L 2(A)
by an automorphism in Aut( A) lying above g. This de�nes the C-category of A � A-
bimodules isomorphic to [Fg].
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Remark 5.3.2. The homomorphisme� : G � ! Out(A) shouldbe viewed asfollows: An
element in G givesa G-bundle with connectionag on S1 via the clutching construction.
Then e� (g) = CS(S1; ag). In the previous section we explained a similar construction
which givesCS(I ; a), and alsothe value of CS on points. Thus we haven't explainedthe
de�nition of the rigidi�ed Chern-Simonsinvariant only for surfaces.

We will not seriouslyneedthe new picture of Chern-Simonstheory in the following
becausewe really only want to explain what a `trivialization' of it is. But we do spell
out the basicresultswhich are necessaryto make this picture precise.Sincewe couldn't
�nd these statements in the literature (only the analogousresults for I I1-factors were
known before), were originally formulated them as conjectures. We recently learned
from Antony Wassermannthat they are also true in the I I I1-context. His argument for
the contractibilit y of U(A) is a variation of the argument for type I given in [DD], for
Aut( A) he reducesthe problem to the type I I case.

Theorem 5.3.3. (W assermann). If A is a hyper�nite type III 1-factor then the unitary
group U(A) is contractible in the weak (or equivalently strong) operator topology. More-
over, the automorphism group Aut( A) is also contractible in the topology of pointwise
norm convergence in the predual of A.

It follows that PU(A) = U(A)=T is a K (Z; 2). One has to be more careful with
the topology on Out(A) = Aut( A)=PU(A) becausewith the quotient topology this is
not a Hausdor� space(using the above topologies,PU(A) is not closedin Aut (A)). A
possiblestrategy could be to de�ne a continuous map X ! Out(A) to be any old map
but together with local continuoussectionsto Aut( A).

String connections as trivializations of Chern-Simons theory . Let E ! X be a
principal G-bundle with connection. We get a Chern-Simonstheory for E by restricting
to those bundles with connection on spin manifolds M d which come from piecewise
smooth maps M ! X via pullback. Thus the new geometric structures on M are
Maps(M ; X ) and we get the Chern-Simonstheory CSE .

De�nition 5.3.4. Let G` be the group extension of G at level ` constructed in Sec-
tion 5.4. Then a geometric G` -structure S on E is a trivialization of the extended
Chern-Simonstheory CSE . For a closedspin manifold M in dimensiond this amounts to
the following `lifts' of the Chern-Simonsaction on piecewisesmooth mapsf : M d ! X :

d valuesof S(f ) = S(f : M d ! X )
4 the equation CS(f ) = 0, no extra structure!
3 S(f ) 2 R reducesto CS(f ) 2 R=Z
2 S(f ) is a point in the line CS(f )
1 S(f ) is an object in the C-categoryCS(f )
0 for x 2 X , S(x) is a G` � Ex -pointed factor
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The last line usesDe�nition 5.0.5. There are also data associated for manifolds M
with boundary, and thesedata must �t together whengluing manifoldsand connections.
Note that for d � 3, S(f : M d ! X ) takes values in the sameobjects as CS(F ) if
F : W d+1 ! X extends f , i.e. @W = M . By construction, they both project to the
samepoint in the corresponding quotient given by CS(f ). The geometricG` -structure
on F : W d+1 ! X givesby de�nition a point in this latter group. For example,if d = 2
then S(F ) is the element of S1 such that

S(F ) � S(f ) = CS(F ) 2 CS(f )

Finally, we assumethat thesedata �t together to give bundles(respectively sectionsin
thesebundles)over the relevant mapping spaces.

Note that the data associated to points combine exactly to a G` -structure on E as
explained in De�nition 5.0.3. Thus a geometricG` -structure has an underlying (topo-
logical) G` -structure.

Theorem 5.3.5. Every principal G-bundle with G` -structure admits a geometric G` -
structure, unique up to isomorphism.

In fact, the `space'of geometric G` -structures is probably contractible. The proof
of this theorem will appear elsewherebut it is important to note that the construction
usesa `thickening' procedureat every level, i.e. one crossesall manifolds M d with I
and extends the bundle f � E with connectionover M � I in a way that it restricts to
the trivial bundle on the other end. So one seriously has to use the fact that all the
structures explainedabove are really `relative', i.e. twisted tensor untwisted, structures.

In the caseG = Spin(n) and ` = p1=2 we needa more geometricinterpretation. This
is given by the following result which incorporatesDe�nition 5.0.9. There, a geometric
String(n)p1=2 structure was called a string connection and we stick to this name.

Corollary 5.3.6. Given an n-dimensional vector bundle E ! X with spin connection.
Then a string connection S on E induces the following data for closed conformal spin
manifolds M d. In the table below, DM ;f is the conformal Dirac operator twisted by
f � (E) for a piecewisesmooth map f : M ! X and the data �t together to give bundles
(respectively sections in thesebundles) over the relevantmappingspaces.

d valuesof S(f ) = S(f : M d ! X )
4 the equation index(D f � E ) = n index(DM ), no extra structure!
3 S(f ) 2 R reducesto � r el(M ; f � E) 2 R=Z
2 an isomorphismS(f ) : Pf(f � E)�= Pf(M )
 n

1 a representation S(f ) isomorphic to [F (f )]
0 for x 2 X , S(x) is a String(n) � Ex -pointed factor
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Again, the last line usesDe�nition 5.0.5and the data in dimension0 give exactly a string
structure on E.

The precisegluing conditions in dimensions0; 1; 2 were explainedin De�nition 5.0.9
and that's all we shall need. The main point is that the von Neumann algebrasfor
0-manifoldscan be usedto decomposethe representations of closed1-manifoldsinto the
Connesfusion of bimodules. That's the locality condition we needfor our purposesof
constructing a cohomologytheory in the end. Note that by Theorem 5.3.5 such string
connectionsexist and are up to isomorphismdeterminedby the topological datum of a
string structure.

Remark 5.3.7. In this Section5.2 we have not taken care of the actions of di�eomor-
phismsof d-manifolds,d = 0; 1; 2; 3; 4. This is certainly necessaryif onewants the correct
theory and we have formulated the preciseconditions only in De�nition 5.0.9 (which is
important for elliptic objects). However, we felt that the theory just presented is com-
plicated enoughas it standsand that the interestedreaderwill be able to �ll the gapsif
necessary.

5.4 T yp e I I I 1-factors and compact Lie groups

In this sectionwe discusscanonicalextensionsof topological groups

1 � ! PU(A � ) � ! G� � ! G � ! 1; (5.4.1)

one for each projective unitary representation � of the loop group LG of a Lie group
G. The above extensionswere �rst found for G = Spin(n) and � the positive energy
vacuum representation at level ` = p1=2. We used`local fermions' in the construction,
and arrived at the groups String(n) = G� . Antony Wassermannexplained to us the
more generalconstruction (in terms of `local loops') which we shall discussbelow.

In the extensionabove, A � is a certain von Neumann algebra, the `local loop alge-
bra', and one can form the projective unitary group PU(A � ) = U(A � )=T. If U(A � ) is
contractible, the projective group has the homotopy type of a K (Z; 2). In that caseone
getsa boundary map

� 3G � ! � 2PU(A � ) �= Z

which we call the levelof � . In the special casewhereG is compactand � is the vacuum
representation of LG at level ` 2 H 4(BG), this leads to an extensionG` ! G which
was used in Theorem 5.0.2. By Wassermann'sTheorem 5.3.3, the unitary group is
contractible in this case.

Lemma 5.4.2. If G is simply connected and compact, then the two notions of levelabove
agree in the sensethat

` 2 H 4(BG) �= Hom(� 3G; Z)

givesthe boundary map � 3G ! � 2PU(A � ) �= Z in extension5.4.1 if � is the positive
energy vacuumrepresentationof LG at level `.
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The proof is given at the end of this section. It is interesting to remark that the
`local equivalence'result in [Wa, p.502]implies that the construction leadsto canonically
isomorphicalgebrasA � andgroupsG� if oneusesany other positiveenergyrepresentation
of LG at the samelevel `.

Remark 5.4.3. The extension5.4.1is constructedasa pullback from a homomorphism
G ! Out(A � ). Such homomorphismsare also called G-kernels and they were �rst
studiedby Connesin [Co2]. Heshowed that for G a �nite cyclic group, G-kernelsinto the
hyper�nite I I1 factor are classi�ed (up to conjugation) by an obstruction in H 3(G; T) �=
H 4(BG). This result was extendedin Jones' thesis to arbitrary �nite groups [J1]. In
a sense,the above construction is anextensionof this theory to compact groups (and
hyper�nite I I I1 factors). More precisely, Wassermannpointed out that the extensions
5.4.1 are extensionsof Polish groups and by a general theorem have therefore Borel
sections.There is then an obstruction cocyclein C. Moore's[Mo] third Borel cohomology
of G which measuresthe nontrivialit y of the extension.By a a result of D. Wigner [Wig],
one in fact has H 4(BG) �= H 3

B orel(G; T). In the simply connectedcase(and for tori),
Wassermannhas checked that the obstruction cocycle in Borel cohomologyactually
agreeswith the level ` 2 H 4(BG). This lead Wassermannto a similar classi�cation as
for �nite groups, using the unique minimal action (cf. [PW]) of the constant loops on
A � .

For our applications to homotopy theory, this Borel cocycle is not as important as
the boundary map on homotopy groups in Lemma 5.4.2. However, it might be an
important tool in the understanding of non-simply connectedgroups becausethe iso-
morphism H 4(BG) �= H 3

B orel(G; T) continues to hold for all compact Lie groups (even
non-connected).

Remark 5.4.4. One drawback with this more general construction is that the von
NeumannalgebrasA � are not graded,whereasour original construction in terms of local
fermionsgivesgradedalgebrasvia the usualgrading of Cli�ord algebras.Whenever such
a grading is needed,we shall revert freely to this other construction.

Remark 5.4.5. The `freeloop group' LG is the group consistingof all piecewisesmooth
(and continuous) loops. The important fact is that the theory of positive energyrepre-
sentations of smooth loop groupsextendsto theselarger groups(cf. [PS] and [J4]).

Let � be a projective unitary representation of LG, i.e., a continuoushomomorphism
� : LG ! PU(H ) from LG to the projective unitary group PU(H ) def= U(H )=T of some
complexHilbert spaceH . This groupcarriesthe quotient topologyof the weak(or equiv-
alently strong) operator topology on U(H ). Note that by de�nition, we are assuming
that � is de�ned for all piecewisesmooth loops in G. Pulling back the canonicalcircle
group extension

1 � ! T � ! U(H ) � ! PU(H ) � ! 1

82



via � , we obtain an extensionT � ! ~LG � ! LG, and a unitary representation ~� : ~LG !
U(H ).

Let I � S1 be the upper semi-circle consisting of all z 2 S1 with non-negative
imaginary part. Let L I G � LG be the subgroupconsistingof those loops 
 : S1 ! G
with support in I (i.e., 
 (z) is the identit y element of G for z =2 I ). Let ~L I G < ~LG be
the preimageof L I G. De�ne

A �
def= ~� ( ~L I G)00� B (H ):

to be the von Neumann algebra generatedby the operators ~� (
 ) with 
 2 ~L I G. Re-
call that von Neumann'sdouble commutant theorem implies that this is precisely the
weak operator closure (in the algebra B(H ) of all bounded operators on H ) of linear
combinations of group elements ~L I G.

To construct the group extension(5.4.1) we start with the group extension

1 � ! L I G � ! P I
11G � ! G � ! 1; (5.4.6)

where P I
11G = f 
 : I ! G j 
 (1) = 11g, the left map is given by restriction to I � S1

(alternatively we can think of L I G as maps 
 : I ! G with 
 (1) = 
 (� 1) = 11), and
the right map is given by evaluation at z = � 1. The idea is to modify this extension
by replacing the normal subgroupL I G by the projective unitary group PU(A � ) of the
von Neumann algebra A � (the unitary group U(A � ) � A � consistsof all a 2 A � with
aa� = a� a = 1), using the homomorphism

� : L I G � ! PU(A � );

given by restricting the representation � to L I G � LG. We note that by de�nition of
A � � B (H ), we have � (L I G) � PU(A � ) � PU(H ).

We next observe that P I
11G acts on L I G by conjugation and that this action extends

to a left action on PU(A � ). In fact, this action exists for the group P I G of all piecewise
smooth path I ! G (of which P I

11G is a subgroup): To describe how � 2 P I G acts on
PU(A � ), extend � : I ! G to a piecewisesmooth loop 
 : S1 ! G and pick a lift ~
 2 ~LG
of 
 2 LG. We decreethat � 2 P I G acts on PU(A � ) via

[a] 7! [~� (~
 )a~� (~
 � 1)]:

Herea 2 U(A � ) � B (H ) is a representativ e for [a] 2 PU(A � ). It is clearthat ~� (~
 )a~� (~
 � 1)
is a unitary element in B(H ); to seethat it is in fact in A � , we may assumethat a is
of the form a = ~� (~
 0) for some~
 0 2 ~L I G (theseelements generateA � as von Neumann
algebra). Then ~� (~
 )a~� (~
 � 1) = ~� (~
 ~
 0~
 � 1), which shows that this element is in fact in A �

and that it is independent of how we extend the path � : I ! G to a loop 
 : S1 ! G,
since
 0(z) = 1 for z =2 I .
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Lemma 5.4.7. With the above left action of P I G on PU(A � ), the representation � :
L I G ! PU(A � ) is P I G-equivariant. Therefore, there is a well de�ned monomorphism

r : L I G � ! PU(A � ) o P I G; r (
 )
def
= (� (
 � 1); 
 )

into the semidirect product, whoseimage is a normal subgroup.

Beforegiving the proof of this Lemma, we note that writing the semidirectproduct
in the order given, oneindeedneedsa left action of the right hand group on the left hand
group. This follows from the equality

(u1g1)(u2g2) = u1(g1u2g� 1
1 )g1g2

becauseu 7! gug� 1 is a left action on u 2 U.

Proof. The �rst statement is obvious from our de�nition of the action on PU(A � ). To
check that r is a homomorphism,we compute

r (
 1)r (
 2) = (� (
 � 1
1 ); 
 1)( � (
 � 1

2 ); 
 2)

= (� (
 � 1
1 )[� (
 1)� (
 � 1

2 )� (
 � 1
1 )]; 
 1
 2)

= (� (
 � 1
2 )� (
 � 1

1 ); 
 1
 2) = (� (
 1
 2)� 1; 
 1
 2)

= r (
 1
 2)

To check that the image of r is normal, it su�ces to check invariance under the two
subgroupsPU(A � ) and P I G. For the latter, invariance follows directly from the P I G-
equivarianceof � . For the former, we check

(u� 1; 1)(� (
 � 1); 
 )(u; 1) = (u� 1� (
 � 1); 
 )(u; 1)

= (u� 1� (
 � 1)� (
 )u� (
 ) � 1; 
 )

= (r (
 � 1); 
 )

This actually shows that the two subgroupsr (L I G) and PU(A � ) commute in the semidi-
rect product group. Finally, projecting to the secondfactor P I G one seesthat r is
injective.

De�nition 5.4.8. We de�ne the group G� to be the quotient of PU(A � ) o P I
11G by the

normal subgroupr (L I G), in short

G�
def= PU(A � ) o L I G P I

11G

Then there is a projection onto G by sending[u; 
 ] to 
 (� 1) which has kernel PU(A � ).
This givesthe extensionin 5.4.1.
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The represen tation of G � in to Aut (A � ). Weobserve that there is a groupextension

G� � ! PU(A � ) o L I G P I G � ! G

wherethe right hand map sends[u; 
 ] to 
 (1). This extensionsplits becausewe can map
g to [11; 
 (g)], where
 (g) is the constant path with valueg. This implies the isomorphism

G� o G �= PU(A � ) o L I G P I G

with the action of G on G� de�ned by the previous split extension. Note that after
projecting G� to G this action becomesthe conjugation action of G on G becausethe
splitting usedconstant paths.

Lemma 5.4.9. There is a homomorphism

� : PU(A � ) o L I G P I G � ! Aut( A � ) �([ u]; 
 )
def
= cu � � (
 )

where cu is conjugation by u 2 U(A � ) and � (
 ) is the previouslyde�ned action of P I G
on A � (which wasso far only used for its induced action on PU(A � )).

Proof. The statement follows (by calculationsvery similar to the onesgiven above) from
the fact that

� (
 ) � cu = c� (
 )u� (
 ) � 1 � � (
 )

We summarizethe above results as follows.

Prop osition 5.4.10. There is a homomorphism� : G� o G � ! Aut( A � ) which reduces
to the conjugation action PU(A � ) � Inn(A � ) � Aut (A � ) on

PU(A � ) = ker(G� � ! G) = ker(G� o G � ! G o G)

The action of G on G in the right hand semidirectproduct is given by conjugation.
This implies that the correct way to think about the homomorphism� is asfollows: It is
a homomorphism� 0 : G� ! Aut( A � ), together with a lift to Aut( A � ) of the conjugation
action of G on Out(A � ) (which is given via e� 0 : G ! Out(A � )).

Proof of Lemma5.4.2. SinceP I
11G is contractible, the boundary mapsin extension5.4.6

are isomorphisms.Therefore,we needto show that � � : � 2L I G ! � 2PU(A � ) is the same
map asthe level ` 2 H 4(BG). If G is simply connectedthe latter canbe expressedasthe
inducedmap � � : � 2LG ! � 2PU(H ). Note that we usethe sameletter � for the original
representation � : LG ! PU(H ) aswell as for its restriction to L I G. Now the inclusion
L I G ,! LG inducesan isomorphismon � 2 and sodoesthe inclusion PU(A � ) ,! PU(H ).
For the latter one has to know that U(A � ) is contractible by Theorem 5.3.3 (which is
well known for U(H )). Putting this information together, one gets the claim of our
lemma.
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