1 Intr oduction

Thisis thecontinuationof the“Photons,Schmotonsthread editedby yourtruly.
Partl maybefoundhere:

http://math.ucr.edu/h  oméba ez/p hot on/
—MichaelWeiss,editor

2 Michael Weiss:Our story sofar

Sothat's the dealwith coherentstatesfor a single harmonicoscillator! Maybea
recapwould be useful,beforewhizzingonto Part|l.

Our storysofar:

NortonT. Noton (no degreesof freedom,scarcelya photon)liveson aline, mas-
gueradingasafunction (x). Whenhe'sfeelingespeciallyjow, hedressesimself
in “basicblack”: the ground-statdunction (xX) = (constant X=. His enegy is
a merel1/2 on theseoccasionsandhe refusesto be pinneddown, neitherasto
whereheis, nor asto wherehe's going. A casualobsener might think he's go-
ing nowhereat all, but the more perceptve sort noticethathe's going througha
phase—in fact,phasee 2 in timet, soit takes4 secondgor him to becomehis
formerselfagain.

Peeringatthelabelonhisout t, we nd thecryptic symboljoOi.

Give him a good shove, and things startto happen. He acquiresmomentumb
and position ¢, and bedeckshimselfin an extravagantcorkscrev cape: (x) =
(constantexp(ibx (x €)?), labellede '°P*?9j0i . Soenegeticdoeshebecomehat
beforeour eyes,he seemdo split into two notons—or is it three—or dozens—
or hundreds.. dissolving,coalescingjmpossibleto count,a tribute to the art of
cinematography..

Our quirky quantume °P**9j0j hasbecomea coherentsuperposition:CyjOi +
Cyjli + Czj2ip+_: s Q/v_herejni labelsa hapyy clanof n notons).TheC,, arepropor
tionalto (z= 2)"=" n!, wherez = ¢+ ib. jC,j? is proportionalto the probability
that n notonscavort— or as much cavorting asone cando, with no degreesof

freedom!ThejC,j? form a Poissordistribution with meanvaluejz?=2.

The camergulls backfor awide angleshot. Thecorkscrav  (X) looksmoreand
morelike amerebumpontheline, alump of a particleharmonicallysliding back
andforth. And in double-&posureoverlay, a Poissordistribution of notonsfades
into the closingcredits.



3 JohnBaez: Fromthe Symplecticto the Complex

OK, class,todaywe passfrom the classicalto the quantum,or in otherwords,
from the symplecticto thecomple.

A symplecticvector spacesenes as the “phasespace”for a classicalsystem;
a comple Hilbert spacesenes as the “spaceof states”of a quantumsystem.
Supposgouhave aclassicaleld theoryandyouwantto quantizet. Thenheres
whatyou cando: rst take the phasespaceof your classicaleld theoryandturn
it into acomple Hilbert spaceusingthetrick describedelow. ThisHilbert space
is the spaceof “single-particlestates”of the quantum eld theoryyou're after
Thenyou form the “Fock space”on that Hilbert space— a trick which let you
describecollectionsof arbitrarily mary particles. Eventuallywe will do this for
the electromagneticeld andgetphotons.We'll warmup for this usingclassical
systemswith nitely mary degreesof freedom.

So: how dowe turnasymplecticvectorspacanto acomplex Hilbert space?

It's not really complicatedif you go atit correctly You startwith a real vector
spaceV, real dimension2n, with symplecticstructure! . You thenintroducea
comple structureJ onV, i.e. alinearmap

J:v!i Vv
with J2 = 1. ThismakesV into a complex vectorspacecomple dimensionn,
with the operatorJ correspondingo multiplicationby i.

Thenyoutry to de ne acomple innerproductonV with ! asits imaginarypatrt,
in theobviousway:

=hu;vi = ! (u;V)
<hu;vi =! (u; Jv)

(where= meangmaginarypartand< meangeal part). The secondequationis
to make surethat<hu;vi = =hu; Jvi asit shouldbe.

Now: if wetry to de ne acomple innerproducthu; vi this way, we may or may
not succeed.It dependon J. SomeJ's are“good” andsomeare“bad”. To be
“good”, J musthave two properties.

First, it needdo presere the symplecticstructure.In otherwords,we need
F(Ju; dv) =1 (u;v)
for all u andv. Thereasons thatwe needour innerproductto satisfy

hu; Jvi = hu; vi:
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Secondjt mustbe positive. In otherwords,we need! (v; Jv) to be nonngative
for all v, sothattheinnerproductof arny vectorwith itself is nonngative, theway
it shouldbe.

In generalthereare a lot of “good” complec structuresfor a given symplectic
structure Which oneis right depend®nthe physics.

The moral: saywe have a classicalmechanicgproblemwherethe phasespace
is a symplecticvector space. To quantize,we needto make a somavhat arbi-

trary choice: a choiceof a“good” comple structure.ln mary casesthe choice
is uniqueif we requireit to be invariantunderthe group of symmetriesof the

problem,andalsorequirethatenegieswork outto be positive.

4 John Baez:in a more mathematical way in order
to confuseyou

Wilbert Dijkhof asks:

| asked Michaelwhata symplecticstructureis. He gave ananswey
but | have somemorequestions.

It seemdike you answeredll your own questiongerfectlywell. I'll just sum-
marize: a symplecticstructureon a real vectorspaceV is a nondgenerateanti-
symmetricbilinearform

':V VI R

In otherwords,! eatspairsof vectorsandspitsoutnumbersandit' sbilinear:

I (au+ bu®, v) = al (uVv)+ b (UO; V)
(av+by) = al (uv)+b! (uV)
antisymmetric:
Luv)= 1 (vu)

andnondegenerate:

I' (u;v) = Ofor all vimpliesu= 0



Notethatthisis very muchlike ametriconV, say
g:V VI R

A metricis alsorequiredto bebilinearandnondegenerateTheonly di erenceas
thatthemetricis symmetricinsteadof antisymmetric:

g(u; v) = g(v; u)
andit' snonngative:
g(u;u) O
This makesit easyto describea symplecticstructurein termsof a metric (or vice

versa).Namely if we startwith a realvectorspaceV equippedwith a metricg,
we cande ne asymplecticstructurel by:

Fu;v) = g(u; AY)
aslongasA: V! Visal-1skew-adjointoperatorthatis onefor which
og(u; Av) = g(v; Au) (skew-adjointness)
and
Av=0impliesv=0 (1-1-ness)

No surprisenere— | justwrotedown the conditionswe needfor ! to work outto
beasymplecticstructure!

In particular if V is goodold R>" andg is thegoodold dot product:
glu;v)=u v

thenA canbeary 1-1skew-symmetricmatrix. For example,we cantake A to be
whatyou suggest:
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wherel is then n identity matrix. This givesus a symplecticstructureon R?"
whichis secretlythesameastheimaginarypartof theinnerproducton C" Why?
Well, let'swork it out! Thiswill alsohelp us straightenout the minussignsthat
invariably screv thingsup in this business.

We canthink of avectoru in C" asa pairof vectorsu; U, in R> — corresponding
to the positionand momentumof a particlein n-dimensionalspace. The inner
productto two suchvectorsin C" is then

huvi=u; vitu Vo+i(up Vo U V)

sotheimaginarypartof theinnerproduct— our symplecticstructure— is

I (u;v) Uy Vo W Vg

] 0o |
(ug; Up) | 0

! !
Vi
\'%

wherethelastline is matrix multiplicationof arow vector a2n  2n matrix, and
acolumnvector In morecivilized notation,we have

F'(uyv)=u Av

whereA is the matrix youwrote down.

Soin short,you understandompletelywhat's goingon, andI'm justrestatingit
in amoremathematicalvay in orderto confuseyou.

Now, over on the “supegeometry’thread,we've beentalking abouthow the dif-
ferencebetweenbosonsandfermionsamountso stickingin minussignswhen-
ever you switch two fermions. So one might guessthatthe di erencebetween
inner productsand symplecticstructureshasa lot to do with the di erencebe-
tweenbosonsandfermions.It'strue!

Thebeautifulthingis thata comple innerproducthasametricasits realpartand
a symplecticstructureasits imaginarypart. In this thread,we're talking about
quantizingbosong(e.g. photons),so we're startingwith a classicalphasespace
that's a symplecticvector space,and thenwe're choosinga comple structure
— away to multiply by i. Thisletsusde ne a metric,andwhenwe put all the
ingredientsogetheme getacomple Hilbert space— the“single-particlespace”
of our quantizedheory

Butif weweretalkingaboutquantizingfermions thingswouldbeslightly changed.
We would startwith aclassicaphasespacehat'sarealvectorspaceavith ametric,
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andthenwe'd choosea complex structure. This would let us de ne a symplec-
tic structure,andthenwhenwe put all the ingredienttogetherwe'd againgeta
complex Hilbert space. This would againbe the “single-particlespace”of our
quantizedheory

So: comple Hilbert spaceshave a bosonicaspecto them(the symplecticstruc-
ture)andafermionicaspecto them(the metric),tied togetheininextricably by the
comple structure!lt's cool how the mathandthe physicst togethersowell.

Onemorething. Whenyou hearthe word “metric”, you might think of general
relativity. And youmightmakeawild guess*Well, if avectorspacevith ametric
wantsto betheclassicalphasespaceof afermion couldtherebe somefermionic
aspecto gravity?”

Well, it's not quite so simple. But if you dig into it really deepand straighten
out all the problemswith this idea, you do get somethingout of it — the spin
network/spinfoamapproacho quantungravity. (A goodplaceto startis actually
PenroseindRindler's Spinos and Spacetimg

5 Michael Weiss:avery nice pictur e, but a little too
abstract.

OK, let'slook ata specialcase,1-D quantummechanics.

The classicall-dimensionaphasespaceis a 2-dimensionalector space,so it
lookslike aplane.We giveit coordinategq; p).

Thesymplecticformis de ned on pairsof vectorsin this phasespacelt' sde ned
by:

I (0 Po)(Q2; P2)) = gz E; = up Pt

soit' sjusttheareaof theparallelogranspannedby thevectorgqs; p1) and(qy; p2).

TheHamiltonian(g? + p?)=2 de nesavector eld onphasespacevia Hamilton's
equationsyhich | won't write out for fearof makinga signerror But the vector
eld is easyto picture: little arravs swirling aroundthe origin in the clockwise
direction (with our sign cornventions). So thatthe Hamiltonian o w just rotates
the planeclockwiseat a uniform rate. Pointsin phasespaceraceout circles,all

with the sameperiod.

NoticethattheHamiltonian o w is area-preservin@swe expectfrom Liouville's
theorem.



The caseof the harmonicoscillatoris quite special(to paraphrasé¢he Church
Lady). In generalthe con guration spaceis a manifold, andthe phasespaceis
the cotangentundle to this manifold. But herecon guration spaceis a vector
spacgnamelytherealline), sothe cotangenbundleis a two-dimensional/ector
space. Flat as Texas (ever seethat greatposter “Ski Lubbock!”?) Generaliz-
ing to n-dimensiongs no sweat;dropping atnessis muchmoresigni cant (asl
understandhings).

OK, now we turn our 2-dimensionalector spaceinto the comple plane. We
decreehat

i@ p) = ( p;a)

andsoif we identify (g; 0) with therealnumberg, we canwrite (q; p) = g+ ip.
(Youknow, | think it wasHamiltonwho rst de nedcomplex numbersaspairsof
realnumbers.)

This is what Johnmeansby giving phasespacea comple structure. The key is
de ning whatit meango multiply anelementof phasespaceby i.

If we startedwith n oscillators,our con guration spacewould be R". Sophase
spacewould be R?". That would morphinto C", i.e., n-dimensionalcomple
Hilbert space.

Returningto 2-dimensionalFlatland, or rather 1-comple-dimensionalHilbert
spaceC...theinner productof two vectors(a) and(b) is a b, i.e., the conjugate
of atimesh. (Orisit ab ? Anothercornventionto screv up.)

Or spellingouttherealandimaginaryparts:

Nop +ipa); (G2 + 1P2)i = (Qul + P1pP2) +i(01P2  Palk)

Theimaginarypartof thisinnerproductis ! ((qy; p1)(dz; p2)). Sol guesswe did
wanta b. As Johnwroteit:

=hu;vi =! (u;V)
<huyvi =1 (u; Jv)

Note alsothatthe real partis the ordinary Euclideandot productin two real di-
mensions.

Our! -preservingHamiltonian o w hasnow changednto theinnerproduct-preserving
map:



q+ip7' (q+ipe"

andthe jargon-meistersushforward plastering*symplectomorphism’over “! -
preserving”,and“unitary” over “inner-product-preserving”.

This is a very nice picture, | admit, but a little too abstract. Why arewe doing
this?What's the punch-line?

I've chevedthisto a ne mush.Heresthedeal:in theclassicalpicture,we have
afew interestingobsenables all functionsfrom phasespaceo thereals:

a, akaposition
p, akamomentum
H= _rad2|u§’ akaenegy

Turning to the quantumpicture,asa Hilbert spaceC is aboutasbare-boness

it gets. It sureisn't the Hilbert spacewe usuallythink aboutwhenwe hearthe

words, “harmonicoscillator”! That Hilbert spaceis L?, andhassomenice fun-

guy operatordiving in it, like our old palsthe creationandannihilationoperators
(overthereby thevideoset,playingDoom.)

6 John Baez:alittle too wet

MichaelWeisswrites:

OK, now we turn our 2-dimensionalector spaceinto the complec
plane.

Right.
Thisis averynicepicture,l admit,but alittle too abstract.

Too abstracteh?Remindsmeof theguy who saidthe oceanwasvery nice— but
alittle toowet.

True, we needto work quite a bit beforetheseabstractioncometo life for us.
Perhapshemainthingyouhaveto wrapyour mindarounds theanalogybetween
guantummechanicandquantumeld theory In bothof thesesubjectsyou start
with a“little” Hilbert spaceandthenform the Fock spaceonthat,whichis “big”.

The“little” Hilbert spaces the sameasthe phasespaceof the classicalsystem,
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while the“big” Hilbert spaces the Hilbert spacefor the correspondinguantum
system.

For example: the classicalphasespaceof a single particleon theline is C. The
Hilbert spacdor thecorrespondinguantunsystems theFockspaceon C, which
hasa basisof statesini . This spacecanalsobe thoughtof asL?(R). R is the
classicalcon guration spaceof a singleparticleontheline. If we “complexify”
thecon gurationspaceR we gettheclassicaphasespaceC.

Or: the classicalphasespaceof a vibrating string is someHilbert spaceH. A
point in phasespacedescribeshoth the position and momentumof the string.
Thuselementof H arecertainpairsof real-valuedfunctionsontheinterval [0; 1].
TheHilbert spacefor the correspondingiuantumsystemis the Fock spaceon H,
which hasa basisof states

This spacecanalsobethoughtof asL?(X), whereX is theclassicalkcon guration
spaceof a single particle on the line. An elementof X is a single real-\alued
function from [0;1]. If we “complexify” the con guration spaceX we getthe
classicalphasespaceH.

Or: startwith the classicalphasespaceH of arealscalar eld on n-dimensional
spaceanddo everythingin analogyto the caseof a string. Elementsof H are
pairsof real-valuedfunctionson R".

Or: startwith the classicalphasespacefor electromagnetisnon n-dimensional
space,anddo the samegame. Elementsof H are pairs consistingof a “vector
potential’and“electric eld”.

Hereis thetwist thatis probablyconfusingyou. Sincein ary of theseexamples
the classicalphasespacds a Hilbert spacewe canalsothink of it asthe Hilbert

spaceof a quantumsystem. In the quantum eld theoryexamples,statesin the

Fock spacedescribesollectionsof particles,while the classicalphasespaceis

the Hilbert spacefor a singleparticle. But in the quantummechanicexamples,
theclassicaphasespacds distressinglysmall!

As you note:

Turningto thequantunpicture,asaHilbert space( is aboutasbare-
bonesasit gets.It sureisn't the Hilbert spacewe usuallythink about
whenwe hearthewords,“harmonicoscillator”!

WhatdoestheHilbert spaceC meanhereWell, it' sthe Hilbert spaceof a“single
guantumwith no internal degreesof freedom” — whatever that means. This
boringold quantumhasbut a singlestate(apartfrom theall-importantphase).

9



Thenwhenwe form the Fock spaceover C, we geta spacewith a basisof states
likejni . Thestatejni describes collectionof n “quantawith nointernaldegrees
of freedom”.

So: in this examplethe “Hilbert spacefor a single particle” is utterly dull, and
only whenwe form the Fock spacedo we getsomefun annihilationandcreation
operators.

In themorefang/ examplesthereis alreadysomeinterestin the Hilbert spacefor
asingleparticle.

But the thing to keepin mind is thatthe “Hilbert spacefor a single particle” is
alsothe“classicalphasespace”.

7 Michael Weiss: A ner mush
Lesseelasttime | said:
I've chavedthisto a ne mush.

But themushwasnt quite ne enoughheresa ner mush.

Our old friend, the classicalharmonicoscillator we canpicture nicely asa dot
racingon acircle. More precisely the classicalstateof the oscillatoris givenby
the positionof this dot.

Now let's go over to quantum-land.R? becomesC. Doesnt seemlike sucha
big deal. Aha, but C is not the setof quantumstates it's the Hilbert spaceof
state-vectas!

That's thekey. To getthe quantumstateswe have to “mod out” by the complex
numbers.You know how it goes:state-ectorsv andcv areregardedasequialent
for any non-zerccomplex numberc. (Herev mustalsobenon-zero.Sotechnically
we're forming equialenceclasse®f the Hilbert spaceminusthe zerovector)

Sowhatdoesthis “moddingout” processloto our poorold classicaktates2Vell,
for the 1-D harmonicoscillator, it completelykills o ary individuality.

First o , forgetthe enegy obsenable! Doesnt matterhow far out you are—
doesnt matterwhich circle in phasespacds your race-track—you're all equva-
lent. In otherwords,we cannormalizethe state-ectorv, replacingit with v=kvk.

That makesa weird kind of sense.C is the Hilbert spacefor a single quantum
“particle”— asingle“noton”. A singlenotonalwayshasenegy ~=2. To getmore
enepy, you needmorenotons.We sav how thatworkedwith coherenstates.
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What aboutthe positionobsenable? Normalizingour state-ectorputsit on the
circle of radius1. Butin classical-landit still getsto racearound! The state-
vectorv become® "v. Di erentclassicaktatesput the samequantumstate.

Andthisalsomakesquantunsenself you'rein aneigenstatef theHamiltonian—
if you have de nite enegy— youdon't change!Thatain't soin classical-landin
guantum-landlife changesnly for superposition®f enegy eigenstatesWe've
seerhow thatworkswith coherenstategoo.

Sol guesst' sathreestepplan:

1. Startwith aclassicalphasespacefull of soundandfury andsword-play

2. Turnit into aHilbertspace Thisis thehomefor asinglequantuni‘particle”.
But whata drabworld our guantumparticleinhabits! Stateghatclassically
haddi erentenegieshave becomethe same.Phase-spaceajectorieghat
classically‘took you someavhere”now justspinyouin place.

3. “Secondguantize”:createthe Fock spacethe homeof manyquantumpar
ticles. Form coherensuperpositionsAnd therichnesds recovered.

Step(2) hingeson the choiceof a comple structure. It tells uswhatkvk is, and
whate "vis.

To sumit up in adiagram:

classical
phase space,
single-quantum
Hilbert space
| \
| \
| Fock space =
| L"2(config.space)
| /
| /
I

/
classical
configuration
space
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8 JohnBaez: The choiceof complexstructure

Let mewrite (q; p) for apointin the phasespacdor aparticleontheline. We can
alsothink of this asthepointg + ip onthecomple plane.

Thenthe symplecticstructure! is imaginarypart of the usualinner productof
complex numbers:

=hg +ip;q’+ ipl
pq op

I (a5 p); (&% p9)

while thecomple structureJ correspond$o multiplicationby i:

Jagp=( p;g  sincei(g+ip)= p+iqg

Beware of minussigns we cangetdi erentformulaswith di erentsignsif we
write (p; q) = p + iq insteadof (g; p) = q + ip, or work with aninner productthat
is linearin the rst slotratherthanin the secondslot. Conventionsvary.

However, we shouldnt worry too muchaboutthe corventions! We shouldkeep
our eyeson the main point: the classicalmechanicof a linear systemonly re-

quiresthatthe phasespacebe a symplecticreal vectorspace while its quantum
mechanicge.g.constructinghe Fock spaceyequireghatit beacomplex Hilbert

space.To getfrom theformerto thelatterwe needto pick agoodcomplex struc-
ture, where“good” meansthat! (Ju; Jv) = ! (u;v) for all u andv, and! (v; Jv)

is nonngjative for all v. The abore exampleis the simplestexampleof how this
works. However, therearedi erentchoicesfor J, evenin this simpleexample.

The needfor this choicecausesrarioussubtletiesin quantumeld theory For
example,whendoingquantumeld theoryon curvedspacetimehereis acanoni-
calway to choosea symplecticstructureon the spaceof classicakolutionsof the
wave equation but no canonicalway to choosea complex structure.This makes
thenotionof “Fock space™ andthusthenotionsof “vacuum”and“particle” —
someavhatarbitrary HenceHawking radiation.

Alternatively, say we are studying particlescoupledto a external gauge eld.
Thereis againan obvious bestsymplecticstructure but di erentexternal elds
de ne di erentcomple structures Sothe notionof “particle” dependsn a non-
trivial way on the external eld. Worse,aswe traceout a nontrivial loop in the
spaceof external elds, our notion of “particle” canfail to comebackto where
it was! Therecanbea funny sortof phaseambiguity calledan“anomaly”. This
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is usuallyregardedasa badthing, so onethrows out gauge eld theorieswhere
the particleshave anomalies Peoplepredictedthe existenceof thetop quarkbe-
causdf onequarkin a givengeneratiorweresimply missing,therewould bean
anomaly

9 Michael Weiss: A particle with personality!

Classis now in session.
So,what's thisontheboard?

Find the symplecticstructurefor the wave equationin 1 dimensional
space. Find the unigue Poincaé-invariantcomplec structureon the
spaceof solutionsof the (real!) wave equation.

| hadalot of troublewith this problem,andall becaus¢ violatedWheelers Moral
Principle: “Never calculateanything until you know the answer!” So insteadof
giving theansweroutright,| think I will rst mull outloud aboutit for abit.

OK, the wave equation:uy, = Uy, Wherethe subscriptsstandfor partial deriva-
tives: Uy = %, Ut = %. (Herewe setthe wave propagatiorspeedequalto 1, of
course.)We wantto look atthe spaceof all real-valuedsolutionsto this.

For startersve have the classicalcon guration space.Easyenoughto picture: a
violin string. Pair u up with @=@andwe have the classicalphasespaceof the
string: whereit is, andwhereit's going. Slapon a comple structureandwe've
gottheHilbert spacdor asingleparticle.A particlewith personality!— with the
tonalrichnessof a Stradvarius,or atleastaone-stringddle: let'scall it afoton

Violin stringshave beenahottopicfrom 1747 ,whenD'Alembert rst derivedthe
wave equationto 1900,whenFejer nally provedrigorouslythatthe Fourierse-
ries of a continuousperiodicfunctionis Cesaro summabldo thatfunction. (And
beyond: importantnen theoremaverestill appearingslateas1966.My analyti-
calfriend Carlhaswritten up afascinatinghistoricalsketch,from which | learned
all this.)

We wantto look atharmonicallyoscillatingmodesof the string. Perhaps$ should
say“listen to” insteadof “look at”! Thesemorphinto eigenstatesf the foton:
stateswherethe foton just basicallytwiddlesits phase not changing Statedike
this, for example:

u(x;t) = coskx !'t) (A travellingwave)
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Plugginginto thewave equatioru,, = u; wegetk? =1 2, orj! j = jkj. (You'll have
to keepstraightwhen! meansangularfrequeng andwhenit meanssymplectic
structure.)

Umm. Realviolin strings—evenreal ideal violin strings—have x edends.In
technicaljargon, boundaryconditions: say u(0;t) = u(1;t) = 0 for all t. But
thatwould rule out our simpletravelling wave. Of coursewe could useperiodic
boundaryconditions. .. | think I'll postponehattopicto anothertime. For now,
ourviolin stringis in nitely long.

Lesseewhat'sourscreenplajere?Con gurationspace phasespace Hilbert
spaceright? Lasttime we watchedthe sagaof alowly classicaharmonicoscilla-
tor which, throughhardwork andsacri ce, achievedthestatusof alowly “noton”,
a particlewith no degreesof freedom.The one-notesoundtrackventlik e this:

con gurationspace q(t) = cost
phasespace (q(®); p(t)) = (cost; sint)
Hilbert space q(t) + ip(t) = exp( it)

This time we startwith a travelling wave u(x;t) = coskx ! t), andl guesshe
scoreis:

con gurationspace u(x;t) = coskx !t)
phasespace (u(x;t); u(x;t)) = (coskx !1t);! sin(kx ! 1))
“Hilbert space” exp(i(kx !1t))

—exceptfor the embarassindact that exp(i(kx ! t)) has“in nite norm”, and
isn't really a citizen-in-good-standingf a true Hilbert space. Let's just ignore
thatlittle problem,shallwe?

I've usedu, thetime-dervative of u, for the“momentum”. Seemdik e agoodbet.

The answerhasjust the right form: exp(i(kx ! t)) = e " texp(ikx), soit is a
rotating vectorin “Hilbert space”,and the correspondingjuantumstate-ector
doesnt change. Not only that,but it' swonderfullycinematic! This complex wave
functionlookslikeanin nite stringthatwrapsaroundtheline corkscrev fashion.
It turnsin place,andwavesappeatro travel alongit, like the stripeson a barber
pole.

Soarewe readyto answerthe home-vork question@or notonswe had(q; p) $
g+ ip. Now we want:

(coskx !1);! sinkx !1)$ €X'V =coskx !t)+isinkx !t)
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Writing g = coskx !'t), p="! sin(kx ! t)toreducetheclutterabit:

(a;p)$ q+!ip

This givesus the rule for translatingbetweenphasespaceand “Hilbert space”.
Multiplying both sidesby i, on the left we shouldget the long-soughtcomple
structureon our phasespace:

Aap$ oo
Usingthetranslatiorrule ontheright handside:

(Pras fprio
or nally:

P
|

Jap=(:'a

We've de ned thecomple structure!Therestis just moppingup.

Umm. Quite a lot of moppingup. Poincaé invariance,symplecticstructure,
theenengy, themeaningof! for any old con gurationof thestring,andof course
thoseboundaryconditions. .. Thisis beginningto look morelik e the aftermathof

a StevenSegal action- ic, andnotthebio-pic of thatcelebratealassicaliolinist,

Franced? Foton! But | think that's enoughfor now.

10 JohnBaez:| don't know much Yiddish, but. ..

Michael Weisswrote:

A patrticlewith personality!'— with thetonalrichnessf a Stradvar
ius, or atleastaone-stringddle: let'scallit afoton

Gee,you're makingup patrticleslike a true physicist: rst schmotonsthenthe
one-notenotons,and now fotons! (Actually, | wasthe one who correctedthe
barbaric*shmoton”to read“schmoton”. | don't know muchYiddish, but terms
of derogationseemto needthat c — whena schlemielstartsschmoozingor a
schmuckstartshis schtick,thatextra c invariablycomesn. Besidesjf we getrid
of thec, why keeptheh — mightaswell setthembothequalto 1, leaving uswith
“smotons”?)
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con gurationspace q(t) = cost
phasespace (q(®); p(t)) = (cost; sint)
Hilbert space q(t) +ip(t) = exp( it)

Right. Here,of course time evolution just amountso rotationananglet clock-

wise. (Clockwise?Well, that'sbecause " goesaroundclockwise.This hasto do

with our corventionof writing pointsin phasespaceas(q; p) ratherthan(p; g).

But afterall, isn't it quite tting for time evolution to go clockwise?)Soin par

ticular, the complex structure,which is multiplication by i, correspondgo time

evolutionbadkwardsaquartemperiod— the“backwards”bit beinganunfortunate
spino of our conventions.But let's just keepthatin mind.. .

This time we startwith atravelling wave u(x;t) = coskx ! t), andl
guesghescoreis:

con gurationspace u(x;t) = cogkx !1t)
phasespace (u(x;t); u(x;t)) = (coskx !1t);! sin(kx ! 1))
“Hilbert space” exp(i(kx !1))

Looksgood.Whathappensf we dotime evolution backwardsa quarterperiodin
this case”Do we getthe complex structureyou worked out?

Quite a lot of moppingup... Thisis beginningto look morelike the
aftermathof a Steven Segal action- ic

Actually it' sbeginningto look like anlrving Segal paperonquantumeld theory!
But let'ssee canyoushav thecomple structurds invariantunderspaceandtime
translationsfor a start?

11 Michael Weiss: Foolsfear to tread...

Lasttime | o ereda “de nition” for a complex structureon our “violin string”
spacewhich!'ll call V. Recallthede nition of V: pairsof real-valuedfunctions
(u; u), representingnitial conditionsfor solutionsto the classicalwave equation
Uy = Ux. (As before,l usesubscriptdo indicatepartial derivatives.) We could
alsothink of the elementof V asbeingthesesolutions:givena pair (u(x); u(x)),
we nd theuniquefunctionu(x;t) for which:
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Ut = Uxx
u(x; 0) u(x) for all x
W(x; 0) u(x) for all x

—atleastwe cando thatif u(x) andu(x) areniceenough.I'm beingdeliberately
vagueaboutboundaryconditionsand other such persniclety details; after all,

gotta give der Herr ProfessordJB somethingto write about! (Lasttime | used
in nitely longyviolin strings;thatis, | pushedheboundarie® toin nity . Some
musiciansprefer periodic boundaryconditions,or in the lingo, they “put those
fotonsin abox”.)

Soherewasmy “de nition” of acomple structured onV: if

coskx 1)
I sin(kx 1)

q
Y

thenq is asolutionto thewave equationf k? = ! 2. Also p = g, so(q; p) att = 0
is oneof our (u; u) initial conditions.De ne:

P,
|

Jap=(:'a

Well, I haven't really de ned J onV, have ! I've de ned J for certainelements
of V. Or atleastif you'll let me sweephe boundaryconditionsunderthe edgeof
therug! (Whereelsewould you sweepboundaryconditions?)

But my setof (q; p) pairsoughtto getus prettyfar, especiallyif we throw in the
complementarget:

sin(kx ! t)
I coskx !1)

q
Y

alsowith k> = 1 2. If t = 0, thenwe have the makingsof a Fourier series,or
a Fourier integral (againdependingon thosepeslk boundaryconditions),sowe
oughtto beableto extendmy de nition of J “by linearity” to all of V.
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Consideiit done.Foolsfearto treadwheredie HerrenProfessorenushrightin, so
I'll leave the funky analyticaldetailsfor someoneavho really knows whatthey're
doing.

Still, theoveralltuneis really quite pleasantThanksto thiscomple structureve
canthink of our rst q(x;t) astherealpartof the complex functione® ' 9, Also
p(x; t) correspond$o theimaginarypart,but with thatfactorof ! thrownin.

I will voice a worry or threel've beenhaving aboutthis business. The usual
Fourierintegral formula:

Z
(x;t) = (constant) "~ (I; K& 'Vdk

doesnt look very Poincae invariant. (Herel innocentlyset! = jkj, sol don't
have to integrateover bothk and! . | have a sneakingsuspicionwe will hear
more aboutthat.) Pokingaroundin the textbooksa bit (Haags Local Quantum
Physic3 suggestseplacingthis with:

Z
(x;t) = (constant) " (1; k)&® ' Vdkkj

What doesthis do to the Fourier inversionformula? Or to our formula for the
comple structure?

(Incidentally Poincaé invariancemight be a goodreasomot to imposeperiodic
boundaryconditions. Kind of hardto have a Poincaé invariantbox— even a
musicbox!)

And whataboutthe inner product?We were promiseda Hilbert space pncewe
foundacomple structure!

| was kind of hoping that the “vectors”€® 'Y would form a Dirac-style “or-
thonormalbasis”for this Hilbert space.This doesnt seenmto quitework out...

Ohwell. More un nished business.JohnBaezaddedtwo moreitemsto thelist.
I'll tacklejustthe rst onein theremainderof this post.

Whathappensf we do time evolution backwardsa quarterperiodin
this case”Do we getthe comple structureyou workedout?

No. Butthat's OK. I'd justworkedoutwhythisis ne, andwastrying to illustrate
it, when| ran acrossa neatappletthat shows the di erenceperfectly Go to
Michael Fowler's on-line physicsnotesandtake a ganderat:
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http://landaul.phys.V  irg ini a.EDU/clas ses/109 N/
more_stuff/GroupVeloc ity .ht ml

Fowler doesnt sayhe'sillustratingthedi erencebetweernthe complex structure
andtime evolution; asthe URL suggeststhe appletdepictsgroup velocity and
phasevelocity. A multi-purposeapplet:setthegroupvelocity to zero,andtheap-
pletillustratesthe complex structuresetit to oneto one,andtheappletillustrates
time evolution.

How'sthat?Well, let's take a simplewave—justnottoo simple. Let's take u(x; 0)
to bethe sumof two pureharmonicwaves,say:

u(x; 0) = cosk;X) + cosk:X)

If k; andk; areveryclose thenu(x;t) lookslikewiggly scribblecon ned between
two slowly varyingcosinewaves.

If we wantto time-esolve u, we justlet t increasea bit, takingusfrom u(x; 0) to
u(x; t):

u(x;t) = cogkyx ! it) + coskox ! ot)
If insteadwe wantto apply J, we think of u(x; 0) astherealpartof
(x) = dhax + ghex
andmultiply by i. A little moregenerally we could multiply by any phase

factog saye . Thisis akind of “complex structure”evolution. The parametec
takestheplaceof t, andwe get:

(X; C) — ei(klx c) + ei(kzx C)

So with time-evolution, the phaseof eachterm changedy a di erentamount,
becauseis multipliedbydi erentvaluesof! . With comple-structureavolution,
eachphasechangedy the sameamount.

Thegroupvelocityis de ned as
dl=dk

or for ourtwo-notewave,
= k=1 !k ko)
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But! = jkj for ourfotons;whenk; andk, arepositive,thegroupvelocityis 1. So
plug thatvalueinto Michael Fowler's applet,andyou've gotyour picturefor time
evolution.

Comple-structureevolution looks lik e time-evolution, exceptwith ! setto the
constantwaluel for all k. Which meanghatthe groupvelocity will bezero.

12 John Baez:the covariant phasespaceformalism
Michael Weisswrote:

Lasttimel o ereda“de nition” for acomplec structureon our “vio-
lin string” spacewhich1'll call V.

Yesindeed,andit wasvery cleverly arrived at: you simply thoughtof a violin
string asa collectionof independenharmonicoscillators,andusedthe standard
comple structureon the phasespaceof eachone of theseharmonicoscillators.
That's whatharmonicanalysiss all about:whenin doubt,diagonalize!

Recallthede nition of V: pairsof real-valuedfunctions(u; u), repre-
sentinginitial conditionsfor solutionsto the classicalwave equation
Ut = Uy. (As before,l usesubscriptdo indicatepartial derivatives.)
We couldalsothink of theelementf V asbeingthesesolutions.

Right. Thatgoesby thenameof the“covariantphasespacdormalism”: we think
of apointin phasespaceasbeinga solutionof whateser equatiorwe're messing
with. Theadwantageof this overthe olderapproach— wherewe think of a point
in phasespaceasbeinginitial datafor a solution— is thatit doesnt requireus
to make an arbitrarychoiceof time to callt = 0. This choicebecomesa bigger
dealin specialrelatvity, wheredi erentpeoplehavedi erentideasof t, andeven
moresoin generalrelativity. The moral: to avoid anarbitrarysplit of spacetime
into spaceandtime, work with the covariantspaceformalism! Then, whatever
groupsof symmetrieshappento be aroundwill actin an obviousway on your
phasespace.

Thereis however a price to pay: it's sometimesharderto write down explicit

formulasin the covariantphasdormalism! Sometimesve wantto getour grubby
little handson someconcretep's andq's, or in the presensituation,u's andu's.
For that,we needto chooseatimeto call “how” — thefamoud = 0 or “spacelile
slice” thatcanonicallymindedphysicistsalwaysbegin the day with.
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But theres no real con ict: we canwork using the covariant phasespacefor-
malismwheneer that's corvenient,and work with initial datawheneer that's
cornvenient.

I'm being deliberatelyvagueaboutboundaryconditionsand other
suchpersniclety details; after all, gottagive der Herr ProfessorJB
somethingo write about!

Soyou getto do all thejuicy stu , leaving thedry detailsto me?Harrumph! (he
saidGermanically).

But just so peoplerealizethesedetailsare not really so scary let me sketchout
how onegoesabout lling themin.

Theinitial datau andu don't needto be particularlynice to determinea unique
solution of the wave equation. If you want nice, let them be arbitrary smooth
functions;if you wantnasty let thembe arbitrary“distributions”, like the nine-
teenthderivative of the Dirac deltafunction. It all depends$ow goodyou areat
interpretingthewave equationin asu ciently generalway.

For smoothinitial data,we interpretthe equation

Ui = Uxx

justtheway our calculusteachergold usto — you know, epsilonsanddeltasand
all thatjazz. And it's easyto solve: we just guessthe solution, using the fact
thatevery solutionis a sumof aleft-moving wave anda right-moving wave, each
truckingalongatunit speed:

uix;t) = ft x)+gt+ x):

If we work with distributionsasinitial datawe needto interpretthe derivativesin
thedistributionalsense— but don't worry, they teachyou wantthatmeansvhen
you learnwhatthe heck“distributions” are! And again thewave equations easy
to solve: you justguess

uxt) = ft X +gt+x

and gure outwhat f andg have gottabeto matchtheinitial datau andu.

Anyway, theres no big problemsolving the darnthing given someinitial data.
As for why theres a uniquesolution, well, just assumehereare two, subtract
them,andgeta contradiction. . | leave the detailsto you. (Hint: conseration of

enegy.)
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Sowe canstartout leaving thingspretty e xible, anddecideexactly whatkind of

solutionswe're talking aboutlater, whenwe constructour complex Hilbert space
of solutions. This Hilbert spacewill, asusual,have a norm, andwe will then

restrictattentionto “ nite-norm” solutions— i.e., solutionsthatlie in the Hilbert

space!Onestandardwvay to proceeds this: rst we take the spaceof compactly
supportedsmoothinitial data,and then completethis with respectto the norm

(which we will eventually have a formula for) to get the preciseHilbert space
we're after

But anyway, thisis only importantif youwantto doteveryi andcrosseveryt. For
now let's sortof berelaxedaboutthe functional-analyti@spectandfocusonthe
physics.

Lasttime | usedin nitely long violin strings;thatis, | pushedthe
boundarie® to in nity . Somemusiciangpreferperiodicboundary
conditions,or in thelingo, they “put thosefotonsin abox”.

Puttingyour fotonsin abox doesnt referto periodicboundaryconditionsin par
ticular; it just refersto working with wavesthat stayinsidea box-shapedegion
of spaceandif courseif onedoessooneneedssomeboundaryconditionsto say
what happendgo the waveswhenthey hit the wall of the box. Periodicbound-
ary conditionsaremathematicallythe easiesto dealwith, but they're alittle odd,
sincethey saythe waves “wrap around” and immediatelyappearon the other
side. A mirrored box of light or violin string would be betterdealtwith using
someotherboundaryconditions,like “Dirichlet” boundaryconditions,sincethe
wavesre ect o thewall, not“wrap around”.

Anyway, if we arent completelyexhaustedy the time we answeryour original

questionaboutphotons we might considemphotonsin a box (or maybewatered-
down “fotons”) andcalculatethe magnitudeof the Casimire ect,whichis dueto

thevacuumenepgy anddepend®n the choiceof boundaryconditions.

But | digress.. | think I'll continuein anotherpost.

13 John Baez: Multiplication by i ona Thursday

In his lastpost,Michael eshedoutthedetailsof his proposedcomple structure
onthephasespaceof solutionsof thewave equationin 2 dimensionsHe call this
phasespaceV andthinksof pointsin it aspairs(u; u) consistingof our solutionu
attime zeroandits rst time derivative u. Thesearesupposedo be analogougo
pairs(q; p) consistingof the positionandmomentunof a point particle. And the
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ideais to usethis analogyto gure outeverythingaboutthe wave equation start-
ing from whatwe alreadyknow aboutthe harmonicoscillator A plucked string
is just a bunchof uncoupledharmonicoscillatorscorrespondingo the di erent
vibrationalmodesof thestring! Eachonehasits own little 2d phasespacewith its
own comple structure.We glom themall togetherto getthe complex structure
onV.

By theway, don't forgetwhy we're doingthis! Ourgoalis to make V into acom-
plex Hilbert space sowe canstartdoingquantumeld theory: unit vectorsin V

will describestatesof a single quantumparticle— a “foton” — whenwe quan-
tize thewave equation.However, V startedout life asa classicaphasespaceand
is thusa real vectorspaceequippedwith a symplecticstructure. The symplectic
structurewill betheimaginarypartof theinnerproductoncewe succeedn mak-
ing V into a complex Hilbert space put to getthe real part of the inner product,
andto make V into a complex vectorspacein the rst place,we needa way to

multiply vectorsin V by i — acomple structure!

Remembehow thecomple structureworkedfor theharmonicoscillator A point
in the phasespacedor the harmonicoscillatoris justa pair of realnumbers:

(o p)

We canthink of a pair of realnumbersasa singlecomple« number andthenthe
comple structure— multiplication by i — givesthe point (g; p) a quarterturn
counterclockwiseTo emphasizeéhatwe arereally introducinga notion of multi-
plicationby i, insteadof usinga pre-gvenone,we write the complex structureas
J insteadof i. Sowe have:

Ja;p) =( p;a):
Now, all this may seemohvious, if perhapsatherodd, but it's really important

not to merelyour headsandsay*“yup, that's multiplication by i, all right” — we
have to understanavhat's right aboutthis de nition of J. Firstof all, it satis es

=1

which is just whatit meansfor a linear operatorto be a comple structure. But
therearelots of di erentoperatorave could have pickedwith that property Sec-
ondly, it preseresthe symplecticstructure:.we have

L (Iv; 0 =1 (v;\))
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wherev = (q; p) andVv° = (g° pY arepointsin our phasespaceandthe symplectic
structure! is givenby

L (v;,V) = pd gp’

But therearelots of comple structureghatalsohave this property Why? See
Hint 1 below if youcant gure it out. Thirdly, it commuteswith time evolution.
This is important,sincewe don't wantmultiplicationby i on Thursdayto be dif-

ferentfrom multiplicationby i on Friday! Remembethattime evolution for the
harmonicoscillatoris simply rotation: more precisely to evolve in time by an
amountt, we rotatethe phasespacet radiansclockwise.(Our standarcharmonic
oscillatorhasperiod2 .) Soourcomple structurealsohasto commutewith ro-

tations! And it turnsout thatthereareonly two complex structuregshatcommute
with rotations:the onewe arecalling J, andalso J. (If youdon't seewhy, try

Hint 2.)

Sothequestions just: whyis J betterthan J? Well, thisdepend®n certaincon-
ventions but having chosernthesecorventionsalreadythe answels: becausehe
Hamiltonianin the quantumtheoryof the harmonicoscillatorshouldbe positive!
Time evolutionin quantummechanicss usuallygivenby

e itH

whereH is a positiveoperator In the caseat hand,if wetakei to be our operator

J, we seethatH = 1, which is positive. If we tooki to be J, we would get
H = 1. Thatwould be negative, which we decreeo bebad.

Thisstu isimportant.ThereasorDiracthoughtnegative-frequeng solutionsof
theDiracequatiorcorrespondetb negative enegy statef theelectron andthus
hadto make up afangy storyaboutpositronsbeing“holes” in the“seaof negative
enegy states” wasthathe gotthewrongcomple structure!

And if Michaelisn't careful,we're gonnagetthe wrongcomplec structurehere,
too! Of course] will putall theblameonhimif thishappens— | herebyabsohe
myselfof all responsibility! But really, he shouldbe ableto doit right. Thegreat
thing aboutminussignsis that,unlike mostthingsin life, you alwayshave atleast
a50% chanceof gettingthemright!

Solet's seehow Michaelis doingit. A vibrationalmodeof ourin nite stringis
characterizethy afrequeny ! andawavenumbek, which describenow fastour
stringwigglesin thet andthe x directions,respectiely. Correspondingo each
frequeny ! andwavenumberk with ! 2 = k?, we have two linearly independent
solutionsof the wave equation:
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u(x;t) = coskx !1t)
and
u(x;t) = sinfkx !t)

Sowe getalittle 2-dimensionaphasespacejust aswe should— in theend,ev-
erythingshouldlook justlik e ourgoodold harmonicoscillator but with some! 's
andk'sthrownin to spicethingsup. Rememberthat'sthe basicprincipleof quan-
tum eld theory: “Approximatethe universeby a bunchof harmonicoscillators;
everythingelseis too complicated”.

And so,whatMichaelappears$o bedoing,is to de ne acomple structureonthis
little 2-dimensionaphasespace.That seemsggyood— we canworry later about
glommingall theselittle phasespacegogetherto getV. But the big questionis:
doesMichael's complec structureJ commutewith time evolution? If so, it has
a 50% chanceof beingright! It'sright if in addition,the Hamiltonianworks out
beingpositive.

It's possiblethat Michael hasthe right J whenthe frequeng ! is positive, and
wrongwhenit' s negative. That's the mistale Dirac made.

Also, lasttime | asled:

Whathappensf we do time evolution backwardsa quarterperiodin
this case”Do we getthe comple structureyou workedout?

andMichaelanswered:
No. But that's OK.

to which | canonly reply: Hmm. Are we really on the samewavelengthhere,
or arewe talking at cross-purposesPve shovn above thatfor the harmonicos-
cillator, thereareonly two complec structureghatcommutewith time evolution:

time evolution a quarterperiod forwards in time, and time evolution a quarter
period backwards So your formula for the complex structureon your little 2-

dimensionalphasespace o be reasonableshouldbe oneor the otherof those!
Of coursewhatcountsas“a quarterperiod” depend®n! , soit depend®nwhich

little phasespacewe're at.
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Hint 1: For the harmonicoscillator a linear transformationof the phasespace
preseresthe symplecticstructureif andonly if it's area-peserving The usual
choiceof J— aquarterturn counterclockwise— clearlyhasthis property Butwe

canconjugatel by ary area-preservinghapT andgetanothercomples structure
JO=TJT !thatalsohasthis property!

Hint 2: Theonly lineartransformation®f the planethatcommutewith all rota-
tions arecombinationsof rotationsanddilations. Therearent mary suchtrans-
formationswith square 1. Justtwo, in fact!

14 Michael Weiss:A meredi erencein viewpoint

JohnBaezwondersjn thattell-taletone:

to which | canonly reply: Hmm. Are we really on the samewave-
lengthhere,or arewe talking at cross-purposes?

(Long-timereadersf JB will know thatthis “Hmmm” canonly mean,“l doubt
the sanityof theeor me,andsoonertheethanme?)

I had,you see answeredis question:

Whathappensf we do time evolution backwardsa quarterperiodin
this case”Do we getthe complex structureyou worked out?

with anonchalant:
No. But that's OK.
But thenheaddedcasually:

Of coursewhatcountsas“a quarterperiod” dependn! , soit de-
pendsonwhich little phasespacewne're at.

Whew! A meredi erencean viewpoint—no needto checkmyselfinto Bellevue
justyet. Sure,if you restrictattentionto a singlelittle phasespacethentime-
evolutionandwhat! called“complex structureevolution” arethe same.

But I'm trying to build up analbum of mentalpicturesandvideo clips— sort of
a “That's QFT, Folks!"— and someof theseshouldillustrate the moddingout
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process.(Recallthatwe getthe setof quantumstatesrom the Hilbert spaceby
“modding out the complex numbers”:v andcv give the samequantumstatefor
arny non-zerocomple« numberc.)

| canpictureaviolin stringOK. But then,that's notquitethe sameasthequantum
statesof asinglefoton.

If vis avectorin oneof ourlittle phasespaces—say v is the pair of functions
(coskx !1);! sinkx !1))

thenv time-evolvesto e ™ v, which describeshe samefoton state.

Sol pickedthenext simplestcaseafterthis: the superpositiorof vectorsfrom two
little phasespacesy; + v,. Sincethe! 'saredi erent,the correspondingoton
statereally changesovertime.

Ontheotherhand,if we multiply v; + v, by anon-zerccomplex numberthefoton
statedoesnt change—by de nition!

Then| stumbledacrossFowler's appletthat picturesthis— icing on the cake.
(Checkit outif you haven't already:

http://landaul.phys.V  irg ini a.EDU/clas ses/109 N
/more_stuff/GroupVelo cit y.html.)

Roughlyspeakingjt seemdik e thefoton statecorrespond$o the envelopeof the
functionv; + v,. Thesuperpositioookslikethisatt = 0 (beforewe “mod out”):

u(x;t) = cosk;x) + coskxx)

which (thanksto thewondersof trigopnometry)is the sameas:

| |
ki + ko ki k
1~ ™2y cos =2

2 2 X

u(x;t) = 2cos

Looselyspeakingthe “foton state”corresponds$o the secondactor cos(kl—zk2 X).

Thefoton hasa de nite “beatfrequeng”, andevena “beatphase” but the phase
of the fast“inner wiggles” is indeterminate.(If the quotedphrasesdon’t make

sensejustlook attheapplet.)

I'd alsolik e to geta bettermentalpictureof a real Gaussiarwave-paclet, travel-
ling right, let's say Whatdoesthatlook lik e afteryou apply J to it?
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15 John Baez:

Whew! A meredi erencen viewpoint— no needto checkmyself
into Bellevuejustyet.

Okay, good.l guredwe werejusttalking atcross-purposes.

Sure,if yourestrictattentionto a singlelittle phasespacethentime-
evolution and what I called “complex structureevolution” are the
same.

Right. More preciselyjustto wrapit upin a neatpackagefor ary eigenstatef
the Hamiltonian,time evolution by a quarterperiodbackwardsin time is multi-
plicationby i!

(And of coursethisis true for any quantumsystemnot just the sortwe arecon-
sidering.)

Okay, sowherearewe?We'retrying to quantizeéhewave equatiorin 2-dimensional
Minkowski spacetime:

Uit = Uxx

whereu(x; t) is areal-valuedfunction of onespacecoordinatex andonetime co-
ordinatet. Whenwe succeedn doingthis,we'll have thequantumeld theoryof
“masslesseutralspin-Oparticles”: masslesbecaus¢hewave equationdescribes
wavesmoving atthespeedf light, spin-Obecausei is justascalareld, andneu-
tral becausat's real-\alued. (For a chaged particlewe'd usea complex-valued

u.)

Or, if thelanguageof particlephysicsis too scary we canalternatvely saywe are
giving thequantundescriptionof anidealizedviolin with asinglevery, verylong
string.

But right now we'retrying to dothevery rst step:to make thespaceof solutions
into a comple Hilbert space. So far we've beenworking mostly “one vibra-
tional modeat a time”. Correspondingo eachvibrationalmodetheres a little

2-dimensionaphasespacehaving asabasisthetwo solutions

coskx !t)
and
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sinkx !t)

for a x edwavenumbek andfrequeng ! satisfyingk? = ! 2. And we've shavn
how to equipthis little phasespacewith a symplecticstructureanda complex
structure therebymakingit into a 1-dimensionatomplex Hilbert space.(2 real
dimensionsequall complex dimension.)

But now, how do we glom all theselittle 1-dimensionatomplec Hilbert spaces
togetheyrto getthe complex Hilbert spaceof all solutionsof the wave equation?
Well, thereis a standardechniquefor glommingtogetheralot of Hilbert spaces:
it's calledtaking a “direct sum”, or in the presentcase wherewe areglomming

togethemcontinuoudamily of Hilbert spacea“directintegral”’. Everyoneshould

know thistechniquelt makesthe next stepasnap.

But, alas, not everyoneknows aboutdirect integrals, so | will insteadusethe
Fouriertransformwhich everyonedoesknow. [1]

And in factMichaelhasalreadysketchedhe basicgameplan...
First, we noticethatany reasonabléunctionu(t; X) canbewritten as

1 Z
u(t; X) = > ac; k)e® ' odr dk

for somefunction( calledthe Fouriertransformof u. [2]

Now, it' seasyto seethatif u satis esthewave equatiortheni mustbezeroexcept
wherek? = | 2, andcorversely [3] Notethatthe equationk? = ! 2 describesan
“X"-shapedlocusin Fourier transformspace,which is called a lightcone. We
think of it asbeingmadeof two parts:
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\' [ < forwards lightcone (omega >= 0)

[\ <o backwards lightcone (omega <= 0)

It'salsoeasyto seethatif uis real,( satis es
ac; k) =aC 5 k)

wherethe denotesomplex conjugation.And corversely

Thusto have an arbitraryreal solutionu of the wave equationis the sameasto
have anarbitrarycomplex function G onthe forwardslightcone!

Why theforwardslightcone?Becausehe equationabove saysthatthe valueof G
ontheforwardslightconedeterminests valueon backwardslightcone.

So the obvious guessfor how to make the spaceof real solutionsof the wave
equationinto a complex Hilbert spaceis to uselL? of the forwardslightcone—
square-intgrablefunctionson theforwardslightcone.Of coursewe have to pick
somemeasureon the forwardslightconefor this to make sense— you cant do
an integral without a measure.Luckily thereis a uniquemeasureon the light-
conethat's invariantunderLorentztransformationsnamelydk5kj. [4] If we use
that,thenby generalabstrachonsensé¢he Lorentztransformationsvill automat-
ically actasunitary operatorson L? of the forwardslightcone. And translations
in spacetimeobviouslyactasunitary operatorql claim), sowe'll be happy: the
whole Poincaé groupwill actasunitaryoperatorsn our Hilbert space.

This obvious guessworks out to be right, andto be consistenwith thestu we
have alreadydone“one vibrationalmodeat a time”. But maybewe shouldwork
it outin detail. (“We” meaningMichael, of course.) For example, heres one
thing we coulddo: shav thatthe obviouscomplex structureon L? of theforwards
lightcone— the usualnotion of multiplication by i — agreeswith the comple
structureMichaelalreadyworked out “one vibrationalmodeat atime”.

| waskind of hopingthatthe “vectors”’€® 'Y would form a Dirac-
style“orthonormalbasis”for this Hilbert space.This doesnt seento
guitework out...

Well, the mostimportantreasonit doesnt quite work out is that the functions

& 9 grent real, andour Hilbert spaceonly containsreal solutionsof thewave
equation.(Thereareother lesserreason$oo.)
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You could at this point askwhy we didn't study comple solutionsof the wave

equation. And the reasonis that this raisestemptationghatarevery di cult to

resist.Namely whenyou arestudyingcomplex solutionsto somelinearequation,
theres a blatantly obvious complec structurestaringyou in the face: the usual
multiplication by i. It's very temptingto usethis, but it's usuallywrong — the
Hamiltonianwon't work out to be positive. Dirac fell for this temptationandgot
very confused.He thenstartedwaving his armsfrantically and mutteringabout
“holes” in the “sea”. By meansof suchhandwaving he eventually did some-
thing thatamountedo picking theright comple structure But unfortunatelyfew

physicistsevento this dayrealizethatonecanavoid the problemin the rst place
if oneis carefulto pick theright complex structure— notthe obviousone.

Sincewe're studyingreal solutionsof the wave equation|t's moreclearthatwe
have to do somethingclever to give our Hilbert spaceof solutionsa complec
structure Note how we're doingit: we work in the Fouriertransformpicturewith
0 insteadof u, andthenthetrick is to multiply 0 by i the forwardslightconeand
multiply it by i onthebackwardslightcone!We haveto multiply it by i onthe
backwardslightconesince

ae; k) =a( ;K

for the Fouriertransformof arealfunction!

Okay, I'm tired outfor now...I'm too tired to commenton Michael's stu about
groupvs. phasevelocity, exceptto saythatit's cool. Also, | have no ideawhat
our comple structuredoesto a solutionof the wave equationthat looks like a
Gaussiangxceptto note that Gaussiandhiave an incredibletendenyg to become
otherGaussiansvhenyou do thingsto them.

Notes:

[1] Actually the Fourier transformis just a specialcaseof doing a direct inte-
gral: we aretaking the spacel.2(R) andexpressingt asan integral over of the
1-dimensionaHilbert spacespannedy thefunctionse ¥*. Of coursethefunc-
tionse ** donotthemseleslie in L?(R), but thedirectintegralis designedo deal
with preciselythis sortof thing. I'm not surewhat's the bestplaceto learnabout
directintegrals,but | seemto recallalot of discussiorof themin Dixmier's Von
NeumanrAlgebrasandTakesakis Theoryof Opemator Algebrasl.

[2] | am startingto write u(t; X) insteadof u(x;t) sincein particle physicsthat's
how they doit. Similarly I'll write G(!; k) with! comingbeforek.

[3] Soin fact( is a distribution, not a function. To be honestwe shouldsay: the
Fourier transformof any temperedlistribution is againa temperedistribution.
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SeeReedandSimon's Fourier Analysisand Self-Adjointnessr somesuchtome.
We're secretlygonnawrite 0 assomefunctiontimessomemeasurdiving on the
lightcone,andthenwe're gonnacall this function U to cover our tracks.

[4] Well, okay; it' suniqueup to a scalarfactor If we alreadyhapperto know the
right symplecticstructureon the spaceof solutionsof the wave equationwe can
usethis to determingheright scalarfactor usingthefactthatthe imaginarypart
of theinnerproductin our L? spacehadbetterbe the symplecticstructure.Right
now I'm hopingthe scalarfactoris 1.
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