
1 Intr oduction

This is thecontinuationof the“Photons,Schmotons”thread,editedby your truly.
Part I maybefoundhere:

http://math.ucr.edu/h ome/ba ez/p hot on/

—MichaelWeiss,editor

2 Michael Weiss:Our story sofar

Sothat's thedealwith coherentstatesfor a singleharmonicoscillator! Maybea
recapwouldbeuseful,beforewhizzingon to Part II.

Ourstorysofar:

NortonT. Noton(no degreesof freedom,scarcelya photon)liveson a line, mas-
queradingasafunction (x). Whenhe'sfeelingespeciallylow, hedresseshimself
in “basicblack”: theground-statefunction (x) = (constant)e� x2=2. His energy is
a mere1/2 on theseoccasions,andhe refusesto be pinneddown, neitheras to
wherehe is, nor asto wherehe's going. A casualobserver might think he's go-
ing nowhereat all, but themoreperceptive sort noticethathe's going througha
phase—in fact,phasee� it=2 in timet, soit takes4� secondsfor him to becomehis
formerself again.

Peeringat thelabelonhisout�t, we �nd thecryptic symbolj0i .

Give him a goodshove, and thingsstart to happen. He acquiresmomentumb
andpositionc, andbedeckshimself in an extravagantcorkscrew cape:  (x) =
(constant)exp(ibx� (x� c)2), labellede� icp+ibqj0i . Soenergeticdoeshebecomethat
beforeour eyes,heseemsto split into two notons—or is it three—or dozens—
or hundreds.. .dissolving,coalescing,impossibleto count,a tribute to theart of
cinematography.. .

Our quirky quantume� icp+ibqj0i hasbecomea coherentsuperposition:C0j0i +
C1j1i + C2j2i + : : : (wherejni labelsahappy clanof n notons).TheCn arepropor-
tional to (z=

p
2)n=

p
n!, wherez = c + ib. jCnj2 is proportionalto theprobability

that n notonscavort— or asmuchcavorting asonecando, with no degreesof
freedom!ThejCnj2 form aPoissondistributionwith meanvaluejzj2=2.

Thecamerapullsbackfor awideangleshot.Thecorkscrew  (x) looksmoreand
morelikeamerebumpon theline, a lumpof aparticleharmonicallyslidingback
andforth. And in double-exposureoverlay, aPoissondistributionof notonsfades
into theclosingcredits.
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3 John Baez:From the Symplecticto the Complex

OK, class,todaywe passfrom the classicalto the quantum,or in otherwords,
from thesymplecticto thecomplex.

A symplecticvector spaceserves as the “phasespace”for a classicalsystem;
a complex Hilbert spaceserves as the “spaceof states”of a quantumsystem.
Supposeyouhaveaclassical�eld theoryandyouwantto quantizeit. Thenhere's
whatyou cando: �rst take thephasespaceof your classical�eld theoryandturn
it into acomplex Hilbert spaceusingthetrick describedbelow. ThisHilbert space
is the spaceof “single-particlestates”of the quantum�eld theoryyou're after.
Thenyou form the “Fock space”on that Hilbert space— a trick which let you
describecollectionsof arbitrarily many particles.Eventuallywe will do this for
theelectromagnetic�eld andgetphotons.We'll warmup for this usingclassical
systemswith �nitely many degreesof freedom.

So: how do we turnasymplecticvectorspaceinto acomplex Hilbert space?

It' s not really complicatedif you go at it correctly. You startwith a real vector
spaceV, real dimension2n, with symplecticstructure! . You thenintroducea
complex structureJ on V, i.e. a linearmap

J : V ! V

with J2 = � 1. This makesV into a complex vectorspace,complex dimensionn,
with theoperatorJ correspondingto multiplicationby i.

Thenyoutry to de�ne acomplex innerproductonV with ! asits imaginarypart,
in theobviousway:

=hu; vi = ! (u; v)

<hu; vi = ! (u; Jv)

(where= meansimaginarypartand< meansrealpart). Thesecondequationis
to makesurethat<hu; vi = =hu; Jvi asit shouldbe.

Now: if we try to de�ne a complex innerproducthu; vi this way, we mayor may
not succeed.It dependson J. SomeJ's are“good” andsomeare“bad”. To be
“good”, J musthave two properties.

First, it needsto preserve thesymplecticstructure.In otherwords,weneed

! (Ju; Jv) = ! (u; v)

for all u andv. Thereasonis thatweneedour innerproductto satisfy

hJu; Jvi = hu; vi :
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Second,it mustbepositive. In otherwords,we need! (v; Jv) to benonnegative
for all v, sothattheinnerproductof any vectorwith itself is nonnegative,theway
it shouldbe.

In generalthereare a lot of “good” complex structuresfor a given symplectic
structure.Whichoneis right dependson thephysics.

The moral: saywe have a classicalmechanicsproblemwherethe phasespace
is a symplecticvectorspace. To quantize,we needto make a somewhat arbi-
trary choice:a choiceof a “good” complex structure.In many cases,thechoice
is uniqueif we requireit to be invariantunderthe groupof symmetriesof the
problem,andalsorequirethatenergieswork out to bepositive.

4 John Baez: in a more mathematical way in order
to confuseyou

Wilbert Dijkhof asks:

I asked Michaelwhat a symplecticstructureis. He gave an answer,
but I havesomemorequestions.

It seemslike you answeredall your own questionsperfectlywell. I' ll just sum-
marize: a symplecticstructureon a real vectorspaceV is a nondegenerateanti-
symmetricbilinearform

! : V � V ! R

In otherwords,! eatspairsof vectorsandspitsoutnumbers,andit' sbilinear:

! (au+ bu0; v) = a! (u; v) + b! (u0; v)

! (u; av+ bv0) = a! (u; v) + b! (u; v0)

antisymmetric:

! (u; v) = � ! (v; u)

andnondegenerate:

! (u; v) = 0 for all v impliesu = 0
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Notethatthis is verymuchlikeametricon V, say

g : V � V ! R

A metricis alsorequiredto bebilinearandnondegenerate.Theonly di� erenceis
thatthemetricis symmetricinsteadof antisymmetric:

g(u; v) = g(v; u)

andit' snonnegative:

g(u; u) � 0

This makesit easyto describea symplecticstructurein termsof ametric(or vice
versa).Namely, if we startwith a realvectorspaceV equippedwith a metricg,
wecande�ne asymplecticstructure! by:

! (u; v) = g(u; Av)

aslongasA : V ! V is a1–1skew-adjointoperator, thatis onefor which

g(u; Av) = � g(v; Au) (skew-adjointness)

and

Av = 0 impliesv = 0 (1–1-ness)

No surprisehere— I justwrotedown theconditionsweneedfor ! to work out to
beasymplecticstructure!

In particular, if V is goodold R2n andg is thegoodold dotproduct:

g(u; v) = u � v

thenA canbeany 1–1skew-symmetricmatrix. For example,wecantakeA to be
whatyousuggest:

A =
 

0 I
� I 0

!

4



whereI is then � n identity matrix. This givesusa symplecticstructureon R2n

which is secretlythesameastheimaginarypartof theinnerproductonCn! Why?
Well, let's work it out! This will alsohelpusstraightenout theminussignsthat
invariablyscrew thingsup in thisbusiness.

Wecanthink of avectoru in Cn asapairof vectorsu1; u2 in R2n — corresponding
to the positionandmomentumof a particle in n-dimensionalspace.The inner
productto two suchvectorsin Cn is then

hu; vi = u1 � v1 + u2 � v2 + i(u1 � v2 � u2 � v1)

sotheimaginarypartof theinnerproduct— oursymplecticstructure— is

! (u; v) = u1 � v2 � u2 � v1

= (u1; u2)
 

0 I
� I 0

!  
v1

v2

!

wherethelast line is matrix multiplicationof a row vector, a 2n � 2n matrix,and
a columnvector. In morecivilized notation,wehave

! (u; v) = u � Av

whereA is thematrix youwrotedown.

Soin short,you understandcompletelywhat's goingon, andI'm just restatingit
in amoremathematicalway in orderto confuseyou.

Now, over on the“supergeometry”thread,we've beentalking abouthow thedif-
ferencebetweenbosonsandfermionsamountsto sticking in minussignswhen-
ever you switch two fermions. So onemight guessthat the di� erencebetween
inner productsandsymplecticstructureshasa lot to do with the di� erencebe-
tweenbosonsandfermions.It' s true!

Thebeautifulthing is thatacomplex innerproducthasametricasits realpartand
a symplecticstructureas its imaginarypart. In this thread,we're talking about
quantizingbosons(e.g. photons),so we're startingwith a classicalphasespace
that's a symplecticvector space,and then we're choosinga complex structure
— a way to multiply by i. This lets usde�ne a metric,andwhenwe put all the
ingredientstogetherwegetacomplex Hilbert space— the“single-particlespace”
of ourquantizedtheory.

But if weweretalkingaboutquantizingfermions,thingswouldbeslightlychanged.
Wewouldstartwith aclassicalphasespacethat'sarealvectorspacewith ametric,

5



andthenwe'd choosea complex structure.This would let us de�ne a symplec-
tic structure,andthenwhenwe put all the ingredienttogetherwe'd againget a
complex Hilbert space. This would againbe the “single-particlespace”of our
quantizedtheory.

So: complex Hilbert spaceshave a bosonicaspectto them(thesymplecticstruc-
ture)anda fermionicaspectto them(themetric),tied togetherinextricablyby the
complex structure!It' s coolhow themathandthephysics�t togethersowell.

Onemorething. Whenyou heartheword “metric”, you might think of general
relativity. And youmightmakeawild guess:“Well, if avectorspacewith ametric
wantsto betheclassicalphasespaceof a fermion, couldtherebesomefermionic
aspectto gravity?”

Well, it' s not quite so simple. But if you dig into it really deepandstraighten
out all the problemswith this idea,you do get somethingout of it — the spin
network/spinfoamapproachto quantumgravity. (A goodplaceto startis actually
PenroseandRindler's SpinorsandSpacetime.)

5 Michael Weiss:a very nicepictur e,but a little too
abstract.

OK, let's look ataspecialcase,1-D quantummechanics.

The classical1-dimensionalphasespaceis a 2-dimensionalvectorspace,so it
lookslikeaplane.Wegive it coordinates(q; p).

Thesymplecticform is de�nedonpairsof vectorsin thisphasespace.It' sde�ned
by:

! ((q1; p1)(q2; p2)) =

������
q1 p1

q2 p2

������ = q1p2 � p1q2

soit' sjusttheareaof theparallelogramspannedby thevectors(q1; p1) and(q2; p2).

TheHamiltonian(q2 + p2)=2 de�nesavector�eld onphasespacevia Hamilton's
equations,which I won't write out for fearof makinga signerror. But thevector
�eld is easyto picture: little arrows swirling aroundthe origin in the clockwise
direction(with our sign conventions). So that the Hamiltonian�o w just rotates
theplaneclockwiseat a uniform rate. Pointsin phasespacetraceout circles,all
with thesameperiod.

NoticethattheHamiltonian�o w is area-preserving,asweexpectfrom Liouville' s
theorem.
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The caseof the harmonicoscillator is quite special(to paraphrasethe Church
Lady). In generalthe con�guration spaceis a manifold, andthe phasespaceis
the cotangentbundleto this manifold. But herecon�guration spaceis a vector
space(namelythereal line), sothecotangentbundleis a two-dimensionalvector
space. Flat as Texas (ever seethat greatposter, “Ski Lubbock!”?) Generaliz-
ing to n-dimensionsis no sweat;dropping�atnessis muchmoresigni�cant (asI
understandthings).

OK, now we turn our 2-dimensionalvectorspaceinto the complex plane. We
decreethat

i(q; p) = (� p; q)

andso if we identify (q; 0) with therealnumberq, we canwrite (q; p) = q + ip.
(Youknow, I think it wasHamiltonwho�rst de�nedcomplex numbersaspairsof
realnumbers.)

This is whatJohnmeansby giving phasespacea complex structure.Thekey is
de�ning whatit meansto multiply anelementof phasespaceby i.

If we startedwith n oscillators,our con�guration spacewould be Rn. So phase
spacewould be R2n. That would morph into Cn, i.e., n-dimensionalcomplex
Hilbert space.

Returningto 2-dimensionalFlatland, or rather1-complex-dimensionalHilbert
spaceC. . . the innerproductof two vectors(a) and(b) is a� b, i.e., theconjugate
of a timesb. (Or is it ab� ? Anotherconventionto screw up.)

Or spellingout therealandimaginaryparts:

h(q1 + ip1); (q2 + ip2)i = (q1q2 + p1p2) + i(q1p2 � p1q2)

Theimaginarypartof this innerproductis ! ((q1; p1)(q2; p2)). So I guesswe did
wanta� b. As Johnwroteit:

=hu; vi = ! (u; v)

<hu; vi = ! (u; Jv)

Note alsothat the real part is the ordinaryEuclideandot productin two real di-
mensions.

Our! -preservingHamiltonian�o w hasnow changedinto theinner-product-preserving
map:
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q + ip 7! (q + ip)e� it

andthe jargon-meistersrushforward plastering“symplectomorphism”over “ ! -
preserving”,and“unitary” over “inner-product-preserving”.

This is a very nice picture, I admit, but a little too abstract.Why arewe doing
this?What's thepunch-line?

I' ve chewedthis to a �ne mush.Here's thedeal: in theclassicalpicture,we have
a few interestingobservables,all functionsfrom phasespaceto thereals:

q, akaposition
p, akamomentum

H = radius2
2 , akaenergy

Turning to the quantumpicture,asa Hilbert space,C is aboutasbare-bonesas
it gets. It sureisn't the Hilbert spacewe usually think aboutwhenwe hearthe
words,“harmonicoscillator”! That Hilbert spaceis L2, andhassomenice fun-
guy operatorsliving in it, likeourold palsthecreationandannihilationoperators
(over thereby thevideoset,playingDoom.)

6 John Baez:a little too wet

MichaelWeisswrites:

OK, now we turn our 2-dimensionalvectorspaceinto the complex
plane.

Right.

This is averynicepicture,I admit,but a little too abstract.

Tooabstract,eh?Remindsmeof theguywhosaidtheoceanwasverynice— but
a little toowet.

True, we needto work quite a bit beforetheseabstractionscometo life for us.
Perhapsthemainthingyouhaveto wrapyourmindaroundis theanalogybetween
quantummechanicsandquantum�eld theory. In bothof thesesubjects,you start
with a “little” Hilbert spaceandthenform theFockspaceon that,which is “big”.
The “little” Hilbert spaceis thesameasthephasespaceof theclassicalsystem,
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while the“big” Hilbert spaceis theHilbert spacefor thecorrespondingquantum
system.

For example: the classicalphasespaceof a singleparticleon the line is C. The
Hilbert spacefor thecorrespondingquantumsystemis theFockspaceonC, which
hasa basisof statesjni . This spacecanalsobe thoughtof asL2(R). R is the
classicalcon�guration spaceof a singleparticleon the line. If we “complexify”
thecon�gurationspaceR wegettheclassicalphasespaceC.

Or: the classicalphasespaceof a vibrating string is someHilbert spaceH. A
point in phasespacedescribesboth the position and momentumof the string.
Thuselementsof H arecertainpairsof real-valuedfunctionsontheinterval [0; 1].
TheHilbert spacefor thecorrespondingquantumsystemis theFock spaceon H,
which hasa basisof states

jn1; : : : ; nki :

Thisspacecanalsobethoughtof asL2(X), whereX is theclassicalcon�guration
spaceof a singleparticle on the line. An elementof X is a single real-valued
function from [0; 1]. If we “complexify” the con�guration spaceX we get the
classicalphasespaceH.

Or: startwith theclassicalphasespaceH of a realscalar�eld on n-dimensional
space,anddo everythingin analogyto the caseof a string. Elementsof H are
pairsof real-valuedfunctionson Rn.

Or: startwith the classicalphasespacefor electromagnetismon n-dimensional
space,anddo the samegame. Elementsof H arepairsconsistingof a “vector
potential”and“electric �eld”.

Hereis thetwist that is probablyconfusingyou. Sincein any of theseexamples
theclassicalphasespaceis a Hilbert space,we canalsothink of it astheHilbert
spaceof a quantumsystem.In the quantum�eld theoryexamples,statesin the
Fock spacedescribescollectionsof particles,while the classicalphasespaceis
theHilbert spacefor a singleparticle. But in thequantummechanicsexamples,
theclassicalphasespaceis distressinglysmall!

As younote:

Turningto thequantumpicture,asaHilbert space,C is aboutasbare-
bonesasit gets.It sureisn't theHilbert spacewe usuallythink about
whenwehearthewords,“harmonicoscillator”!

WhatdoestheHilbert spaceC meanhere?Well, it' s theHilbert spaceof a“single
quantumwith no internal degreesof freedom” — whatever that means. This
boringold quantumhasbut asinglestate(apartfrom theall-importantphase).
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Thenwhenwe form theFock spaceover C, we geta spacewith a basisof states
like jni . Thestatejni describesacollectionof n “quantawith no internaldegrees
of freedom”.

So: in this examplethe “Hilbert spacefor a singleparticle” is utterly dull, and
only whenwe form theFock spacedo we getsomefun annihilationandcreation
operators.

In themorefancy examples,thereis alreadysomeinterestin theHilbert spacefor
a singleparticle.

But the thing to keepin mind is that the “Hilbert spacefor a singleparticle” is
alsothe“classicalphasespace”.

7 Michael Weiss:A �ner mush

Lessee,lasttime I said:

I' vechewedthis to a �ne mush.

But themushwasn't quite�ne enough,here's a �ner mush.

Our old friend, the classicalharmonicoscillator, we canpicturenicely asa dot
racingon a circle. More precisely, theclassicalstateof theoscillatoris givenby
thepositionof thisdot.

Now let's go over to quantum-land.R2 becomesC. Doesn't seemlike sucha
big deal. Aha, but C is not the setof quantumstates; it' s the Hilbert spaceof
state-vectors!

That's thekey. To get thequantumstates,we have to “mod out” by thecomplex
numbers.Youknow how it goes:state-vectorsv andcvareregardedasequivalent
for any non-zerocomplex numberc. (Herev mustalsobenon-zero.Sotechnically
we're formingequivalenceclassesof theHilbert spaceminusthezerovector.)

Sowhatdoesthis“moddingout” processdoto ourpoorold classicalstates?Well,
for the1-D harmonicoscillator, it completelykills o� any individuality.

First o� , forget the energy observable! Doesn't matterhow far out you are—
doesn't matterwhich circle in phasespaceis your race-track—you'reall equiva-
lent. In otherwords,we cannormalizethestate-vectorv, replacingit with v=kvk.

That makesa weird kind of sense.C is the Hilbert spacefor a singlequantum
“particle”— asingle“noton”. A singlenotonalwayshasenergy ~=2. To getmore
energy, youneedmorenotons.We saw how thatworkedwith coherentstates.
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Whataboutthepositionobservable?Normalizingour state-vectorputsit on the
circle of radius1. But in classical-land,it still getsto racearound! The state-
vectorv becomese� itv. Di� erentclassicalstates,but thesamequantumstate.

And thisalsomakesquantumsense.If you'rein aneigenstateof theHamiltonian—
if youhavede�nite energy— youdon't change!Thatain't soin classical-land.In
quantum-land,life changesonly for superpositionsof energy eigenstates.We've
seenhow thatworkswith coherentstatestoo.

SoI guessit' sa threestepplan:

1. Startwith a classicalphasespace,full of soundandfury andsword-play.

2. Turnit intoaHilbert space.Thisis thehomefor asinglequantum“particle”.
But whatadrabworld ourquantumparticleinhabits!Statesthatclassically
haddi� erentenergieshave becomethesame.Phase-spacetrajectoriesthat
classically“took you somewhere”now just spinyou in place.

3. “Secondquantize”:createtheFock space,thehomeof manyquantumpar-
ticles.Form coherentsuperpositions.And therichnessis recovered.

Step(2) hingeson thechoiceof a complex structure.It tells uswhatkvk is, and
whate� itv is.

To sumit up in adiagram:

classical
phase space,
single-quantum
Hilbert space

| \
| \
| Fock space =
| L^2(config.space)
| /
| /
| /

classical
configuration
space
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8 John Baez:The choiceof complexstructur e

Let mewrite (q; p) for apoint in thephasespacefor aparticleon theline. Wecan
alsothink of thisasthepointq + ip on thecomplex plane.

Thenthe symplecticstructure! is imaginarypart of the usualinner productof
complex numbers:

! ((q; p); (q0; p0)) = =hq + ip; q0+ ip0i

= p0q � q0p

while thecomplex structureJ correspondsto multiplicationby i:

J(q; p) = (� p; q) sincei(q + ip) = � p + iq

Beware of minussigns: we canget di� erentformulaswith di� erentsignsif we
write (p; q) = p + iq insteadof (q; p) = q + ip, or work with aninnerproductthat
is linearin the�rst slot ratherthanin thesecondslot. Conventionsvary.

However, we shouldn't worry too muchabouttheconventions! We shouldkeep
our eyeson the main point: the classicalmechanicsof a linear systemonly re-
quiresthat the phasespacebea symplecticreal vectorspace,while its quantum
mechanics(e.g.constructingtheFockspace)requiresthatit beacomplex Hilbert
space.To getfrom theformerto thelatterweneedto pick a goodcomplex struc-
ture, where“good” meansthat ! (Ju; Jv) = ! (u; v) for all u andv, and! (v; Jv)
is nonnegative for all v. Theabove exampleis thesimplestexampleof how this
works.However, therearedi� erentchoicesfor J, evenin this simpleexample.

The needfor this choicecausesvarioussubtletiesin quantum�eld theory. For
example,whendoingquantum�eld theoryoncurvedspacetimethereis acanoni-
cal way to chooseasymplecticstructureon thespaceof classicalsolutionsof the
wave equation,but no canonicalway to choosea complex structure.This makes
thenotionof “Fockspace”— andthusthenotionsof “vacuum”and“particle” —
somewhatarbitrary. HenceHawking radiation.

Alternatively, say we are studyingparticlescoupledto a external gauge�eld.
Thereis againan obvious bestsymplecticstructure,but di� erentexternal�elds
de�ne di� erentcomplex structures.Sothenotionof “particle” dependsin a non-
trivial way on the external�eld. Worse,aswe traceout a nontrivial loop in the
spaceof external�elds, our notion of “particle” canfail to comebackto where
it was! Therecanbea funny sortof phaseambiguity, calledan“anomaly”. This

12



is usuallyregardedasa badthing, soonethrows out gauge�eld theorieswhere
theparticleshave anomalies.Peoplepredictedtheexistenceof thetop quarkbe-
causeif onequarkin a givengenerationweresimply missing,therewould bean
anomaly.

9 Michael Weiss:A particle with personality!

Classis now in session.

So,what's thison theboard?

Find thesymplecticstructurefor thewave equationin 1 dimensional
space.Find the uniquePoincaŕe-invariantcomplex structureon the
spaceof solutionsof the(real!) waveequation.

I hadalot of troublewith thisproblem,andall becauseI violatedWheeler'sMoral
Principle: “Never calculateanything until you know theanswer!” So insteadof
giving theansweroutright,I think I will �rst mull out loudaboutit for abit.

OK, the wave equation:uxx = utt, wherethe subscriptsstandfor partial deriva-
tives:uxx = @2u

@x2 , utt = @2u
@t2 . (Herewe setthewavepropagationspeedequalto 1, of

course.)We wantto look at thespaceof all real-valuedsolutionsto this.

For starterswe have theclassicalcon�guration space.Easyenoughto picture: a
violin string. Pair u up with @u=@t andwe have the classicalphasespaceof the
string: whereit is, andwhereit' s going. Slapon a complex structureandwe've
got theHilbert spacefor asingleparticle.A particlewith personality!— with the
tonalrichnessof aStradivarius,or at leastaone-string�ddle: let'scall it a foton.

Violin stringshavebeenahot topic from 1747,whenD'Alembert �rst derivedthe
wave equation,to 1900,whenFej́er �nally provedrigorouslythat theFourierse-
riesof a continuousperiodicfunctionis Ces�arosummableto thatfunction. (And
beyond: importantnew theoremswerestill appearingaslateas1966.My analyti-
cal friendCarlhaswrittenupa fascinatinghistoricalsketch,from whichI learned
all this.)

Wewantto look atharmonicallyoscillatingmodesof thestring.PerhapsI should
say“listen to” insteadof “look at”! Thesemorphinto eigenstatesof the foton:
stateswherethefoton just basicallytwiddlesits phase,not changing. Stateslike
this, for example:

u(x; t) = cos(kx � ! t) (A travelling wave)
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Plugginginto thewaveequationuxx = utt wegetk2 = ! 2, or j! j = jkj. (You'll have
to keepstraightwhen! meansangularfrequency andwhenit meanssymplectic
structure.)

Umm. Realviolin strings—evenreal ideal violin strings—have �x edends.In
technicaljargon, boundaryconditions: say, u(0; t) = u(1; t) = 0 for all t. But
thatwould rule out our simpletravelling wave. Of coursewe coulduseperiodic
boundaryconditions.. . . I think I' ll postponethattopic to anothertime. For now,
ourviolin stringis in�nitely long.

Lessee,what'sourscreenplayhere?Con�gurationspace! phasespace! Hilbert
space,right?Lasttimewewatchedthesagaof a lowly classicalharmonicoscilla-
tor which,throughhardwork andsacri�ce,achievedthestatusof alowly “noton”,
a particlewith no degreesof freedom.Theone-notesoundtrackwentlike this:

con�gurationspace q(t) = cost
phasespace (q(t); p(t)) = (cost; � sint)
Hilbert space q(t) + ip(t) = exp(� it)

This time we startwith a travelling wave u(x; t) = cos(kx � ! t), andI guessthe
scoreis:

con�gurationspace u(x; t) = cos(kx � ! t)
phasespace (u(x; t); �u(x; t)) = (cos(kx � ! t); ! sin(kx � ! t))
“Hilbert space” exp(i(kx � ! t))

—except for the embarassingfact that exp(i(kx � ! t)) has“in�nite norm”, and
isn't really a citizen-in-good-standingof a true Hilbert space.Let's just ignore
thatlittle problem,shallwe?

I' veused�u, thetime-derivativeof u, for the“momentum”.Seemslikeagoodbet.

The answerhasjust the right form: exp(i(kx � ! t)) = e� i! t exp(ikx), so it is a
rotating vector in “Hilbert space”,and the correspondingquantumstate-vector
doesn't change. Not only that,but it' swonderfullycinematic!Thiscomplex wave
functionlookslikeanin�nite stringthatwrapsaroundtheline corkscrew fashion.
It turnsin place,andwavesappearto travel alongit, like thestripeson a barber-
pole.

Soarewereadyto answerthehome-work question?For notons,wehad(q; p) $
q + ip. Now wewant:

(cos(kx � ! t); ! sin(kx � ! t)) $ ei(kx� ! t) = cos(kx � ! t) + i sin(kx � ! t)

14



Writing q = cos(kx � ! t), p = ! sin(kx � ! t) to reducethecluttera bit:

(q; p) $ q +
i
!

p

This givesus the rule for translatingbetweenphasespaceand“Hilbert space”.
Multiplying both sidesby i, on the left we shouldget the long-soughtcomplex
structureonourphasespace:

J(q; p) $ �
1
!

p + iq

Usingthetranslationruleon theright handside:

(�
p
!

; ! q) $ �
1
!

p + iq

or �nally:

J(q; p) = (�
p
!

; ! q)

We'vede�ned thecomplex structure!Therestis justmoppingup.

Umm. Quite a lot of moppingup. Poincaŕe invariance,symplecticstructure,
theenergy, themeaningof ! for any old con�gurationof thestring,andof course
thoseboundaryconditions.. . . Thisis beginningto look moreliketheaftermathof
aStevenSegalaction-�ic, andnot thebio-picof thatcelebratedclassicalviolinist,
FrancesP. Foton! But I think that'senoughfor now.

10 John Baez: I don't know much Yiddish, but. . .

MichaelWeisswrote:

A particlewith personality!— with thetonalrichnessof aStradivar-
ius,or at leastaone-string�ddle: let'scall it a foton.

Gee,you're makingup particleslike a true physicist: �rst schmotons,thenthe
one-notenotons,and now fotons! (Actually, I was the one who correctedthe
barbaric“shmoton” to read“schmoton”. I don't know muchYiddish,but terms
of derogationseemto needthat c — whena schlemielstartsschmoozing,or a
schmuckstartshis schtick,thatextrac invariablycomesin. Besides,if we getrid
of thec, why keeptheh — mightaswell setthembothequalto 1, leaving uswith
“smotons”?)
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con�gurationspace q(t) = cost
phasespace (q(t); p(t)) = (cost; � sint)
Hilbert space q(t) + ip(t) = exp(� it)

Right. Here,of course,time evolution just amountsto rotationananglet clock-
wise.(Clockwise?Well, that'sbecausee� it goesaroundclockwise.Thishasto do
with our conventionof writing pointsin phasespaceas(q; p) ratherthan(p; q).
But afterall, isn't it quite �tting for time evolution to go clockwise?)So in par-
ticular, the complex structure,which is multiplication by i, correspondsto time
evolutionbackwardsaquarterperiod— the“backwards”bit beinganunfortunate
spino� of our conventions.But let's just keepthatin mind.. .

This timewestartwith a travelling waveu(x; t) = cos(kx � ! t), andI
guessthescoreis:

con�gurationspace u(x; t) = cos(kx � ! t)
phasespace (u(x; t); �u(x; t)) = (cos(kx � ! t); ! sin(kx � ! t))
“Hilbert space” exp(i(kx � ! t))

Looksgood.Whathappensif wedotimeevolutionbackwardsaquarterperiodin
this case?Do we getthecomplex structureyouworkedout?

Quitea lot of moppingup.. .This is beginningto look morelike the
aftermathof aStevenSegalaction-�ic

Actually it' sbeginningto look likeanIrving Segalpaperonquantum�eld theory!
But let'ssee,canyoushow thecomplex structureis invariantunderspaceandtime
translations,for astart?

11 Michael Weiss:Foolsfear to tr ead.. .

Last time I o� ereda “de�nition” for a complex structureon our “violin string”
space,which I' ll call V. Recallthede�nition of V: pairsof real-valuedfunctions
(u; �u), representinginitial conditionsfor solutionsto theclassicalwave equation
utt = uxx. (As before,I usesubscriptsto indicatepartial derivatives.) We could
alsothink of theelementsof V asbeingthesesolutions:givena pair (u(x); �u(x)),
we �nd theuniquefunctionu(x; t) for which:
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utt = uxx

u(x; 0) = u(x) for all x

ut(x; 0) = �u(x) for all x

—at leastwe cando that if u(x) and �u(x) areniceenough.I'm beingdeliberately
vagueaboutboundaryconditionsand other suchpersnickety details; after all,
gotta give der Herr ProfessorJB somethingto write about! (Last time I used
in�nitely longviolin strings;thatis, I pushedtheboundarieso� to in�nity . Some
musicianspreferperiodicboundaryconditions,or in the lingo, they “put those
fotonsin abox”.)

Soherewasmy “de�nition” of acomplex structureJ on V: if

q = cos(kx � ! t)

p = ! sin(kx � ! t)

thenq is asolutionto thewaveequationif k2 = ! 2. Also p = qt, so(q; p) at t = 0
is oneof our (u; �u) initial conditions.De�ne:

J(q; p) = (�
p
!

; ! q)

Well, I haven't really de�ned J on V, have I! I' ve de�ned J for certainelements
of V. Or at leastif you'll let mesweeptheboundaryconditionsundertheedgeof
therug! (Whereelsewouldyou sweepboundaryconditions?)

But my setof (q; p) pairsoughtto getuspretty far, especiallyif we throw in the
complementaryset:

q = sin(kx � ! t)

p = � ! cos(kx � ! t)

alsowith k2 = ! 2. If t = 0, thenwe have the makingsof a Fourier series,or
a Fourier integral (againdependingon thosepesky boundaryconditions),sowe
oughtto beableto extendmy de�nition of J “by linearity” to all of V.
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Considerit done.Foolsfearto treadwheredieHerrenProfessorenrushright in, so
I' ll leave thefunky analyticaldetailsfor someonewho really knows whatthey're
doing.

Still, theoverall tuneis reallyquitepleasant.Thanksto thiscomplex structure,we
canthink of our �rst q(x; t) astherealpartof thecomplex functionei(kx� ! t). Also
p(x; t) correspondsto theimaginarypart,but with thatfactorof ! thrown in.

I will voice a worry or threeI' ve beenhaving aboutthis business. The usual
Fourierintegral formula:

 (x; t) = (constant)
Z

 ̂ (!; k)ei(kx� ! t)dk

doesn't look very Poincaŕe invariant. (HereI innocentlyset ! = jkj, so I don't
have to integrateover both k and ! . I have a sneakingsuspicionwe will hear
moreaboutthat.) Pokingaroundin the textbooksa bit (Haag's Local Quantum
Physics) suggestsreplacingthiswith:

 (x; t) = (constant)
Z

 ̂ (!; k)ei(kx� ! t)dk=jkj

What doesthis do to the Fourier inversionformula? Or to our formula for the
complex structure?

(Incidentally, Poincaŕe invariancemight bea goodreasonnot to imposeperiodic
boundaryconditions. Kind of hard to have a Poincaŕe invariant box— even a
musicbox!)

And whataboutthe innerproduct?We werepromiseda Hilbert space,oncewe
foundacomplex structure!

I was kind of hoping that the “vectors” ei(kx� ! t) would form a Dirac-style“or-
thonormalbasis”for thisHilbert space.Thisdoesn't seemto quitework out.. .

Oh well. More un�nished business.JohnBaezaddedtwo moreitemsto thelist.
I' ll tacklejust the�rst onein theremainderof thispost.

Whathappensif we do time evolution backwardsa quarterperiodin
this case?Do wegetthecomplex structureyouworkedout?

No. But that'sOK. I' d justworkedoutwhythis is �ne, andwastrying to illustrate
it, when I ran acrossa neatapplet that shows the di� erenceperfectly. Go to
MichaelFowler'son-linephysicsnotesandtakeaganderat:
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http://landau1.phys.V irg ini a.EDU/clas ses/109 N/
more_stuff/GroupVeloc ity .ht ml

Fowler doesn't sayhe's illustratingthedi� erencebetweenthecomplex structure
andtime evolution; as the URL suggests,the appletdepictsgroupvelocity and
phasevelocity. A multi-purposeapplet:setthegroupvelocity to zero,andtheap-
plet illustratesthecomplex structure;setit to oneto one,andtheappletillustrates
timeevolution.

How'sthat?Well, let's takeasimplewave—justnot toosimple.Let's takeu(x; 0)
to bethesumof two pureharmonicwaves,say:

u(x; 0) = cos(k1x) + cos(k2x)

If k1 andk2 areveryclose,thenu(x; t) lookslikewiggly scribblecon�nedbetween
two slowly varyingcosinewaves.

If we want to time-evolve u, we just let t increasea bit, takingusfrom u(x; 0) to
u(x; t):

u(x; t) = cos(k1x � ! 1t) + cos(k2x � ! 2t)

If insteadwewantto applyJ, we think of u(x; 0) astherealpartof

 (x) = eik1x + eik2x

andmultiply  by i. A little moregenerally, we couldmultiply  by any phase
factor, saye� ic. This is a kind of “complex structure”evolution. Theparameterc
takestheplaceof t, andweget:

 (x; c) = ei(k1x� c) + ei(k2x� c)

So with time-evolution, the phaseof eachterm changesby a di� erent amount,
becauset is multipliedby di� erentvaluesof ! . With complex-structureevolution,
eachphasechangesby thesameamount.

Thegroupvelocity is de�ned as
d!= dk

or for our two-notewave,

� != � k = (! 1 � ! 2)=(k1 � k2)
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But ! = jkj for our fotons;whenk1 andk2 arepositive,thegroupvelocity is 1. So
plug thatvalueinto MichaelFowler'sapplet,andyou'vegotyourpicturefor time
evolution.

Complex-structureevolution looks like time-evolution, exceptwith ! set to the
constantvalue1 for all k. Whichmeansthatthegroupvelocitywill bezero.

12 John Baez: the covariant phasespaceformalism

MichaelWeisswrote:

LasttimeI o� ereda“de�nition” for acomplex structureonour “vio-
lin string” space,which I' ll call V.

Yes indeed,and it wasvery cleverly arrived at: you simply thoughtof a violin
stringasa collectionof independentharmonicoscillators,andusedthestandard
complex structureon thephasespaceof eachoneof theseharmonicoscillators.
That'swhatharmonicanalysisis all about:whenin doubt,diagonalize!

Recallthede�nition of V: pairsof real-valuedfunctions(u; �u), repre-
sentinginitial conditionsfor solutionsto theclassicalwave equation
utt = uxx. (As before,I usesubscriptsto indicatepartialderivatives.)
Wecouldalsothink of theelementsof V asbeingthesesolutions.

Right. Thatgoesby thenameof the“covariantphasespaceformalism”: we think
of a point in phasespaceasbeinga solutionof whatever equationwe're messing
with. Theadvantageof this over theolderapproach— wherewe think of apoint
in phasespaceasbeinginitial data for a solution— is that it doesn't requireus
to make anarbitrarychoiceof time to call t = 0. This choicebecomesa bigger
dealin specialrelativity, wheredi� erentpeoplehavedi� erentideasof t, andeven
moreso in generalrelativity. Themoral: to avoid anarbitrarysplit of spacetime
into spaceandtime, work with the covariantspaceformalism! Then,whatever
groupsof symmetrieshappento be aroundwill act in an obviousway on your
phasespace.

Thereis however a price to pay: it' s sometimesharderto write down explicit
formulasin thecovariantphaseformalism!Sometimeswewantto getourgrubby
little handson someconcretep's andq's, or in thepresentsituation,u's and �u's.
For that,weneedto chooseatimeto call “now” — thefamoust = 0 or “spacelike
slice” thatcanonicallymindedphysicistsalwaysbegin thedaywith.
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But there's no real con�ict: we can work using the covariantphasespacefor-
malismwhenever that's convenient,andwork with initial datawhenever that's
convenient.

I'm being deliberatelyvagueaboutboundaryconditionsand other
suchpersnickety details;after all, gottagive der Herr ProfessorJB
somethingto write about!

Soyou getto do all thejuicy stu� , leaving thedry detailsto me?Harrumph!(he
saidGermanically).

But just so peoplerealizethesedetailsarenot really so scary, let me sketchout
how onegoesabout�lling themin.

The initial datau and �u don't needto be particularlynice to determinea unique
solution of the wave equation. If you want nice, let them be arbitrary smooth
functions;if you want nasty, let thembe arbitrary“distributions”, like the nine-
teenthderivative of theDirac deltafunction. It all dependshow goodyou areat
interpretingthewaveequationin asu� ciently generalway.

For smoothinitial data,we interprettheequation

utt = uxx

just thewayourcalculusteacherstold usto — youknow, epsilonsanddeltasand
all that jazz. And it' s easyto solve: we just guessthe solution,using the fact
thateverysolutionis asumof a left-moving waveanda right-moving wave,each
truckingalongatunit speed:

u(x; t) = f (t � x) + g(t + x):

If wework with distributionsasinitial datawe needto interpretthederivativesin
thedistributionalsense— but don't worry, they teachyou wantthatmeanswhen
you learnwhattheheck“distributions”are!And again,thewaveequationis easy
to solve: you justguess

u(x; t) = f (t � x) + g(t + x)

and�gure out what f andg havegottabeto matchtheinitial datau and�u.

Anyway, there's no big problemsolving the darnthing given someinitial data.
As for why there's a uniquesolution,well, just assumethereare two, subtract
them,andgeta contradiction.. . I leave thedetailsto you. (Hint: conservationof
energy.)
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Sowe canstartout leaving thingspretty�e xible, anddecideexactlywhatkind of
solutionswe're talkingaboutlater, whenwe constructour complex Hilbert space
of solutions. This Hilbert spacewill, asusual,have a norm, andwe will then
restrictattentionto “�nite-norm” solutions— i.e.,solutionsthatlie in theHilbert
space!Onestandardway to proceedis this: �rst we take thespaceof compactly
supportedsmoothinitial data,and thencompletethis with respectto the norm
(which we will eventuallyhave a formula for) to get the preciseHilbert space
we're after.

But anyway, this is only importantif youwantto doteveryi andcrosseveryt. For
now let'ssortof berelaxedaboutthefunctional-analyticaspectsandfocuson the
physics.

Last time I usedin�nitely long violin strings; that is, I pushedthe
boundarieso� to in�nity . Somemusicianspreferperiodicboundary
conditions,or in thelingo, they “put thosefotonsin abox”.

Puttingyour fotonsin a box doesn't referto periodicboundaryconditionsin par-
ticular; it just refersto working with wavesthatstayinsidea box-shapedregion
of space,andif courseif onedoessooneneedssomeboundaryconditionsto say
what happensto the waveswhenthey hit the wall of the box. Periodicbound-
ary conditionsaremathematicallytheeasiestto dealwith, but they'rea little odd,
sincethey say the waves “wrap around” and immediatelyappearon the other
side. A mirroredbox of light or violin string would be betterdealtwith using
someotherboundaryconditions,like “Dirichlet” boundaryconditions,sincethe
wavesre�ect o� thewall, not “wrap around”.

Anyway, if we aren't completelyexhaustedby the time we answeryour original
questionaboutphotons,we might considerphotonsin a box (or maybewatered-
down “fotons”) andcalculatethemagnitudeof theCasimire� ect,which is dueto
thevacuumenergy anddependson thechoiceof boundaryconditions.

But I digress.. . I think I' ll continuein anotherpost.

13 John Baez:Multiplication by i on a Thursday

In his lastpost,Michael�eshedout thedetailsof his proposedcomplex structure
on thephasespaceof solutionsof thewaveequationin 2 dimensions.Hecall this
phasespaceV andthinksof pointsin it aspairs(u; �u) consistingof oursolutionu
at time zeroandits �rst time derivative �u. Thesearesupposedto beanalogousto
pairs(q; p) consistingof thepositionandmomentumof a point particle.And the
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ideais to usethis analogyto �gure out everythingaboutthewaveequation,start-
ing from whatwe alreadyknow abouttheharmonicoscillator. A pluckedstring
is just a bunchof uncoupledharmonicoscillatorscorrespondingto the di� erent
vibrationalmodesof thestring! Eachonehasits own little 2dphasespacewith its
own complex structure.We glom themall togetherto get the complex structure
on V.

By theway, don't forgetwhy we'redoingthis! Ourgoalis to makeV into acom-
plex Hilbert space,sowe canstartdoingquantum�eld theory: unit vectorsin V
will describestatesof a singlequantumparticle— a “foton” — whenwe quan-
tize thewaveequation.However, V startedout life asaclassicalphasespace,and
is thusa realvectorspaceequippedwith a symplecticstructure.Thesymplectic
structurewill betheimaginarypartof theinnerproductoncewesucceedin mak-
ing V into a complex Hilbert space,but to get the realpartof the innerproduct,
andto make V into a complex vectorspacein the �rst place,we needa way to
multiply vectorsin V by i — acomplex structure!

Rememberhow thecomplex structureworkedfor theharmonicoscillator. A point
in thephasespacefor theharmonicoscillatoris justapair of realnumbers:

(q; p)

We canthink of a pair of realnumbersasa singlecomplex number, andthenthe
complex structure— multiplication by i — givesthe point (q; p) a quarterturn
counterclockwise.To emphasizethatwe arereally introducinga notionof multi-
plicationby i, insteadof usingapre-givenone,wewrite thecomplex structureas
J insteadof i. Sowehave:

J(q; p) = (� p; q):

Now, all this may seemobvious, if perhapsratherodd, but it' s really important
not to merelyour headsandsay“yup, that's multiplicationby i, all right” — we
have to understandwhat's right aboutthisde�nition of J. Firstof all, it satis�es

J2 = � 1

which is just what it meansfor a linear operatorto be a complex structure.But
therearelotsof di� erentoperatorswecouldhavepickedwith thatproperty. Sec-
ondly, it preservesthesymplecticstructure:wehave

! (Jv; Jv0) = ! (v; v0)
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wherev = (q; p) andv0 = (q0; p0) arepointsin ourphasespaceandthesymplectic
structure! is givenby

! (v; v0) = pq0 � qp0

But therearelots of complex structuresthatalsohave this property. Why? See
Hint 1 below if you can't �gure it out. Thirdly, it commuteswith time evolution.
This is important,sincewe don't wantmultiplicationby i on Thursdayto bedif-
ferentfrom multiplicationby i on Friday! Rememberthat time evolution for the
harmonicoscillator is simply rotation: moreprecisely, to evolve in time by an
amountt, we rotatethephasespacet radiansclockwise.(Our standardharmonic
oscillatorhasperiod2� .) Soour complex structurealsohasto commutewith ro-
tations!And it turnsout thatthereareonly two complex structuresthatcommute
with rotations:theonewe arecalling J, andalso� J. (If you don't seewhy, try
Hint 2.)

Sothequestionis just: why is J betterthan� J? Well, thisdependsoncertaincon-
ventions,but having chosentheseconventionsalready, theansweris: becausethe
Hamiltonianin thequantumtheoryof theharmonicoscillatorshouldbepositive!
Timeevolution in quantummechanicsis usuallygivenby

e� itH

whereH is a positiveoperator. In thecaseat hand,if we take i to beouroperator
J, we seethat H = 1, which is positive. If we took i to be � J, we would get
H = � 1. Thatwouldbenegative,whichwedecreeto bebad.

Thisstu� is important.ThereasonDiracthoughtnegative-frequency solutionsof
theDiracequationcorrespondedto negativeenergy statesof theelectron,andthus
hadto makeupafancy storyaboutpositronsbeing“holes” in the“seaof negative
energy states”,wasthathegot thewrongcomplex structure!

And if Michael isn't careful,we're gonnaget thewrongcomplex structurehere,
too! Of course,I will putall theblameonhim if thishappens— I herebyabsolve
myselfof all responsibility!But really, heshouldbeableto do it right. Thegreat
thingaboutminussignsis that,unlikemostthingsin life, youalwayshaveat least
a 50%chanceof gettingthemright!

So let's seehow Michael is doing it. A vibrationalmodeof our in�nite string is
characterizedby a frequency ! andawavenumberk, whichdescribehow fastour
string wigglesin the t andthe x directions,respectively. Correspondingto each
frequency ! andwavenumberk with ! 2 = k2, we have two linearly independent
solutionsof thewaveequation:
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u(x; t) = cos(kx � ! t)

and

u(x; t) = sin(kx � ! t)

Sowe geta little 2-dimensionalphasespace,just aswe should— in theend,ev-
erythingshouldlook just likeourgoodold harmonicoscillator, but with some! 's
andk'sthrown in to spicethingsup. Remember, that's thebasicprincipleof quan-
tum �eld theory: “Approximatetheuniverseby a bunchof harmonicoscillators;
everythingelseis toocomplicated”.

And so,whatMichaelappearsto bedoing,is to de�ne acomplex structureonthis
little 2-dimensionalphasespace.That seemsgood— we canworry later about
glommingall theselittle phasespacestogetherto getV. But thebig questionis:
doesMichael's complex structureJ commutewith time evolution? If so, it has
a 50%chanceof beingright! It' s right if in addition,theHamiltonianworksout
beingpositive.

It' s possiblethat Michael hasthe right J whenthe frequency ! is positive, and
wrongwhenit' snegative. That's themistakeDiracmade.

Also, lasttime I asked:

Whathappensif we do time evolution backwardsa quarterperiodin
this case?Do wegetthecomplex structureyouworkedout?

andMichaelanswered:

No. But that'sOK.

to which I canonly reply: Hmm. Are we really on the samewavelengthhere,
or arewe talking at cross-purposes?I' ve shown above that for theharmonicos-
cillator, thereareonly two complex structuresthatcommutewith time evolution:
time evolution a quarterperiod forwards in time, and time evolution a quarter
periodbackwards. So your formula for the complex structureon your little 2-
dimensionalphasespace,to be reasonable,shouldbe oneor the otherof those!
Of coursewhatcountsas“a quarterperiod”dependson! , soit dependsonwhich
little phasespacewe're at.
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Hint 1: For the harmonicoscillator, a linear transformationof the phasespace
preservesthe symplecticstructureif andonly if it' s area-preserving. The usual
choiceof J — aquarter-turncounterclockwise— clearlyhasthisproperty. Butwe
canconjugateJ by any area-preservingmapT andgetanothercomplex structure
J0 = TJT � 1 thatalsohasthisproperty!

Hint 2: Theonly linear transformationsof theplanethatcommutewith all rota-
tionsarecombinationsof rotationsanddilations. Therearen't many suchtrans-
formationswith square� 1. Justtwo, in fact!

14 Michael Weiss:A meredi� erencein viewpoint

JohnBaezwonders,in thattell-taletone:

to which I canonly reply: Hmm. Are we really on the samewave-
lengthhere,or arewe talkingat cross-purposes?

(Long-timereadersof JB will know that this “Hmmm” canonly mean,“I doubt
thesanityof theeor me,andsoonertheethanme.”)

I had,yousee,answeredhisquestion:

Whathappensif we do time evolution backwardsa quarterperiodin
this case?Do wegetthecomplex structureyouworkedout?

with a nonchalant:

No. But that'sOK.

But thenheaddedcasually:

Of coursewhatcountsas“a quarterperiod” dependson ! , so it de-
pendsonwhich little phasespacewe're at.

Whew! A meredi� erencein viewpoint— no needto checkmyself into Bellevue
just yet. Sure,if you restrictattentionto a single little phasespace,thentime-
evolutionandwhatI called“complex structureevolution” arethesame.

But I'm trying to build up analbum of mentalpicturesandvideoclips— sortof
a “That's QFT, Folks!”— andsomeof theseshouldillustrate the moddingout
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process.(Recallthatwe get thesetof quantumstatesfrom theHilbert spaceby
“modding out the complex numbers”:v andcv give the samequantumstatefor
any non-zerocomplex numberc.)

I canpictureaviolin stringOK. But then,that'snotquitethesameasthequantum
statesof asinglefoton.

If v is avectorin oneof our little phasespaces—say, v is thepairof functions

(cos(kx � ! t); ! sin(kx � ! t))

thenv time-evolvesto e� it! v, whichdescribesthesamefotonstate.

SoI pickedthenext simplestcaseafterthis: thesuperpositionof vectorsfrom two
little phasespaces,v1 + v2. Sincethe ! 's aredi� erent,the correspondingfoton
statereally changesover time.

Ontheotherhand,if wemultiply v1 + v2 by anon-zerocomplex number, thefoton
statedoesn't change—by de�nition!

Then I stumbledacrossFowler's applet that picturesthis— icing on the cake.
(Checkit out if you haven't already:
http://landau1.phys.V irg ini a.EDU/clas ses/109 N
/more_stuff/GroupVelo cit y.h tml .)

Roughlyspeaking,it seemslike thefotonstatecorrespondsto theenvelopeof the
functionv1 + v2. Thesuperpositionlookslike thisat t = 0 (beforewe“mod out”):

u(x; t) = cos(k1x) + cos(k2x)

which (thanksto thewondersof trigonometry)is thesameas:

u(x; t) = 2cos
 
k1 + k2

2
x
!

cos
 
k1 � k2

2
x
!

Looselyspeaking,the“foton state”correspondsto thesecondfactor, cos(k1� k2
2 x).

Thefoton hasa de�nite “beatfrequency”, andevena “beatphase”,but thephase
of the fast “inner wiggles” is indeterminate.(If the quotedphrasesdon't make
sense,just look at theapplet.)

I' d alsolike to geta bettermentalpictureof a realGaussianwave-packet, travel-
ling right, let'ssay. Whatdoesthat look likeafteryou applyJ to it?
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15 John Baez:

Whew! A meredi� erencein viewpoint— no needto checkmyself
into Bellevuejust yet.

Okay, good.I �gur edwewerejust talkingat cross-purposes.

Sure,if you restrictattentionto a singlelittle phasespace,thentime-
evolution and what I called “complex structureevolution” are the
same.

Right. More precisely, just to wrapit up in a neatpackage:for any eigenstateof
the Hamiltonian,time evolution by a quarterperiodbackwardsin time is multi-
plicationby i!

(And of coursethis is true for anyquantumsystem,not just thesortwe arecon-
sidering.)

Okay, sowherearewe?We'retrying toquantizethewaveequationin 2-dimensional
Minkowski spacetime:

utt = uxx

whereu(x; t) is a real-valuedfunctionof onespacecoordinatex andonetime co-
ordinatet. Whenwesucceedin doingthis,we'll have thequantum�eld theoryof
“masslessneutralspin-0particles”:masslessbecausethewaveequationdescribes
wavesmoving at thespeedof light, spin-0becauseu is justascalar�eld, andneu-
tral becauseit' s real-valued. (For a chargedparticlewe'd usea complex-valued
u.)

Or, if thelanguageof particlephysicsis tooscary, wecanalternatively sayweare
giving thequantumdescriptionof anidealizedviolin with asinglevery, very long
string.

But right now we're trying to dothevery �rst step:to makethespaceof solutions
into a complex Hilbert space. So far we've beenworking mostly “one vibra-
tional modeat a time”. Correspondingto eachvibrationalmodethere's a little
2-dimensionalphasespace,having asabasisthetwo solutions

cos(kx � ! t)

and
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sin(kx � ! t)

for a �x edwavenumberk andfrequency ! satisfyingk2 = ! 2. And we've shown
how to equip this little phasespacewith a symplecticstructureanda complex
structure,therebymakingit into a 1-dimensionalcomplex Hilbert space.(2 real
dimensionsequal1 complex dimension.)

But now, how do we glom all theselittle 1-dimensionalcomplex Hilbert spaces
together, to get thecomplex Hilbert spaceof all solutionsof thewave equation?
Well, thereis a standardtechniquefor glommingtogethera lot of Hilbert spaces:
it' s calledtakinga “direct sum”, or in thepresentcase,wherewe areglomming
togetheracontinuousfamily of Hilbert space,a“direct integral”. Everyoneshould
know this technique.It makesthenext stepa snap.

But, alas,not everyoneknows aboutdirect integrals, so I will insteadusethe
Fouriertransform,which everyonedoesknow. [1]

And in factMichaelhasalreadysketchedthebasicgameplan.. .

First,wenoticethatany reasonablefunctionu(t; x) canbewrittenas

u(t; x) =
1
2�

Z
û(!; k)ei(kx� ! t)d! dk

for somefunctionû calledtheFouriertransformof u. [2]

Now, it' seasytoseethatif u satis�esthewaveequationthenû mustbezeroexcept
wherek2 = ! 2, andconversely. [3] Note that theequationk2 = ! 2 describesan
“X”-shaped locus in Fourier transformspace,which is called a lightcone. We
think of it asbeingmadeof two parts:
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\ /
\ / <------ forwards lightcone (omega >= 0)
\/
/\

/ \ <------ backwards lightcone (omega <= 0)
/ \

It' s alsoeasyto seethatif u is real,û satis�es

û(!; k)� = û(� !; � k);

wherethe � denotescomplex conjugation.And conversely.

Thusto have an arbitraryreal solutionu of the wave equationis the sameasto
haveanarbitrarycomplex functionû on theforwardslightcone!

Why theforwardslightcone?Becausetheequationabovesaysthatthevalueof û
on theforwardslightconedeterminesits valueonbackwardslightcone.

So the obvious guessfor how to make the spaceof real solutionsof the wave
equationinto a complex Hilbert spaceis to useL2 of the forwardslightcone—
square-integrablefunctionsontheforwardslightcone.Of course,wehave to pick
somemeasureon the forwardslightconefor this to make sense— you can't do
an integral without a measure.Luckily thereis a uniquemeasureon the light-
conethat's invariantunderLorentztransformations,namelydk=jkj. [4] If we use
that,thenby generalabstractnonsensetheLorentztransformationswill automat-
ically act asunitaryoperatorson L2 of the forwardslightcone. And translations
in spacetimeobviouslyact asunitaryoperators(I claim), sowe'll behappy: the
wholePoincaŕegroupwill actasunitaryoperatorson ourHilbert space.

This obviousguessworksout to be right, andto be consistentwith the stu� we
have alreadydone“one vibrationalmodeat a time”. But maybewe shouldwork
it out in detail. (“We” meaningMichael, of course.) For example,here's one
thingwecoulddo: show thattheobviouscomplex structureon L2 of theforwards
lightcone— the usualnotion of multiplication by i — agreeswith the complex
structureMichaelalreadyworkedout “onevibrationalmodeata time”.

I waskind of hopingthat the “vectors”ei(kx� ! t) would form a Dirac-
style“orthonormalbasis”for thisHilbert space.Thisdoesn't seemto
quitework out.. .

Well, the most importantreasonit doesn't quite work out is that the functions
ei(kx� ! t) aren't real, andourHilbert spaceonly containsreal solutionsof thewave
equation.(Thereareother, lesserreasonstoo.)
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You could at this point askwhy we didn't studycomplex solutionsof the wave
equation.And the reasonis that this raisestemptationsthat arevery di� cult to
resist.Namely, whenyouarestudyingcomplex solutionsto somelinearequation,
there's a blatantlyobvious complex structurestaringyou in the face: the usual
multiplication by i. It' s very temptingto usethis, but it' s usuallywrong — the
Hamiltonianwon't work out to bepositive. Dirac fell for this temptationandgot
very confused.He thenstartedwaving his armsfrantically andmutteringabout
“holes” in the “sea”. By meansof suchhandwaving he eventually did some-
thing thatamountedto pickingtheright complex structure.But unfortunatelyfew
physicistsevento thisdayrealizethatonecanavoid theproblemin the�rst place
if oneis carefulto pick theright complex structure— not theobviousone.

Sincewe're studyingreal solutionsof thewave equation,it' s moreclearthatwe
have to do somethingclever to give our Hilbert spaceof solutionsa complex
structure.Notehow we'redoingit: wework in theFouriertransformpicturewith
û insteadof u, andthenthetrick is to multiply û by i theforwardslightconeand
multiply it by � i on thebackwardslightcone!Wehaveto multiply it by � i on the
backwardslightconesince

û(!; k)� = û(� !; � k)

for theFouriertransformof a realfunction!

Okay, I'm tired out for now. . . I'm too tired to commenton Michael's stu� about
groupvs. phasevelocity, exceptto saythat it' s cool. Also, I have no ideawhat
our complex structuredoesto a solutionof the wave equationthat looks like a
Gaussian,except to notethat Gaussianshave an incredibletendency to become
otherGaussianswhenyoudo thingsto them.

Notes:

[1] Actually the Fourier transformis just a specialcaseof doing a direct inte-
gral: we aretaking the spaceL2(R) andexpressingit asan integral over of the
1-dimensionalHilbert spacesspannedby thefunctionse� ikx. Of course,thefunc-
tionse� ikx donotthemselveslie in L2(R), but thedirectintegral is designedto deal
with preciselythis sortof thing. I'm not surewhat's thebestplaceto learnabout
direct integrals,but I seemto recalla lot of discussionof themin Dixmier's Von
NeumannAlgebrasandTakesaki'sTheoryof Operator AlgebrasI.

[2] I am startingto write u(t; x) insteadof u(x; t) sincein particlephysicsthat's
how they do it. Similarly I' ll write û(!; k) with ! comingbeforek.

[3] Soin fact û is a distribution,not a function. To behonest,we shouldsay: the
Fourier transformof any tempereddistribution is againa tempereddistribution.
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SeeReedandSimon's Fourier AnalysisandSelf-Adjointnessor somesuchtome.
We're secretlygonnawrite û assomefunctiontimessomemeasureliving on the
lightcone,andthenwe're gonnacall this functionû to coverour tracks.

[4] Well, okay, it' suniqueup to a scalarfactor. If we alreadyhappento know the
right symplecticstructureon thespaceof solutionsof thewave equation,we can
usethis to determinetheright scalarfactor, usingthefact thattheimaginarypart
of theinnerproductin our L2 spacehadbetterbethesymplecticstructure.Right
now I'm hopingthescalarfactoris 1.
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