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Abstra ct: Connectionsand curvings on gerbesare beginning to play a vital role in dif-
ferential geometry and theoretical physics | �rst abelian gerbes,and more recently non-
abelian gerbesand the twisted nonabelian gerbesintroducedby Aschieri and Jur�co in their
study of M-theory. These conceptscan be elegantly understood using the concept of `2-
bundle' recently introducedby Bartels. A 2-bundle is a generalizationof a bundle in which
the �b ersare categoriesrather than sets. Herewe introducethe conceptof a `2-connection'
on a principal 2-bundle. We describe principal 2-bundleswith connection in terms of local
data, and show that under certain conditions this reducesto the cocycle data for twisted
nonabelian gerbeswith connection and curving subject to a certain constraint | namely,
the vanishing of the `fake curvature', as de�ned by Breen and Messing. This constraint
also turns out to guarantee the existenceof `2-holonomies': that is, parallel transport over
both curvesand surfaces,�tting together to de�ne a 2-functor from the `path 2-groupoid'
of the basespaceto the structure 2-group. We give a general theory of 2-holonomiesand
show how they are related to ordinary parallel transport on the path spaceof the base
manifold.
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1. In tro duction

The concept of `connection' lies at the very heart of modern physics, and it is central
to much of modern mathematics. A connection describesparallel transport along curves.
Motiv ated both by questionsconcerningM-theory (seex1.1) and ideasfrom higher category
theory (x1.2), we seekto describe parallel transport along surfaces. After describing these
motivations, we outline our results (x1.3) and sketch the structure of this paper (x1.4).
Readersintimidated by the length of this paper may prefer to read a summary of results
[5].

1.1 Nonab elian Surface Holonomies in Ph ysics

In the context of M-theory (the only partially understood expected completion of string
theory), 2- and 5-dimensionalsurfacesin 10-dimensionalspaceare believed to play a fun-
damental role. Theseare called `2-branes'and `5-branes',respectively. The generalcon�g-
uration of 2-branesand 5-branesinvolves2-braneshaving boundariesthat are attached to
5-branes. This is a higher-dimensionalanalogueof how open strings may end on various
typesof branes in string theory. So, let us recall what happensin that simpler case.

When an open string endson a single brane, its end acts like a point particle coupled
to a 1-form, or more precisely, to a U(1) connection. However, it is also possiblefor the
end of a string to mimic a point particle coupledto a nonabelian gauge�eld. This happens
when the string ends on a number of branes that are coincident, or `stacked'. When an
open string endson a stack of n branes,its end acts like a point particle coupled to a U(n)
connection,or more generally a connectionon somebundle whosestructure group consists
of n � n matrices. The reason is that the action for the string involves the holonomy of
this connection along the curve traced out by the motion of the string's endpoint as time
passes.

It is natural to hope that somethingsimilar happenswhen a 2-braneendson a 5-brane
or a stack of 5-branes. Indeed, it is already known that when a 2-brane ends on a single
5-brane, it acts like a string coupled to a 2-form | or more precisely, to a connectionon a
U(1) gerbe. (Just asa connectionon a U(1) bundle can be locally identi�ed with a 1-form,
but not globally, so a connectionon a U(1) gerbe can be locally but not globally identi�ed
with a 2-form.)

Similarly, we expect that a 2-brane ending on a stack of coinciding 5-branesshould
behave like a string coupled to a Lie-algebra-valued 2-form | or more precisely, to a
connection on a nonabelian gerbe. The theory of such connectionsis under development,
and its application to this problem have already been considered[13, 14, 15]. However,
for this application to work, the action for a 2-brane ending on a stack of 5-branesshould
involve somesort of `holonomy' of this kind of connection over the 2-dimensional surface
traced out by the motion of the 2-brane's boundary. For this, we need a concept of
`nonabelian surfaceholonomy'.

It is well understood how connectionson abelian gerbesgive rise to a notion of abelian
surface holonomy, but for nonabelian gerbes so far no concept of surface holonomy has
beende�ned. In fact, using 2-groups it is straightforward to comeup with a local version
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of this notion. This hasalready beendone in a discretizedsetting | a categori�ed version
of lattice gaugetheory [9]. However, to construct a well-de�ned action for a 2-braneending
on a stack of 5-branes,it is crucial to take care of global issues.

For these reasons,a globally de�ned notion of nonabelian surfaceholonomy seemsto
be a necessaryprerequisite for fully understanding the fundamental objects of M-theory.
In this paper we present such a notion, which we call `2-holonomy'.

In fact, this concept is interesting for ordinary �eld theory aswell, quite independently
of whether strings really exist. Con�gurations of membranesending on a stack of 5-branes
can alternatively bedescribed in terms of certain (super)conformally invariant �eld theories
involving Lie-algebra-valued 2-form �elds de�ned on the six-dimensional manifold traced
out by the 5-branes. When these �eld theories are compacti�ed on a torus they give rise
to (super)Yang-Mills theory in four dimensions. In this context, the famous Montonen-
Olive SL(2; Z) dualit y exhibited by this 4-dimensional gauge theory should arise simply
from the modular transformations on the internal torus, which act as symmetries of the
conformally invariant six-dimensional theory. From this point of view, nonabelian 2-form
gaugetheory in six dimensionsappearsas a tool for understanding ordinary gaugetheory
in four dimensions.

It is interesting to note that these six-dimensional theories require the curvature 3-
form of the 2-form �eld to be self-dual with respect to the Hodge star operator. In the
nonabelian casethis is subtle, becausethis 3-form should obey the local transition laws
for nonabelian gerbes, which are not | at least not in any obvious way | compatible
with self-duality in general, since they involve corrections to a covariant transformation
of the 3-form. The only obvious solution to this compatibilit y problem is to require the
so-called f̀ake curvature' of the gerbe to vanish. If this is the case,the 3-form �eld strength
transforms covariantly and can henceconsistently be chosento be self-dual.

This solution has a certain appeal, becausethe constraint of vanishing fake curvature
also shows up naturally in the study of nonabelian surface holonomy. Indeed, a major
theme of the present paper is to show that what we call 2-connectionshave well-de�ned
surfaceholonomiesonly when their fake curvature vanishes.

For thesereasons,2-connectionsmay alsobesuited to play a role in relating nonabelian
gauge theories in four dimensions to nonabelian 2-form theories in six dimensions. We
do not work out the application of our 2-connectionsto either M-theory or this relation
between four- and six-dimensional theories. But, as we explain in the next section, our
theory of 2-connections is developed from the intrinsic logic of the problem of surface
holonomy. So, either it or something very similar should be relevant.

An overview of the relation betweenfour- and six-dimensionalconformal �eld theories
is given in [20]. A list of referenceson the physicsof 5-branesis given in [11].

1.2 Higher Gauge Theory

The search for a theory of surface holonomies predates the recent interest in M-theory,
becauseit seemslike a natural generalization of ordinary gauge theory. However, until
recently this search has been held back by trying to use familiar algebraic structures |
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groups and Lie algebras | which are appropriate for ordinary gaugetheory but not for
this generalization.

Ordinary gauge theory describes how 0-dimensional particles transform as we move
them along 1-dimensionalpaths. It is natural to assigna group element to each path:

�

g

%%�

The reasonis that composition of paths then corresponds to multiplication in the group:

�

g

%%�

g0

%%�

while reversing the direction of a path corresponds to taking inverses:

� �

g� 1

yy

and the associative law makesthe holonomy along a triple composite unambiguous:

�

g

%%�

g0

%%�

g00

%%�

In short, the topology dictates the algebra.
Now supposewe wish to do something similar for 1-dimensional `strings' that trace

out 2-dimensionalsurfacesas they move. Naively we might wish our holonomy to assigna
group element to each surfacelike this:

� %%
99g

��
�

There are two obvious ways to composesurfacesof this sort, vertically:

�
��//

g
��

CC
g0

��

�

and horizontally:

� %%
99g

��
� %%

99g0

��
�

Supposethat both of these correspond to multiplication in the group G. Then to obtain
a well-de�ned holonomy for this surfaceregardlessof whether we do vertical or horizontal
composition �rst:

�
��//

g1
��

CC
g0

1��

�
��//

g2
��

CC
g0

2��

�
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we must have
(g1g2)(g0

1g0
2) = (g1g0

1)(g2g0
2):

This forcesG to be abelian!
In fact, this argument goesback to a classicpaper by Eckmann and Hilton [21]. More-

over, they showed that even if we allow G to be equipped with two products, say g � g0 for
vertical composition and gg0 for horizontal, so long as both products share the sameunit
and satisfy this ìn terc hange law':

(g1 � g0
1)(g2 � g0

2) = (g1g2) � (g0
1g0

2)

then in fact they must agree| so by the previous argument, both are abelian. The proof
is very easy:

gg0 = (g � 1)(1 � g0) = (g1) � (1g0) = g � g0:

Pursuing this approach, we would ultimately reach the theory of connections on
`abelian gerbes'. If G = U(1), such a connections looks locally like a 2-form | and it
shows up naturally in string theory, satisfying equations very much like those of electro-
magnetism.

To go beyond this and obtain nonabelian higher gauge�elds, we must let the topology
dictate the algebra. Readersfamiliar with higher categorieswill already have noticed that
1-dimensionalpictures above resemble diagramsin categorytheory, while the 2-dimensional
pictures resemble diagramsin 2-categorytheory. This suggeststhat instead of a Lie group,
the holonomies in higher gauge theory should take values in some sort of categori�ed
analogue,which we could call a `Lie 2-group'.

In fact, even without knowing about higher categories,we can be led to the de�nition
of a Lie 2-group by consideringa kind of connection that gives holonomiesboth for paths
and for surfaces.

So, let us assumethat for each path we have a holonomy taking values in someLie
group G, where composition of paths corresponds to multiplication in G. Assume also
that for each 1-parameter family of paths with �xed endpoints we have a holonomy taking
valuesin someother Lie group H , wherevertical composition correspondsto multiplication
in H :

�
��//

h
��

CC
h0

��

�

Next, assumethat we can parallel transport an element g 2 G along a 1-parameter
family of paths to get a new element g0 2 G:

�

g

%%

g0

99h
��

�

This picture suggeststhat we should think of h as a kind of `arrow' or `morphism' going
from g to g0. We can use category theory to formalize this. However, in category theory,
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when a morphism goes from an object x to an object y, we think of the morphism as
determining both its sourcex and its target y. The group element h doesnot determine g
or g0. However, the pair (g; h) does.

For this reason,it is useful to createa categoryGwherethe setof objects, say Ob(G), is
just G, while the setof morphisms,say Mor(G), consistsof orderedpairs f = (g; h) 2 G� H .
Switching our notation to re
ect this, we rewrite the above picture as

�

g

%%

g0

99f
��

�

and write f : g ! g0 for short.
In this new notation, we can vertically compose f : g ! g0 and f 0: g0 ! g00 to get

f � f 0: g ! g00, as follows:

�

g

��g0
//

f
��

g00

CC
f 0

��

�

This is just composition of morphismsin the categoryG. However, we can alsohorizontally
composef 1: g1 ! g0

1 and f 2: g2 ! g0
2 to get f 1f 2: g1g2 ! g0

1g0
2, as follows:

�

g1

%%

g0
1

99f 1
��

�

g2

%%

g0
2

99f 2
��

�

We assumethis operation makes Mor(G) into a group with the pair (1; 1) 2 G � H as its
multiplicativ e unit.

The good newsis that now we can assumean interchangelaw saying this holonomy is
well-de�ned:

�

g1

��g2 //
f 1

��

g3

CC
f 0

1��

�

g0
1

��g0
2 //

f 2
��

g0
3

CC
f 0

2��

�

namely:

(f 1 � f 0
1)( f 2 � f 0

2) = (f 1f 2) � (f 0
1f 0

2) (1.1)

without forcing either G or H to be abelian! Instead, the group Mor(G) is forced to be a
semidirect product of G and H .

The structure we are rather roughly describing here is in fact already known to math-
ematicians under the name of a `categoricalgroup' [3, 22, 23]. The reasonis that G turns
out to be a category living in the world of groups: that is, a category where the set of
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objects is a group, the set of morphisms is a group, and all the usual category operations
are group homomorphisms.To keepthe terminology succinct and to hint at generalizations
to still higher-dimensionalholonomies,we prefer to call this sort of structure a `2-group'.
Moreover, we shall focusour attention on `Lie 2-groups', where the objects and morphisms
form Lie groups, and all the operations are smooth.

In fact, onecan develop a full-
edged theory of bundles,connections,curvature, and so
on with a Lie 2-group taking the placeof a Lie group. To do this, onemust systematically
engagein a processof `categori�cation', replacing set-basedconcepts by their category-
basedanalogues.For example, just as 2-groupsare categori�ed groups, we can de�ne `Lie
2-algebras',which are categori�ed Lie algebras[4].

So far most work on categori�ed gaugetheory has focusedon the special casewhen
G is trivial and H = U(1), using the languageof `U(1) gerbes' [18, 24, 25, 26, 27, 28].
Here, however, we really want H to be nonabelian, and for this we needG to be nontrivial.
Someimportant progressin this direction can be found in Breen and Messing'spaper on
the di�eren tial geometry of `nonabelian gerbes' [13]. While they usedi�eren t terminology,
their work basically develops the theory of connections and curvature for Lie 2-groups
where H is an arbitrary Lie group, G = Aut( H ) is its group of automorphisms, t sends
each element of H to the corresponding inner automorphism, and the action of G on H
is the obvious one. We call this sort of Lie 2-group the `automorphism 2-group' of H .
Luckily, it is easyto extrapolate the whole theory from this case.

In particular, for any Lie 2-group G one can de�ne the notion of a `principal 2-bundle'
having G as its gauge2-group; this has recently beendone by Bartels [6]. The �rst goal of
this paper is to de�ne a conceptof `2-connection' for theseprincipal 2-bundlesThe second
is to show that given a 2-connection, one can de�ne holonomies for paths and surfaces
which behave just as one would hope:

� composing paths corresponds to multiplying their holonomiesin the group Ob(G):

�

g

%%�

g0

%%�

� reversing the direction of a path corresponds to taking the inverseof its holonomy in
the group Ob(G):

� �

g� 1

yy

� horizontally composing surfacescorresponds to multiplying their holonomiesin the
group Mor(G):

�

g1

%%

g0
1

99f 1
��

�

g2

%%

g0
2

99f 2
��

�
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� horizontally reversing a surfacecorresponds to taking the inverseof its holonomy in
the group Mor(G):

� �

g0� 1

ee

g� 1

yy
f � 1

KS

� vertically composing surfacescorresponds to composing their holonomies as mor-
phisms in the category G:

�

g

��g0
//

f
��

g00

CC
f 0

��

�

� vertically reversing a surfacecorresponds to taking the inverseof its holonomy as a
morphism in the category G:

�

g

%%

g0

99f

KS
�

A third goal of this paper is to relate such 2-connectionsto connectionson the space
P(M ), whosepoints are paths in M . A connection on P(M ) assignsa holonomy to any
path in P(M ), and a path traces out a surface in M . Such a connection thus assignsa
holonomy to a surface| but this will depend on the parameterization of the surfaceunless
we imposeextra conditions.

Intuitiv ely it is clear that these two conceptsshould be closely related, but little is
known about the details of this relation. Motiv ated by the recent discovery [11] that a
certain consistencycondition for surfaceholonomy appearing in the loop spaceapproach
is discussedalso in the literature on 2-groups [9], while other such consistencyconditions
have exclusively beendiscussedin the loop spacecontext [10], we seekto clarify this issue.

Our fourth goal is to relate Bartels' theory of 2-bundles to the theory of nonabelian
gerbes, incuding the `twisted' nonabelian gerbesintroduced by Aschieri and Jur�co in their
work on M-theory [15], and our �nal goal is to givea precisedescription of surfaceholonomy
as a 2-functor. We discusstheseideas in more detail in the next section.

1.3 Outline of Results

In this paper we categorify the concept of principal bundle with connection, replacing the
structure group by a 2-group, de�ning principal 2-bundles with 2-connection. We show
how to describe these in terms of local data and show that under certain conditions this
is equivalent to the cocycle description of nonabelian gerbessatisfying a certain constraint
| the vanishing of the `fake curvature'. We show that this constraint is also su�cien t to
guarantee the existenceof 2-holonomies, i.e., parallel transport over surfaces.We examine
these2-holonomiesin detail using2-functors into 2-groupson the onehand, and connections
on path spaceon the other hand.
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Several aspects of this have been studied before. Categori�cation is described in [1]
and its application to groupsand Lie algebras,which yields 2-groupsand Lie 2-algebras,is
discussedin [3, 4, 2]. The conceptof 2-group wasincorporated in the de�nition of principal
2-bundles (without connection) in [6]. A description of 2-connectionsas 2-functors was
introducedin [7, 8, 9], but only in a discretizedcontext, which makesit a bit tricky to treat
global issues.Connectionson path spacewere discussedin [10, 11], and reparametrization
invariance for a special casewas investigated by [12]. Cocycle data for nonabelian gerbes
with connectionand curving wereobtained �rst by Breen and Messing[13] using algebraic
geometry, and later by Aschieri and Jur�co [14, 15] using a nonabelian generalization of
bundle gerbes [16].

Here we extend this work by:

� de�ning the concept of a principal 2-bundle with 2-connection,

� showing that a 2-connectionon a trivial principal 2-bundle has2-holonomiesde�ning
a 2-functor into the structure 2-group when the 2-connection has vanishing `fake
curvature' (a concept already de�ned for nonabelian gerbes by Breen and Messing
[13]),

� clarifying the relation between connections on a trivial principal bundle over the
path spaceof a manifold and 2-connectionson a trivial principal 2-bundle over the
manifold itself, showing that a connection on the path spacewhoseholonomiesare
invariant under arbitrary surfacereparameterizations de�nes a 2-connection on the
original manifold,

� deriving the local `gluing data' that describe how a nontrivial 2-bundle with 2-
connection can be built from trivial 2-bundles with 2-connection on open sets that
cover the basemanifold,

� demonstrating that thesegluing data for 2-bundleswith 2-connectioncoincide with
the cocycle description of nonabelian gerbes, subject to the constraint of vanishing
fake curvature.

The starting point for all these considerations is the ordinary concept of a principal
�b er bundle. Such a bundle can be speci�ed using the following `gluing data':

� a basemanifold M ,

� a cover of M by open setsf Ui gi 2 I ,

� a Lie group G (the `gaugegroup' or `structure group'),

� on each double overlap Uij = Ui \ Uj a G-valued function gij ,

� such that on triple overlaps the following transition law holds:

gij gj k = gik :

{ 9 {
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Such a bundle is augmented with a connection by specifying:

� in each open set Ui a smooth functor holi : P1(Ui ) ! G from the path groupoid of Ui

to the gaugegroup,

� such that for all paths 
 in double overlaps Uij the following transition law holds:

holi (
 ) = gij holj (
 ) g� 1
ij :

Here the `path groupoid' P1(M ) of a manifold M has points of M as objects and certain
equivalenceclassesof smooth paths in M asmorphisms. There arevariousways to work out
the technical details and make P1(M ) into a `smooth groupoid'; see[18] for the approach
we adopt, which uses`thin homotopy classes'of smooth paths. Technical details aside,the
basic idea is that a connection on a trivial G-bundle gives a well-behaved map assigning
to each path 
 in the basespacethe holonomy hol(
 ) 2 G of the connection along that
path. Saying this map is a `smooth functor' meansthat these holonomiescomposewhen
we composepaths, and that the holonomy hol(
 ) dependssmoothly on the path 
 .

Our task shall be to categorify all of this and to work out the consequences.The basic
tool will be internalization : given a mathematical concept X de�ned solely in terms of
sets,functions and commutativ e diagramsinvolving these,and given somecategoryK , one
obtains the concept of an `X in K ' by replacing all thesesets, functions and commutativ e
diagrams by corresponding objects, morphisms, and commutativ e diagrams in K .

For example, take X to be the concept of `group'. A group in Di� (the category with
smooth manifolds as objects and smooth maps as morphisms) is nothing but a Lie group.
In other words, a Lie group is a group that is a manifold, for which all the group operations
are smooth maps. Similarly, a group in Top (the categorywith topologicalspacesasobjects
and continuous maps as morphisms) is a topological group.

These examplesare standard, but we will need some slightly less familiar ones. In
particular, we will need the concept of `2-group', which is a group in Cat (the category
with categoriesas objects and functors as morphisms). By a charming principle called
`commutativit y of internalization', 2-groupscanalsobe thought of ascategoriesin Grp (the
category with groups as objects and homomorphismsas morphisms). We will also need
the concept of a `2-space',which is a category in Di� , or more generally in somecategory
of smooth spacesthat allows for in�nite-dimensional examples. A specially nice sort of
2-spaceis a `smooth groupoid', a concept already mentioned above without explanation:
this is a groupoid in the category of smooth spaces.Finally, a `Lie 2-group' is a 2-group in
Di� .

To arrive at the de�nition of a 2-bundle E ! M , the �rst steps are to replace the
total spaceE and basespaceM by 2-spaces,and to replacethe structure group by a Lie
2-group. In this paper we will actually keepthe basespacean ordinary space,which can be
regardedas a 2-spacewith only identit y morphisms. This is su�cien tly general for many
purposes. However, for applications to string theory we may ultimately need 2-bundles
where the basespacehas points in somemanifold as objects and paths or loops in this
manifold asmorphisms [19]. This sort of application also requiresthat we considersmooth
spacesthat are more general than �nite-dimensional manifolds.

{ 10 {
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Just as a connection on a trivial principal bundle over M gives a functor hol from
the path groupoid of M to the structure group, one might hope that a 2-connectionon a
trivial principal 2-bundle would de�ne a 2-functor from somesort of `path 2-groupoid' to
the structure 2-group. This has already beenstudied in the context of higher lattice gauge
theory [8, 9]. Thus, the main issuesnot yet addressedare those involving di�eren tiabilit y.

To addresstheseissues,we de�ne for any smooth spaceM a smooth 2-groupoid P2(M )
such that:

� the objects of P2(M ) are points of M : � x

� the morphisms of P2(M ) are smooth paths 
 : [0; 1] ! M such that 
 (t) is constant

in a neighborhood of t = 0 and t = 1: x �



''
� y

� the 2-morphismsof P2(M ) are thin homotopy classesof smooth maps �: [0; 1]2 ! M
such that �( s; t) is independent of s in a neighborhood of s = 0 and s = 1, and

constant in a neighborhood of t = 0 and t = 1: x �


 1

''


 2

77� y�
��

We call the 2-morphisms in P2(M ) `bigons'. The `thin homotopy' equivalence relation
guaranteesthat two mapsdi�ering only by a reparametrization de�ne the samebigon. This
is important becausewe seeka reparametrization-invariant notion of surface holonomy.

We show that any 2-connectionon a trivial principal 2-bundle over M yields a smooth
2-functor hol: P2(M ) ! G, where G is the structure 2-group. We call this 2-functor the
2-holonomy of the 2-connection. In simple terms, the existenceof this smooth 2-functor
meansthat the 2-connectionhas well-de�ned holonomiesboth for paths and surfaces,in-
dependent of their parametrization, compatible with the standard operations of composing
paths and surfaces,and depending smoothly on the path or surfacein question.

To expand on this slightly, one must recall [3] that a Lie 2-group G amounts to the
samething as a `crossedmodule' of Lie groups (G; H ; t; � ), where:

� G is the group of objects of G, Ob(G):

� H is the subgroup of Mor(G) consisting of morphisms with sourceequal to 1 2 G:

� t: H ! G is the homomorphism sendingeach morphism in H to its target,

� � is the action of G as automorphisms of H de�ned using conjugation in Mor(G) as
follows: � (g)h = 1gh1g

� 1.

In theseterms, a 2-connectionon a trivial principal 2-bundleover M with structure 2-group
G consistsof a g-valued 1-form A together with an h-valued 2-form B on M . Translated
into this framework, Breen and Messing's`fake curvature' is the g-valued 2-form

dt(B ) + FA ;

{ 11 {
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where FA = dA + A ^ A is the usual curvature of A. We show that if and only if the fake
curvature vanishes, there is a well-de�ned 2-holonomy hol: P2(M ) ! G.

The importance of vanishing fake curvature in the framework of lattice gaugetheory
was already emphasizedin [9]. The special casewhere also FA = 0 was studied in [10],
while a discussionof this constraint in terms of loop spacein the caseG = H was given in
[11]. Our result subsumesthesecasesin a common framework.

This framework for 2-connectionson trivial 2-bundles is su�cien t for local considera-
tions. Thus, all that remainsis to turn it into a global notion by categorifying the transition
laws for a principal bundle with connection, which in terms of local data read:

gij gj k = gik

holi (
 ) = gij holj (
 ) g� 1
ij :

The basic idea is to replacetheseequationsby speci�ed isomorphisms,using the fact that a
2-group G has not only objects (forming the group G) but also morphisms (described with
the help of the group H ). These isomorphisms should in turn satisfy certain coherence
laws of their own. These coherencelaws have already been worked out for 2-bundles
without connection [6] and for twisted nonabelian gerbes with connection and curving
[13, 14, 15]; here we put theseideastogether. We show that the local data describingsuch
2-bundleswith 2-connectionmatchesthe cocycle data describingnonabelian bundle gerbes
with connection and curving, subject to the constraint of vanishing fake curvature.

In summary, we �nd that categorifying the notion of a principal bundle with connection
givesa structure that includes as a special casenonabelian bundle gerbeswith connection
and curving, with vanishing fake curvature.

1.4 Structure of the Paper

We begin in x2 with a review of internalization, Lie 2-groups and Lie 2-algebras, and
nonabelian gerbes. This preparesus to explain 2-bundlesin x3, and to show how they can
be described using local gluing data.

After 2-bundleshave beendescribed in this way, we de�ne the conceptof 2-connection
in x4. Here we also state our main result, Theorem 39, which describes 2-connectionsin
terms of Lie-algebra-valued di�eren tial forms. We begin the proof of this result in x5.
Finally, in x6 we relate 2-connectionson a manifold to connectionson its path space,and
use this to concludethe proof.

{ 12 {



Draft last mo di�ed 1/4/2008 { 13:14; curren t version at http://math.ucr.edu/home/baez/2conn.p df

D
R

A
FT

2. Preliminaries

To develop the theory of 2-connectionson 2-bundles,we needsomemathematical prelim-
inaries on internalization (x2.1), with special emphasison 2-spaces(x2.2), Lie 2-groups
(x2.3), and Lie 2-algebras(x2.4). We also review the theory of nonabelian gerbes(x2.5).

2.1 In ternalization

To categorify concepts from di�eren tial geometry, we will use a procedure called `inter-
nalization'. Developed by Lawvere [29], Ehresmann [30] and others, internalization is a
method for generalizing conceptsfrom ordinary set-basedmathematics to other contexts
| or more precisely, to other categories. This method is simple and elegant. To internalize
a concept, we merely have to describe it using commutativ e diagrams in the category of
sets, and then interpret thesediagrams in someother category K . For example, if we in-
ternalize the conceptof `group' in the categoryof topological spaces,we obtain the concept
of `topological group'.

For categori�cation, the main concept we need to internalize is that of a category
itself ! To do this, we start by writing down the de�nition of category using commutativ e
diagrams. We do this in terms of the functions s and t assigningto any morphism f : x ! y
its sourceand target:

s(f ) = x; t(f ) = y;

the function i assigningto any object its identit y morphism:

i (x) = 1x ;

and the function � assigningto any composablepair of morphisms their composite:

� (f ; g) = f � g

If we write Ob(C) for the set of objects and Mor(C) for the set of morphisms of a category
C, the set of composablepairs of morphismsis denotedMor(C) t � sMor(C), sinceit consists
of pairs (f ; g) with t(f ) = s(g).

In theseterms, the de�nition of category looks like this:

A small category , say C, has a set of objects Ob(C), a set of morphisms
Mor(C), sourceand target functions:

s; t: Mor(C) ! Ob(C);

an identit y-assigningfunction:

i : Ob(C) ! Mor(C)

and a composition function:

� : Mor(C)t � sMor(C) ! Mor(C)

making diagrams commute that expressassociativit y of composition, the left
and right unit laws for identit y morphisms, and the behaviour of sourceand
target under composition.

{ 13 {
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We omit the actual diagrams becausethey are not very enlightening: the reader can �nd
them elsewhere[4, 31] or reinvent them. The main point here is not so much what they
are, as that they can be written down.

To internalize this de�nition, we replace the word `set' by `object of K ' and replace
the word `function' by `morphism of K ':

A category in K , say C, has an object Ob(C) 2 K , an object Mor(C) 2 K ,
sourceand target morphisms:

s; t: Ob(C) ! Mor(C);

an identit y-assigningmorphism:

i : Ob(C) ! Mor(C);

and a composition morphism:

� : Mor(C)t � sMor(C) ! Mor(C)

making diagrams commute that expressassociativit y of composition, the left
and right unit laws for identit y morphisms, and the behaviour of sourceand
target under composition.

Herewemust de�ne Mor(C) t � sMor(C) usinga category-theoreticnotion calleda `pullback'
[23]. Luckily, in examplesit is usually obvious what this pullback shouldbe,sinceit consists
of composablepairs of morphisms in C.

Using this method, we can instantly categorify various conceptsusedin gaugetheory:

De�nition 1. A Lie 2-group is a category in LieGrp, the category whoseobjects are
Lie groups and whosemorphisms are smooth group homomorphisms.

De�nition 2. A Lie 2-algebra is a category in LieAlg, the category whoseobjects are
Lie algebras and whosemorphisms are Lie algebra homomorphisms.

(For the bene�t of experts, we should admit that we are only de�ning `strict' Lie 2-groups
and Lie 2-algebrashere. We will not needany other kind in this paper.)

We could also de�ne a `smooth 2-space'to be a category in Di� , the category whose
objects are �nite-dimensional smooth manifolds and whosemorphisms are smooth maps.
However, this notion is slightly awkward for two reasons.First, unlike LieGrp and LieAlg,
Di� doesnot have pullbacks in general. So, the subsetof Mor(C) � Mor(C) consisting of
composablepairs of morphismsmay not be a submanifold. Second,and more importantly,
we will also be interested in in�nite-dimensional examples.

To solve theseproblems,we needa categoryof `smooth spaces'that haspullbacks and
includes a su�cien tly large classof in�nite-dimensional manifolds. Various categoriesof
this sort have been proposed. It is unclear which one is best, but we shall use a slight
variant of an idea proposedby Chen [32]. We describe this category of smooth spacesand
smooth maps in the Appendix (x7). We call this category C1 . For the present purposes,
all that really matters about this category is that it has many nice features, including:
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� Every �nite-dimensional smooth manifold (possibly with boundary) is a smooth
space,with smooth maps between these being precisely those that are smooth in
the usual sense.

� Every smooth spacehasa topology, and all smooth mapsbetweensmooth spacesare
continuous.

� Every subsetof a smooth spaceis a smooth space.

� We can form a `quotient' of a smooth spaceX by any equivalencerelation, which is
again smooth space.

� If f X � g� 2 A are smooth spaces,so is their product
Q

� 2 A X � .

� If f X � g� 2 A are smooth spaces,so is their disjoint union
`

� 2 A X � .

� If X and Y are smooth spaces,so is the set C1 (X ; Y ) consisting of smooth maps
from X to Y .

� There is an isomorphism of smooth spaces

C1 (A � X ; Y ) �= C1 (A; C1 (X ; Y ))

sendingany function � : A � X ! Y to the function �̂ : A ! C1 (X ; Y ) given by

�̂ (x)(a) = � (x; a):

� We can de�ne vector �elds and di�eren tial forms on smooth spaces,with many of
the usual properties.

With the notion of smooth spacein hand, we can make the following de�nition:

De�nition 3. A (smo oth) 2-space is a category in C1 , the category whoseobjects are
smooth spaces and whosemorphisms are smooth maps.

Not only can we categorify Lie groups, Lie algebrasand smooth spaces,we can also
categorify the maps betweenthem. The right sort of map betweencategoriesis a functor:
a pair of functions sending objects to objects and morphisms to morphisms, preserving
source, target, identities and composition. If we internalize this concept, we get the de�-
nition of a `functor in K '. We then say:

De�nition 4. A homomorphism between Lie 2-groups is a functor in LieGrp.

De�nition 5. A homomorphism between Lie 2-algebras is a functor in LieAlg.

De�nition 6. A (smo oth) map between 2-spaces is a functor in C1 .

There are also natural transformations betweenfunctors, and internalizing this notion
we can make the following de�nitions:
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De�nition 7. A 2-homomorphism between homomorphismsbetween Lie 2-groups is a
natural transformation in LieGrp.

De�nition 8. A 2-homomorphism between homomorphismsbetween Lie 2-algebras is
a natural transformation in LieAlg.

De�nition 9. A (smo oth) 2-map between maps between 2-spaces is a natural transfor-
mation in C1 .

Writing down thesede�nitions is quick and easy. It takes longer to understand them
and apply them to higher gauge theory. For this we must unpack them and look at
examples. We do this in the next two sections.

2.2 2-Spaces

Unraveling Def. 3, a smooth 2-space,or 2-space for short, is a category X where:

� The set of objects, Ob(X ), is a smooth space.

� The set of morphisms, Mor(X ), is a smooth space.

� The functions mapping any morphism to its source and target, s; t: Mor(X ) !
Ob(X ), are smooth maps.

� The function mapping any object to its identit y morphism, i : Ob(X ) ! Mor(X ), is
a smooth map

� The function mapping any composablepair of morphisms to their composite,
� : Mor(X )s� tMor(X ) ! Mor(X ), is a smooth map.

2-spacesare more commonthan onemight at �rst guess.One just needsto know where to
look. First of all, every ordinary smooth spaceis a 2-spacewith only identit y morphisms.
More interesting examplesarisenaturally in string theory: the path groupoid and the loop
groupoid of a manifold. In the next section we consider another large classof examples:
Lie 2-groups.

De�nition 10. A 2-space with only identity morphisms is called trivial .

Example 11. Any smooth spaceM gives a trivial 2-spaceX with Ob(X ) = M . This
2-spacehas Mor(X ) = M , with s; t; i; � all being the identit y map from M to itself. Every
trivial 2-spaceis of this form.

Example 12. Given a smooth spaceM , there is a smooth 2-spaceP1(M ), the path
group oid of M , such that:

� the objects of P1(M ) are points of M ,

� the morphisms of P1(M ) are thin homotopy classesof smooth paths 
 : [0; 1] ! M
such that 
 (t) is constant near t = 0 and t = 1.
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Herea thin homotop y betweensmooth paths 
 0; 
 1: [0; 1] ! M is a smooth map F : [0; 1]2 !
M such that:

� F (0; t) = 
 0(t) and F (1; t) = 
 1(t),

� F (s; t) is constant for t near 0 and constant for t near 1,

� F (s; t) is independent of s for s near 0 and for s near 1,

� the rank of the di�eren tial dF (s; t) is < 2 for all (s; t) 2 [0; 1]2.

The last condition is what makes the homotopy `thin': it guarantees that the homotopy
sweepsout a surfaceof vanishing area.

To see how P1(M ) becomesa 2-space, �rst note that the space of smooth maps

 : [0; 1] ! M becomesa smooth spacein a natural way, as does the subspacesatisfying
the constancyconditions near t = 0; 1, and �nally the quotient of this subspaceconsisting
of thin homotopy classes.This makesMor(P1(M )) into a smooth space.For short, we call
this smooth spaceP(M ), the path space of M . Ob(P1(M )) = M is obviously a smooth
spaceas well. The sourceand target maps

s; t: Mor(P1(M )) ! Ob(P1(M ))

sendany equivalenceclassof paths to its endpoints:

s([
 ]) = 
 (0); t([
 ]) = 
 (1):

The identit y-assigningmap sendsany point x 2 M to the constant path at this point. The
composition map � sendsany composablepair of morphisms [
 ]; [
 0] to [
 � 
 0], where


 � 
 0(t) =

(

 (2t) if 0 � t � 1

2

 0(2t � 1) if 1

2 � t � 1

One can check that 
 � 
 0 is a smooth path and that [
 � 
 0] is well-de�ned and independent
of the choice of representativ es for [
 ] and [
 0]. One can also check that the maps s; t; i; �
are smooth and that the usual rules of a category hold. It follows that P1(M ) is a 2-space.

In fact, P1(M ) is not just a category: it is also a group oid : a category where every
morphism has an inverse. The inverseof [
 ] is just [
 ], where 
 is obtained by reversing
the orientation of the path 
 :


 (t) = 
 (1 � t):

Moreover, the map sending any morphism to its inverse is smooth. Thus P1(M ) is a
smooth group oid : a 2-spacewhere every morphism is invertible and the map sending
every morphism to its inverseis smooth.

Example 13. Given a 2-spaceX , any subcategory of X becomesa 2-spacein its own
right. Here a sub category is a category Y with Ob(Y ) � Ob(X ) and Mor(Y ) � Mor(X ),
where the source,target, identit y-assigningand composition maps of Y are restrictions of
those for X . The reason Y becomesa 2-spaceis that any subspaceof a smooth space
becomesa smooth space in a natural way (see x7) and restrictions of smooth maps to
subspacesare smooth. We call Y a sub-2-space of X .
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Example 14. Given a smooth spaceM , the path groupoid P1(M ) has a sub-2-space
LM whose objects are all the points of M and whose morphisms are those equivalence
classes[
 ] where 
 is a loop: that is, a path with 
 (0) = 
 (1). We call LM the lo op
group oid of M . Like the path groupoid, the loop groupoid of M is not just a 2-space,
but a smooth groupoid.

For 2-spaces,and indeedfor all categori�ed concepts,the usualnotion of `isomorphism'
is lessuseful than that of `equivalence'. For example, in categori�ed gaugetheory what
matters is not 2-bundleswhose�b ers are all isomorphic to somestandard �b er, but those
whose�b ersare all equivalent to somestandard �b er. We recall the conceptof equivalence
here:

De�nition 15. Given 2-spacesX and Y, an isomorphism f : X ! Y is a map equipped
with a map �f : Y ! X called its in verse suchthat �f f = 1X and f �f = 1Y . An equiv alence
f : X ! Y is a map equipped with a map �f : Y ! X called its weak in verse together with
invertible 2-maps � : �f f �=) 1X and �� : f �f �=) 1Y .

2.3 Lie 2-Groups

Unravelling Def. 1, we seethat a Lie 2-group G is a category where:

� The set of objects, Ob(G), is a Lie group.

� The set of morphisms, Mor(G), is a Lie group.

� The functions mapping any morphism to its sourceand target, s; t: Mor(G) ! Ob(G),
are homomorphisms.

� The function mapping any object to its identit y morphism, i : Ob(G) ! Mor(G), is a
homomorphism.

� The function mapping any composablepair of morphisms to their composite,
� : Mor(G)s� tMor(G) ! Mor(G), is a homomorphism.

For applications to higher gaugetheory it is suggestive to draw objects of G as arrows:

�

g

%%�

and morphisms f : g ! g0 as surfacesof this sort:

�

g

%%

g0

99f
��

�

This lets us can draw multiplication in Ob(G) as composition of arrows, multiplication in
Mor(G) as `horizontal composition' of surfaces,and composition of morphisms f : g ! g0

and f 0: g0 ! g00as `vertical composition' of surfaces,as explained in x1.2.
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In this notation, the fact that composition is a homomorphismsays that the `exchange
law'

(f 1 � f 0
1)( f 2 � f 0

2) = (f 1f 2) � (f 0
1f 0

2)

holds whenever we have a situation of this sort:

�

g1

��g2 //
f 1

��

g3

CC
f 0

1��

�

g0
1

��g0
2 //

f 2
��

g0
3

CC
f 0

2��

�

In other words, we can interpret this picture either as a horizontal composite of vertical
compositesor a vertical composite of horizontal composites,without any ambiguity.

A Lie 2-group with only identit y morphisms is the samething as a Lie group. To get
more interesting examplesit is handy to think of a Lie 2-group as special sort of `crossed
module'. To do this, start with a Lie 2-group G and form the pair of Lie groups

G = Ob(G); H = kers � Mor(G):

The target map restricts to a homomorphism

t: H ! G:

Besidesthe usual action of G on itself by conjugation, there is also an action of G on H ,

� : G ! Aut( H );

given by
� (g)(h) = 1g h 1g� 1

= �

g

%%

g

991g
��

�

1
%%

t (h)

99h
��

�

g� 1

%%

g� 1

991g� 1
��

� :

The target map is equivariant with respect to this action:

t(� (g)(h)) = g t(h) g� 1

and satis�es the so-called`Pei�er identit y':

� (t(h))( h0) = hh0h� 1:

A setup like this with groups rather than Lie groups is called a `crossedmodule', so here
we are getting a `Lie crossedmodule':

De�nition 16. A Lie crossed mo dule is a quadruple (G; H ; t; � ) consisting of Lie
groups G and H , a homomorphism t: H ! G, and an action of G on H (that is, a
homomorphism� : G ! Aut( H )) such that t is equivariant:

t(� (g)(h)) = g t(h) g� 1

{ 19 {



Draft last mo di�ed 1/4/2008 { 13:14; curren t version at http://math.ucr.edu/home/baez/2conn.p df

D
R

A
FT

and satis�es the Pei�er identity:

� (t(h))( h0) = hh0h� 1

for all g 2 G and h; h0 2 H .

This de�nition becomesa bit more memorable if we abuselanguageand write � (g)(h) as
ghg� 1; then the equationsabove become

t(ghg� 1) = g t(h) g� 1

and
t(h) h0t(h) � 1 = hh0h� 1:

As we shall see,Lie 2-groupsare essentially the sameasLie crossedmodules. The same
is true for the homomorphismsbetweenthem. We have already de�ned a homomorphism
of Lie 2-groupsas a functor in LieGrp. We can also de�ne a homomorphismof Lie crossed
modules:

De�nition 17. A homomorphism from the Lie crossed module (G; H ; t; � ) to the Lie
crossed module (G0; H 0; t0; � 0) is a pair of homomorphismsf : G ! G0, ~f : H ! H 0 suchthat

t( ~f (h)) = f (t0(h))

and
~f (� (g)(h)) = � 0(f (g))( ~f (h))

for all g 2 G, h 2 H .

Not only doesevery Lie 2-group give a Lie crossedmodule; every Lie crossedmodule
givesa Lie 2-group. In fact:

Prop osition 18. The category of Lie 2-groupsis equivalent to the category of Lie crossed
modules.

Proof. This follows easily from the well-known equivalencebetween crossedmodules and
2-groups[35]; details can also be found in [3]. For the convenienceof the reader,we sketch
how to recover a Lie 2-group from a Lie crossedmodule.

Supposewe have a Lie crossedmodule (G; H ; t; � ). Let

Ob(G) = G; Mor(G) = H o G

where the semidirect product is formed using the action of G on H , so that multiplication
in Mor(G) is given by:

(h; g)(h0; g0) = (h� (g)(h0); gg0) (2.1)

In the 2-group G, the ordered pair (h; g) represents the horizontal composite h 1g.
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The inverseof an element of the group Mor(G) is given by:

(h; g) � 1 = (�
�
g� 1��

h� 1�
; g� 1) :

We make G into a Lie 2-group where the sourceand target mapss; t: Mor(G) ! Ob(G) are
given by:

s(h; g) = g; t(h; g) = t(h)g; (2.2)

the identit y-assigningmap i : Ob(G) ! Mor(G) is given by:

i (g) = (g; 1); (2.3)

and the composite of the morphisms

(h; g): g ! g0; (h0; g0): g0 ! g00;

is
(h; g) � (h0; g0) = (hh0; g): g ! g00: (2.4)

It is also worth noting that every morphism has an inversewith respect to composition,
which we denote by:

(h; g) :=
�
h� 1; t(h)g

�
:

One can check that this construction indeed gives a Lie 2-group, and that together with
the previous construction it setsup an equivalencebetweenthe categoriesof Lie 2-groups
and Lie crossedmodules. 2

The result of horizontally composing h and 1g as in the above proof is usually drawn
as follows:

� %%
99h

��
�

g //� := h 1g

For obvious reasons,this operation is called righ t whisk ering . One can also de�ne left
whisk ering :

�
g //� %%

99h
��

� := 1g h

When we think of morphisms of G as elements of H o G, the construction in Prop. 18
de�nes h right whiskered by g to be (h; g). Similarly, one can show that h left whiskered
by g is (� (g)h; g).

Crossedmodulesare important in homotopy theory [36], and the reader who is fonder
of crossedmodules than categories is free to think of Lie 2-groups as a way of talking
about Lie crossedmodules. Both perspectivesare useful, but one advantage of Lie crossed
modules is that they allow us to quickly describe someexamples:

Example 19. Given any abelian group H , there is a Lie crossedmodule where G is the
trivial group and t; � are trivial. This gives a Lie 2-group G with one object and H as
the group of morphisms. Lie 2-groups of this sort are important in the theory of abelian
gerbes.
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Example 20. More generally, given any Lie group G, abelian Lie group H , and action
� of G as automorphisms of H , there is a Lie crossedmodule with t: G ! H the trivial
homomorphism. For example, we can take H to be a �nite-dimensional vector spaceand
� to be a representation of G on this vector space.

In particular, if G is the Lorentz group and � is the de�ning representation of this
group on Minkowski spacetime,this construction givesa Lie 2-group called the Poincar �e
2-group , becauseits group of morphisms is the Poincar�e group. After its intro duction in
work on higher gaugetheory [2], this 2-group was usedin in somerecent work on quantum
gravit y by Crane, Sheppeard and Yetter [37, 38].

Example 21. Given any Lie group H , there is a Lie crossedmodule with G = Aut( H ),
t: H ! G the homomorphismassigningto each element of H the corresponding inner auto-
morphism, and the obvious action of G asautomorphismsof H . We call the corresponding
Lie 2-group the automorphism 2-group of H , and denote it by AUT (H ). This sort of
2-group is important in the theory of nonabelian gerbes.

In particular, if we take H to be the multiplicativ e group of nonzero quaternions,
then G = SU(2) and we obtain a 2-group that plays a basic role in Thompson's theory of
quaternionic gerbes [39].

We use the term `automorphism 2-group' becauseAUT (H ) really is a 2-group of
symmetriesof H . An object of AUT (H ) is a symmetry of the group H in the usual sense:
that is, an automorphism f : H ! H . On the other hand, a morphism � : f ! f 0 in AUT (H )
is a `symmetry betweensymmetries': that is, an element h 2 H that sendsf to f 0 in the
following sense:hf (x)h� 1 = f 0(x) for all x 2 H .

Example 22. Supposethat 1 ! A ,! H t� ! G ! 1 is a central extension of the Lie
group G by the Lie group H . Then there is a Lie crossedmodule with this choice of
t: G ! H . To construct � we pick any section s, that is, any function s: G ! H with
t(s(g)) = g, and de�ne

� (g)h = s(g)hs(g) � 1:

SinceA lies in the center of H , � independent of the choice of s. We do not needa global
smooth section s to show � (g) dependssmoothly on g; it su�ces that there exist a local
smooth section in a neighborhood of each g 2 G.

It is easyto generalizethis idea to in�nite-dimensional casesif we work not with Lie
groups but smooth groups : that is, groups in the category of smooth spaces.The basic
theory of smooth groups, smooth 2-groups and smooth crossedmodules works just like
the �nite-dimensional case, but with the category of smooth spacesreplacing Di� . In
particular, every smooth group G has a Lie algebra g.

Given a connectedand simply-connectedcompact simple Lie group G, the loop group

 G is a smooth group. For each `level' k 2 Z, this group has a central extension

1 ! U(1) ,! d
 kG t� ! 
 G ! 1

asexplainedby Pressleyand Segal[40]. The above diagram livesin the categoryof smooth
groups, and there exist local smooth sections for t: d
 kG ! 
 G, so we obtain a smooth

{ 22 {



Draft last mo di�ed 1/4/2008 { 13:14; curren t version at http://math.ucr.edu/home/baez/2conn.p df

D
R

A
FT

crossedmodule (
 G; d
 kG; t; � ) with � given as above. This in turn gives an smooth 2-
group which we call the level-k lo op 2-group of G, L kG.

It hasrecently beenshown [41] that L kG �ts into an exact sequenceof smooth 2-groups:

1 ! L kG ,! PkG � ! G ! 1

where the middle term, the level-k path 2-group of G, has very interesting properties.
In particular, when k = � 1, the geometric realization of the nerve of PkG is a topological
group that can also be obtained by killing the 3rd homotopy group of G. When G =
Spin(n), this topologicalgroup goesby the nameof String(n), sinceit plays a role in de�ning
spinorson loop space[42]. The group String(n) alsoshows up in Stolz and Teichner's work
on elliptic cohomology, which involvesa notion of parallel transport over surfaces[43]. So,
we expect that PkG will be an especially interesting structure 2-group for applications of
2-bundlesto string theory.

To de�ne the holonomy of a connection,weneedsmooth groupswith an extra property:
namely, that for every smooth function f : [0; 1] ! g there is a unique smooth function
g: [0; 1] ! G solving the di�eren tial equation

d
dt

g(t) = f (t)g(t)

with g(0) = 1. We call such smooth groups exp onentiable . Similarly, we call a smooth
2-group exp onentiable if its crossedmodule (G; H ; t; � ) hasboth G and H exponentiable.
In particular, every Lie group and thus every Lie 2-group is exponentiable. The smooth
groups 
 G and d
 kG are also exponentiable, as are the 2-groups L kG and PkG. So, for
the convenienceof stating theorems in a simple way, we henceforth implicitly assumeall
smooth groups and 2-groups under discussionare exponentiable.

2.4 Lie 2-Algebras

Just as Lie groups give rise to Lie algebras,Lie 2-groupsgive rise to Lie 2-algebras.These
can also be described using a di�eren tial version of crossedmodules. Recall that a Lie
2-algebra is a category L where:

� The set of objects, Ob(L ), is a Lie algebra.

� The set of morphisms, Mor(L ), is a Lie algebra.

� The functions mapping any morphism to its sourceand target, s; t: Mor(L ) ! Ob(L ),
are Lie algebra homomorphisms,

� The function mapping any object to its identit y morphism, i : Ob(L ) ! Mor(L ), is a
Lie algebra homomorphism.

� The function mapping any composablepair of morphisms to their composite,
� : Mor(L )s� t Mor(L ) ! Mor(L ), is a Lie algebra homomorphism.
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We can get a Lie 2-algebraby di�eren tiating all the data in a Lie 2-group. Similarly,
we can get a `di�eren tial crossedmodule' by di�eren tiating all the data in a Lie crossed
module:

De�nition 23. A di�eren tial crossed mo dule is a quadruple C = (g; h; dt; d� ) con-
sisting of Lie algebras g; h, a homomorphismdt: h ! g, and an action � of g as derivations
of h (that is, a homomorphism� : g ! Der(h)) satisfying

dt(d� (x)(y)) = [x; dt(y)] (2.5)

and
d� (dt(y))( y0) = [y; y0] (2.6)

for all x 2 g and y; y0 2 h.

This de�nition becomeseasierto remember if we allow ourselvesto write d� (x)(y) as[x; y].
Then the fact that d� is an action of g as derivations of h simply meansthat [x; y] is linear
in each argument and the following `Jacobi identities' hold:

[[x; x0]; y] = [x; [x0; y]] � [x0; [x; y]]; (2.7)

[x; [y; y0]] = [[x; y]; y0] � [[x; y0]; y] (2.8)

for all x; x0 2 g and y; y0 2 h. Furthermore, the two equations in the above de�nition
become

t([x; y]) = [x; t(y)] (2.9)

and
[t(y); y0] = [y; y0]: (2.10)

Prop osition 24. The category of Lie 2-algebras is equivalent to the category of di�er en-
tial crossed modules.

Proof. The proof is just like that of Prop. 18. 2

Sinceevery Lie 2-group gives a Lie 2-algebraand a di�eren tial crossedmodule, there
are plenty of examplesof the latter concepts. Here is another interesting classof examples:

Example 25. Just asevery Lie 2-group givesrise to a Lie 2-algebra,sodoesevery smooth
2-group. The reasonis that not only smooth manifolds but alsosmooth spaceshave tangent
spaces(seex7), and the usual construction of Lie algebrasfrom Lie groups generalizesto
smooth groups. So, any smooth 2-group G gives a Lie 2-algebraL for which Ob(L ) is the
Lie algebraof Ob(G), Mor(L ) is the Lie algebra of Mor(G), and the maps s; t; i; � for L are
obtained by di�eren tiating the corresponding maps for G.

In particular, suppose G is a simply-connected compact simple Lie group with Lie
algebra g. Then the loop 2-group of G, as de�ned in Example 22, has a Lie 2-algebra.
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This Lie 2-algebrahas Lg = C1 (S1; g) as its Lie algebra of objects, and a certain central
extension ~Lg of Lg as its Lie algebra of morphisms. We call this Lie 2-algebrathe level-k
lo op Lie 2-algebra of g. It is another way of organizing the data in the a�ne Lie algebra
corresponding to g. Moreover [41], this Lie 2-algebra �ts into an exact sequenceof Lie
2-algebras:

0 ! L kg ,! Pkg� ! G ! 0

where the middle term is called the level-k path Lie 2-algebra of g. One can construct
Pkg and this exact sequenceby taking the Lie 2-algebrasof the Lie 2-groups in the exact
sequencedescribed in Example 22.

We concludeour preliminaries with a brief review of nonabelian gerbes.

2.5 Nonab elian Gerb es

Given a bundle E
p

� ! M , the sections of E de�ned on all possible open sets of B are
naturally organized into a structure called a `sheaf'. This codi�es the fact that we can
restrict a section from an open set U � B to a smaller open set U0 � U, and also piece
together sectionson open sets Ui covering U to obtain a unique section on U, as long as
the sectionsagreeon the intersectionsUi \ Uj . So, sheavescan be thought of as a tool for
studying bundles | but there are also sheavesthat do not arise from bundles.

This paper approacheshigher gaugetheory by categorifying the concept of bundle' to
obtain the concept of `2-bundle'. However, most previous work on this subject starts by
categorifying the concept of `sheaf' to obtain the concept of `stack' | with `gerbes' as a
key special case. We suspect that just as most mathematical physicists prefer bundles to
sheaves, they will eventually prefer 2-bundles to gerbes. At present, however, it is crucial
to clarify the relation between2-bundlesand gerbes. So, one of the goalsof this paper is
to relate 2-connectionson 2-bundles to the already establishednotion of connectionson
gerbes. We begin here by recalling the history of stacks and gerbes,and the concept of a
gerbe with connection.

The idea of a stack goes back to Grothendieck [44]. Just as a sheafover a spaceM
assignsa setof sectionsto any open set U � M , a stack assignsa category of sectionsto any
opensetU � M . Indeed,onemay crudely de�ne a stack asa `sheafof categories'. However,
all the usualsheafaxiomsneedto be`weakened',meaningthat insteadof equationsbetween
objects, we must useisomorphismssatisfying suitable equationsof their own. For example,
in a sheafwe can obtain a section s over U from sectionssi over open setsUi covering U
when thesesectionsare equal on double intersections:

si jUi \ Uj = sj jUi \ Uj

For a stack, on the other hand, we can obtain a section s over U when the sectionssi are
isomorphic over double intersections:

hij : si jUi \ Uj

�� ! sj jUi \ Uj ;

as long as the isomorphismssatisfy the familiar `cocycle condition' on triple intersections:
hij hj k = hik on Ui \ Uj \ Uk .
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A good example is the stack of principal H -bundles over M , where H is any �xed Lie
group. This associates to each open set U � M the category whoseobjects are principal
H -bundles over U and whosemorphisms are H -bundle isomorphisms. The above cocycle
condition is very familiar in this case: it says when we can build a H -bundle s over U by
gluing together H -bundlessi over opensetscovering U, usingH -valued transition functions
hij de�ned on double intersections.

This example also motivates the notion of a `gerbe', which is a special sort of stack
introduced by Giraud [45, 46]. For a stack over M to be a gerbe, it must satisfy three
properties:

� Its category of sections over any open set must be a groupoid: that is, a category
where all the morphisms are invertible.

� Each point of M must have a neighborhood over which the groupoid of sections is
nonempty.

� Given two sections s;s0 over an open set U � M , each point of U must have a
neighborhood V � U such that sjV �= s0jV .

It is easy to seethat the stack of principal H -bundles satis�es all these conditions. It
satis�es another condition aswell: for any sections over an open set U � M , each point of
U has a neighborhood V such that the automorphisms of sjV form a group isomorphic to
the group of smooth H -valued functions on V . A gerbe of this sort is called an `H -gerbe'.
Sometimestheseare called `nonabelian gerbes', to distinguish them from another classof
gerbes that only make sensewhen the group H is abelian.

There is a precisesensein which the gerbe of principal H -bundles is the `trivial' H -
gerbe. Every H -gerbe is locally equivalent to this one,but not globally. So,we can think of
a H -gerbe asa thing whosesectionslook locally like principal H -bundles,but not globally.
This viewpoint is emphasizedby the concept of `bundle gerbe', de�ned �rst in the abelian
caseby Murray [16, 17] and more recently in the nonabelian casethat concernsus here by
Aschieri, Cantini and Jur�co [14].

However, the most concreteway of getting our handson H -gerbesover M is by gluing
together trivial H -gerbes de�ned on open sets Ui that cover M . This leads to a simple
description of H -gerbesin terms of transition functions satisfying cocycle conditions. Now
the transition functions de�ned on double intersections take values not in H but in G =
Aut (H ):

gij : Ui \ Uj ! G

Moreover, they neednot satisfy the usual cocycle condition for triple intersections`on the
nose', but only up to conjugation by certain functions

hij k : Ui \ Uj \ Uk ! H :

In other words, we demand:
t(hij k) gij gj k = gik
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where t: H ! G sendsh 2 H to the operation of conjugating by h. Finally, the functions
hij k should satisfy an cocycle condition on quadruple intersections:

� (gij )(hj kl ) hij l = hij khik l

where � is the natural action of G = Aut (H ) on H . All this can be formalized most clearly
using the automorphism 2-group AUT (H ) described in Example 21, sincethis Lie 2-group
has (G; H ; t; � ) as its corresponding Lie crossedmodule. Indeed, one way that 2-bundles
generalizegerbes is by letting an arbitrary Lie 2-group play the role that AUT (H ) plays
here; we call this 2-group the `structure 2-group' of the 2-bundle.

Given an H -gerbe, we can specify a `connection' on it by meansof someadditional
local data. We begin by choosing g-valued 1-forms A i on the open setsUi , which describe
parallel transport along paths. But these 1-forms need not satisfy the usual consistency
condition on double intersections! Instead, they satisfy it only up to h-valued 1-forms aij :

A i + dt(aij ) = gij A j g� 1
ij + gij dg� 1

ij :

These, in turn, must satisfy a consistencycondition on triple intersections:

aij + � (gij )(aj k) = hij k aik h� 1
ij k + dhij k h� 1

ij k + d� (A i )(hij k ) h� 1
ij k :

Next, we chooseh-valued 2-forms B i describing parallel transport along surfaces. These
satisfy a consistencycondition on double intersections:

� (gij )(B j ) = B i � kij + bij ;

where the h-valued 2-forms bij and

kij � daij + aij ^ aij � d� (A i ) ^ aij

measurethe failure of B i to transform covariantly. The 2-form k ij is essentially the curva-
ture of aij , while bij is a new object which turns out to have a transition law of its own,
this time on triple intersections:

bij + � (gij )(bj k) = hij k bik h� 1
ij k + hij k d� (dt(B i ) + FA i ) (h� 1

ij k ) :

This description of connectionson nonabelian gerbeswas �rst given by Breen and Messing
[13]. Aschieri, Cantini and Jur�co then gave a similar treatment using bundle gerbes[14].

To summarize, we list the local data for a nonabelian gerbe with connection. For
maximum generality, we start with an arbitrary Lie 2-group G and form its Lie crossed
module (G; H ; �; t). The de�nition below reducesto that of Breen, Messing,Aschieri and
Jur�co when G = AUT (H ).

De�nition 26. A nonab elian gerb e consists of:

� a basespace M ,
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� an open cover U of M , with U [n] denoting the union of all n-fold intersections of
patchesin U,

� a Lie 2-group G with Lie crossed module (G; H ; �; t) and di�er ential crossed module
(g; h; d�; dt),

� transition functions :

g: U [2] ! G

(x; i; j ) 7! gij (x) 2 G (2.11)

� 2-transition functions :

h: U [3] ! H

(x; i; j; k) 7! hij k(x) 2 H (2.12)

such that the following equations hold:

� cocycle condition for the transition functions gij :

gij gj k = t(hij k) gik (2.13)

� cocycle condition for the 2-transition functions h ij k :

� (gij )(hj kl ) hij l = hij k hik l (2.14)

De�nition 27. A connection on a nonabelian gerbe consists of

� connection 1-forms :

A 2 
 1(U [1]; g)

(x; i ) 7! A i (x) 2 g (2.15)

� curving 2-forms :

B 2 
 2(U [1]; h)

(x; i ) 7! B i (x) 2 h (2.16)

� connection transformation 1-forms :

a 2 
 1(U [1]; h)

(x; i; j ) 7! aij (x) (2.17)

� curving transformation 2-forms :

d 2 
 2(U [2]; h)

(x; i; j ) 7! bij (x) (2.18)
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such that the following equations hold:

� cocycle condition for the connection 1-forms A i :

A i + dt(aij ) = gij A j g� 1
ij + gij dg� 1

ij (2.19)

� cocycle condition for the curving 2-forms B i :

B i = � (gij )(B j ) + kij � bij : (2.20)

where

kij � daij + aij ^ aij � d� (A i ) ^ aij (2.21)

� cocycle condition for the connection transformation 1-forms aij :

aij + � (gij )(aj k) = hij k aik h� 1
ij k + hij k aik h� 1

ij k + dhij k h� 1
ij k + d� (A i )(hij k ) h� 1

ij k : (2.22)

� cocycle condition for the curving transformation 2-forms bij :

bij + � (gij )(bj k) = hij k bik h� 1
ij k + hij k d� (dt(B i ) + FA i ) (h� 1

ij k ) (2.23)

Given a nonabelian gerbe with connection, the quantities

~Fi := dt(B i ) + FA i

which appear in equation (2.23) above are called the fak e curv ature 2-forms . Thesewill
play a major role in our work.
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3. 2-Bundles

Bartels [6] obtained a concept of `2-bundle' by categorifying Steenrod's de�nition of bun-
dles in terms of local gluing data [49]. Here we take an initially di�eren t but ultimately
equivalent approach. First, in x3.1, we de�ne 2-bundles in terms of local trivializations.
From this, we work out their description in terms of local gluing data in x3.2. This allows
us to de�ne `principal' 2-bundles.

3.1 Lo cally Trivial 2-Bundles

In di�eren tial geometryan ordinary bundle consistsof two smooth spaces,the total space
E and the base space B , together with a pro jection map

E
p

� ! B :

To categorify the theory of bundles, we start by replacing smooth spacesby smooth 2-
spaces:

De�nition 28. A 2-bundle consists of

� a 2-space E (the total 2-space),

� a 2-space B (the base 2-space),

� a smooth map p: E ! B (the pro jection ).

In gauge theory we are interested in locally trivial 2-bundles. Ordinarily , a locally
trivial bundle with �b er F is a bundle E

p
� ! B together with an open cover Ui of B , such

that the restriction of E to any of the Ui is equipped with an isomorphism to the trivial
bundle Ui � F ! Ui . To categorify this, we would need to de�ne a `2-cover' of the base
2-spaceB . This is actually a rather tricky issue, since forming the `union' of 2-spaces
requiresknowing how to composea morphism in one 2-spacewith a morphism in another.
While this issuecan be addressed,we prefer to avoid it here by assumingthat B is just
an ordinary smooth space. In Example 11 we saw that any smooth spacecan be seenas
a `trivial' 2-space:one with only identit y morphisms. So, in what follows we restrict our
attention to this case.

De�nition 29. Given an open cover f Ui gi 2 I of a smooth space B , we de�ne the space
of n-fold in tersections to be the disjoint union:

U [n] =
G

i 1 ;i 2 ;:::;i n 2 I

Ui 1 \ Ui 2 \ : : : \ Ui n :

We write a point in U [n] as (i 1; : : : ; i n ; x) if it lies in Ui 1 \ : : : \ Ui n . The spaceU [n] comes
with maps

j 01��� (k� 1)(k+1) ��� n : U [n] ! U [n� 1]

(i1; : : : ; i n ; x) 7! (i 1; : : : ; i k� 1; i k+1 ; : : : ; i n ; x) (3.1)
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that forget about the kth member of the n-fold intersection.
We can now state the de�nition of a locally trivial 2-bundle. First note that we can

restrict a 2-bundle E
p

� ! B to any subspaceU � B to obtain a 2-bundle which we denote
by E jU

p
� ! U. Then:

De�nition 30. Given a 2-space F , we de�ne a lo cally trivial 2-bundle with �b er
F to be a 2-bundle E

p
� ! B and a cover U of the basespace B equipped with equivalences

PjUi

t i� ! Ui � F

called lo cal trivializations such that thesediagrams:

PjUi

p

��4
44

44
44

44
44

44
4

t i //Ui � F

��





















Ui

commute for all i 2 I .

Readerswise in the ways of categori�cation may ask why we did not merely require that
thesediagramscommute up to natural isomorphism. The reasonis that Ui , as an ordinary
space,hasonly identit y morphisms when we regard it as a 2-space.Thus, for this diagram
to commute up to natural isomorphism, it must commute `on the nose'.

Readerslesswisein the ways of categori�cation may �nd the above de�nition painfully
abstract. In the next section, we translate its meaning into local gluing data | in other
words, data that specify how to build a locally trivial 2-bundle from trivial onesover the
patchesUi . In order to do this, we �rst needto extract transition functions from the local
trivializations.

3.2 2-Bundles in Terms of Lo cal Data

SupposeE
p

� ! B is a locally trivial 2-bundle with �b er F . This meansthat B is equipped
with an open cover U and for each open set Ui in the cover we have a local trivialization

t i : P jUi ! Ui � F

which is an equivalence. By Def. 15 this meansthat t i is equipped with a speci�ed weak
inverse

�t i : Ui � F ! P jUi

together with invertible 2-maps
� i : �t i t i ) 1
�� i : t i �t i ) 1

In particular, this meansthat �t i is also an equivalence.
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Now consider a double intersection Uij = Ui \ Uj . The composite of equivalencesis
again an equivalence,so we get an auto equiv alence

t j �t i : Uij � F ! Uij � F

that is, an equivalencefrom this 2-spaceto itself. By the commutativ e diagram in Def. 30,
this autoequivalencemust act trivially on the Uij factor, so

t j �t i (x; f ) = (x; f gij (x))

for somesmooth function gij from Uij to the smooth spaceof autoequivalencesof the �b er
F . Note that we write theseautoequivalencesas acting on F from the right, as customary
in the theory of bundles. We call the functions gij transition functions , since they are
just categori�ed versionsof the usual transition functions for locally trivial bundles.

In fact, for any smooth 2-spaceF there is a smooth 2-spaceAUT (F ) whoseobjects
are autoequivalencesof F and whosemorphisms are invertible 2-mapsbetweenthese. The
transition functions are maps

gij : Uij ! Ob(AUT (F )) :

The 2-spaceAUT (F ) is a kind of 2-group, with composition of autoequivalencesgiving the
product. However, is not the sort of 2-group we have beenconsideringhere,becauseit does
not have `strict inverses': the group laws involving inversesdo not hold as equations, but
only up to speci�ed isomorphismsthat satisfy coherencelaws of their own. So, AUT (F )
is a `coherent' smooth 2-group in the senseof Baez and Lauda [3].

Next, considera triple intersection Uij k = Ui \ Uj \ Uk . In an ordinary locally trivial
bundle the transition functions satisfy the equation gij gj k = gik , but in a locally trivial
2-bundle this holds only up to isomorphism. In other words, there is a smooth map

hij k : Uij k ! Mor(AUT (F ))

such that for any x 2 Uij k ,

hij k(x): gij (x)gj k (x) �� ! gik (x):

To seethis, note that there is an invertible 2-map

tk � j �t i : tk �t j t j �t i ) tk �t i

de�ned by horizontally composing � j with tk on the left and �t i on the right. Since

tk �t j t j �t i (x; f ) = (x; f gij (x)gj k (x))

while
tk �t i (x; f ) = (x; f gik (x))

we have
tk � j �t i (x; f ): (x; f gij (x)gj k (x)) ! (x; f gik (x)) :

{ 32 {



Draft last mo di�ed 1/4/2008 { 13:14; curren t version at http://math.ucr.edu/home/baez/2conn.p df

D
R

A
FT

Sincethis morphism must be the identit y on the �rst factor, we have

tk � j �t i (x; f ) = (1x ; f hij k(x))

where hij k (x): gij (x)gj k (x) ! gik (x) dependssmoothly on x.
Similarly, in a locally trivial bundle we have gii = 1, but in a locally trivial 2-bundle

there is a smooth map
ki : Ui ! Mor(AUT (F ))

such that for any x 2 Ui ,
ki (x): gii (x) ! 1:

To seethis, recall that there is an invertible 2-map

�� i : t i �t i ) 1:

Since
t i �t i (x; f ) = (x; f gii (x))

we have
�� i (x; f ): (x; f gii (x)) ! (x; f );

and sincethis morphism must be the identit y on the �rst factor, we have

�� i (x; f ) = (1x ; f ki (x))

where ki (x): gii (x) ! 1 dependssmoothly on x.
In short, the transition functions gij for a locally trivial 2-bundle satisfy the usual

cocycle conditions up to speci�ed isomorphismsh ij k and ki , which we call 2-transition
functions . Thesein turn, satisfy somecocycle conditions of their own:

Theorem 31. Suppose E
p

� ! B is a locally trivial 2-bundle with �b er F , and de�ne the
functions

gij : Uij ! Ob(AUT (F ))

hij k : Uij k ! Mor(AUT (F ))

ki : Ui ! Mor(AUT (F ))

as above. Then:

� h makesthis diagram, called the associativ e law, commute for any x 2 Uij kl :

gij (x) gkl (x) glm (x)

gil (x) glm (x) gij (x) gj m (x)

gim (x)

gij (x) h j k l (x)

��?
??

??
??

??
??

?
h ij k (x) gk l (x)

••••
••

••
••

••
••

h ij l (x)
••••

••
••

••
••

••

h ik l (x)
��?

??
??

??
??

??
?
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� k makes these diagrams, called the left and righ t unit laws, commute for any
x 2 Uij :

gii (x) gij (x) 1gij (x)

gij (x)

k i (x) gij (x) //

=

��

h iij (x)

%%KKKKKKKKKKKKKKKKKK
gij (x) 1 gij (x) gj j (x)

gij (x)

gij (x) k j (x)oo

=

��

h ij j (x)

yyssssssssssssssssss

Proof. Theseare straightforward computations using the de�nitions of g; h, and k in terms
of t; �t , � and �� . 2

The associative law and unit laws are analogousto thosewhich hold in a monoid. They
alsohave simplicial interpretations. In a locally trivial bundle, the transition functions give
a commuting triangle for any triple intersection:

gij gj k

gik

In a locally trivial 2-bundle, such triangles commute only up to isomorphism:

gij gj k

gik

hij k

However, the associative law gives the following equation:

gikgik

hij khj kl

gj kgj k

gklgijgklgij

hij lhik l

= gilgik

We can think of the two sidesof this equation asthe front and back of a tetrahedron. So, in
terms of the 3-dimensionaldiagrams familiar in 2-categorytheory, we obtain a commuting
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tetrahedron for each quadruple intersection:

gij gj k

gik

gil gkl

gj l

hij k

hik l

h j k lh ij l

We can also visualize the left and right unit laws simplicially, but they involve degenerate
tetrahedra:

gijgij

gijgij

gijgij

gijgij

giigii ki

1
1

=
hiij

=
gj jgj j

kj

11 hij j

The associative law is familiar in the theory of gerbes,but the freedomof having k i 6= 1
is not usually consideredthere, so the left and right unit laws usually go unmentioned.
Gerbe cocyclesare usually de�ned in terms of �Cech cohomologyand henceantisymmetric
in the indices i; j; k; : : :, in the sensethat group-valued functions go their inversesupon
an odd permutation of theseindices. Whenever we derive nonabelian gerbe cocyclesfrom
2-bundleswith 2-connectionwe will thus have to restrict to casewherek i = 1 for all i . We
suspect that in somesenseevery locally trivial 2-bundle is equivalent to one of this type.
Proving this would require that we construct a 2-categoryof locally trivial 2-bundles.

We are now almost in a position to de�ne G-2-bundlesfor any smooth 2-group G, and
principal G-2-bundles. We only needto understand how a 2-group can `act' on a 2-space:

De�nition 32. A (strict) action of a smooth 2-group G on a smooth 2-space F is a
smooth homomorphism

� : G ! AUT (F );

that is, a smooth map that preservesproducts and inverses.
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Note in particular that every smooth 2-grouphasan action on itself via right multiplication.

De�nition 33. For any smooth 2-group G, we say a 2-bundle E ! M hasG as its struc-
ture 2-group when gij , hij k , and ki factor through an action G ! AUT (F ). In this
case we also say P is a G-2-bundle . If furthermore F = G and G acts on F by right
multiplication, we say P is a principal G-2-bundle .

In other words, for a principal G-2-bundle we can think of the functions gij , hij k and ki as
taking valuesin G.

Summary . We may categorify the ordinary conceptof a bundle and obtain the notion of
`2-bundle' by replacing spaceseverywhereby 2-spaces.A 2-bundle di�ers from an ordinary
bundle essentially in that the �b ers are categories instead of sets. Equations such as
the cocycle condition for transition functions are thus naturally replacedby isomorphisms
which satisfy new cocycle conditions of their own.

Sofar all of this pertained to 2-bundles(and nonabelian gerbes)not equipped with any
sort of connection. In what follows, we categorify the notion of a connectionfor a principal
bundle to obtain the notion of `2-connection'. We determine when these 2-connections
allow for parallel transport along surfacesin a parametrization-independent manner, just
as ordinary parallel transport along a curve does not depend on the parametrization of
the curve. We also relate our concept of 2-connection to the concept of connection on a
nonabelian gerbe.
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4. 2-Connections

In this section we de�ne the concept of `2-connection'and state our main result, Theorem
39, which describes 2-connectionsin terms of Lie-algebra-valued di�eren tial forms. The
proof of this result occupiesthe rest of the paper.

4.1 Path Group oids and 2-Group oids

For a trivial bundle, the holonomy of a connectionassignselements of the structure group
to paths in space.Similarly, 2-holonomy of a 2-connectionassignsobjects and morphisms
of the structure 2-group to paths and surfacesin space.To make this precisewe needthe
notion of a `path 2-groupoid'.

We described the path groupoid of a smooth spaceU in Example 12. This has points
of U as objects:

� x

and thin homotopy classesof paths in U as morphisms:

x �



''
� y

The path 2-groupoid also has 2-morphisms, which are thin homotopy classesof surfaces
like this:

x �


 1

''


 2

77� y�
��

We call these`bigons':

De�nition 34. Given a smooth space M , a parametrized bigon in M is a smooth
map

�: [0; 1]2 ! M

which is constant near s = 0, constant near s = 1, independent of t near t = 0, and
independent of t near t = 1. We call �( �; 0) the source of the parametrized bigon � , and
�( �; 1) the target . If � is a parametrized bigon with source 
 1 and target 
 2, we write
�: 
 1 ! 
 2.

De�nition 35. Suppose�: 
 1 ! 
 2 and � 0: 
 0
1 ! 
 0

2 are parametrized bigonsin a smooth
space M . A thin homotop y between � and � 0 is a smooth map

H : [0; 1]3 ! M

with the following properties:

� H (s; t; 0) = �( s; t) and H (s; t; 1) = � 0(s; t),

� H (s; t; u) is independent of u near u = 0 and near u = 1,
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� For somethin homotopy F1 from 
 1 to 
 0
1, H (s; t; u) = F1(s;u) for t near 0, and for

somethin homotopy F2 from 
 2 to 
 0
2, H (s; t; u) = F2(s;u) for t near 1,

� H (s; t; u) is constant for s = 0 and near s = 1,

� H does not sweep out any volume: the rank of the di�er ential dH (s; t; u) is < 3 for
all s; t; u 2 [0; 1].

A bigon is a thin homotopy class [�] of parametrized bigons.

De�nition 36. The path 2-group oid P2(M ) of a smooth space M is the 2-category in
which:

� objects are points x 2 M :
� x

� morphisms are thin homotopy classesof paths 
 in M that are constant near s = 0
and s = 1:

x

[
 ]

%%y

� 2-morphisms are bigons in M

x

[
 1 ]

%%

[
 2 ]

99[�]
��

y

and whosecomposition operations are de�ned as:

� x

[
 1 ]

%%y

[
 2 ]

%%z = x

[
 1 � 
 2 ]

&&z

where

(
 1 � 
 2)(s) :=

(

 1(2s) for 0 � s � 1=2


 2(2s � 1) for 1=2 � s � 1

� x

[
 1 ]

��[
 2 ] //
[� 1 ]

��

[
 3 ]

BB
[� 2 ]

��

y = x

[
 1 ]

%%

[
 3 ]

99[� 1 � 2 ]
��

y

where

(� 1� 2)(s; t) :=

(
� 1(s;2t) for 0 � t � 1=2

� 2(s;2t � 1) for 1=2 � t � 1
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� x

[
 1 ]

%%


 0
1

99[� 1 ]
��

y

[
 2 ]

%%

[
 0
2 ]

99[� 2 ]
��

z = x

[
 1 � 
 2 ]

&&

[
 0
1 � 
 0

2 ]

88[� 1 � � 2 ]
��

z

where

(� 1 � � 2)(s; t) :=

(
� 1(2s; t) for 0 � s � 1=2

� 2(2s � 1; t) for 1=2 � s � 1

One can check that these operations are well-de�ned, where for vertical composition we
must choosesuitable representativ esof the bigonsbeingcomposed.One canalsocheck that
P2(M ) is indeed a 2-category. Furthermore, the objects, morphisms and 2-morphisms in
P2(M ) all form smooth spaces,by an elaboration of the ideasin Example 12, and all the 2-
category operations are then smooth maps. We thus say P2(M ) is a smooth 2-category :
that is, a 2-category in C1 . Indeed, the usual de�nitions [48] of 2-category, 2-functor,
pseudonatural transformation, and modi�cation can all be internalized in C1 , and we use
these `smooth' notions in what follows. Furthermore, both morphisms and 2-morphisms
in P2(M ) have strict inverses,and the operations of taking inversesare smooth, so we say
P2(M ) is a smooth 2-group oid .

4.2 Holonom y Functors and 2-Functors

We obtain the notion of `2-connection'by categorifying the usual notion of connection. To
do this, it is useful to describe connectionsin terms of parallel transport. By trivializing
a principal G-bundle over open sets Ui covering the basespace,we can think of parallel
transport asgiving a functor from the path groupoid of each of theseopen setsto G. These
functors must agreeon the intersectionsUij = Ui \ Uj in the following sense:

Theorem 37. For any smooth group G and smooth space B , suppose E ! B is a
principal G-bundle equipped with local trivializations over open sets f Ui gi 2 I covering B .
Let gij be the transition functions. Then there is a one-to-one correspondence between
connections on E and data of the following sort:

� for each i 2 I a smooth map between smooth 2-spaces:

holi : P1(Ui ) ! G

called the lo cal holonom y functor , from the path groupoid of Ui to the group G
regarded as a smooth 2-space with a single object � ,

such that:

� for each i; j 2 I , the transition function gij de�nes a smooth natural isomorphism:

holi jUij

gij
� ! holj jUij

called the transition natural isomorphism . In other words, this diagram com-
mutes:
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gij (x)

gij (y)

holi (
 ) holj (
 )

for any path x



� ! y in Uij .

Proof. To avoid distracting the reader with technicalities we postpone the proof to Propo-
sition 42. 2

In addition, it is worth noting that whenever we have a connection, for each i; j; k 2 I this
triangle commutes:

gij gj k

gikholi

holj

holk

Starting with the above de�nition, by di�eren tiating one obtains this familiar result:

� The local holonomy functors holi are speci�ed by 1-forms

A i 2 
 1(Ui ; g) :

� The transition natural isomorphismsgij are speci�ed by smooth functions

gij : Uij ! G ;

satisfying the equation
A i = gij A j g� 1

ij + gij dg� 1
ij

on Uij .

� The commuting triangle for the triple intersection Uij k is equivalent to the equation

gij gj k = gik

on Uij k .

Categorifying all this, we make the following de�nition:

{ 40 {



Draft last mo di�ed 1/4/2008 { 13:14; curren t version at http://math.ucr.edu/home/baez/2conn.p df

D
R

A
FT

De�nition 38. For any smooth 2-group G and any smooth space B , supposethat E ! B
is a principal G-2-bundle equipped with local trivializations over open setsf Ui gi 2 I covering
B . Let the transition functions gij , hij k and ki be given as in Theorem 31. Suppose for
simplicity that ki = 1. Then a 2-connection on E consists of the following data:

� for each i 2 I a smooth 2-functor

holi : P2(Ui ) ! G

x




%%

�

99�
��

y 7! �

hol i(
 )

%%

hol i(� )

99hol i( �)
��

�

called the lo cal holonom y 2-functor , from the path 2-groupoid P2(Ui ) to the 2-
group G regarded as a smooth 2-category with a single object � ,

such that:

� For each i; j a pseudonatural isomorphism:

gij : holi jP (Ui \ Uj ) ! holj jP (Ui \ Uj )

extendingthe transition function gij . In other words, for each path 
 : x ! y in Ui \ Uj

a morphism in G:

gij (x)

gij (y)

holi (
 ) holj (
 )
gij (
 )

depending smoothly on 
 , such that this diagram commutes:

holi (
 )
hol i(� )holi (�)

gij ( � )

gij (
 )

gij (x)

gij (y)

holj (
 )
hol j ( � )holj (�)

for any bigon �: 
 ) � in Uij ,
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� for each i; j; k 2 I the transition function h ij k de�nes a modi�c ation:

holi

holj

holk

gij gj k

gik

hij k

In other words, this diagram commutes:

holk(
 )holi (
 )

hol j ( 
 )

gik (y)

gik (x)

gij (y)

gij (x)

gj k(y)

gj k(x)

h ij k(y)

h ij k(x)

gik (
 )

gij (
 )
gj k(
 )

(4.1)

for any bigon �: 
 ) � in Uij k .

In addition, it is worth noting that whenever we have a 2-connection, for each i; j; k; l 2 I
this tetrahedron commutes:

gij gj k

gik

gil gkl

gj l

holi holk

hol j

hol l

h ij k

hik l

h j k lh ij l
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In analogy to the situation for ordinary connections on bundles, one would like to
obtain 2-connectionsfrom Lie-algebra-valued di�eren tial forms. This is our next result. In
what follows, (G; H ; t; � ) will be the smooth crossedmodule corresponding to the smooth
2-group G. We think of the transition function gij as taking values in Ob(G) = G, and
think of hij k as taking valuesin H . Actually hij k takesvaluesin Mor(G) �= G o H , but its
G component is determined by its source,so only its H component is interesting. In these
terms, the fact that

hij k(x): gij (x)gj k (x) �� ! gik (x)

translates into the equation

gij (x) gj k (x) t(hij k (x)) = gik (x);

and the associative law of Theorem 31 (i.e. the above tetrahedron) becomesa cocycle
condition familiar from the theory of nonabelian gerbes:

hij k hik l = � (gij )(hj kl ) hij l : (4.2)

Theorem 39. For any smooth 2-group G, supposethat E ! B is a principal G-2-bundle
equipped with local trivializations over open sets f Ui gi 2 I covering B , with the transition
functions gij , hij k and ki given as in Theorem 31. Suppose for simplicity that k i = 1.
Let (G; H ; t; � ) be the smooth crossed module corresponding to G, and let (g; h; dt; d� ) be
the corresponding di�er ential crossed module. Then there is a one-to-one correspondence
between 2-connections on E and Lie-algebra-valued di�er ential forms (A i ; B i ; aij ) satisfying
certain equations, as follows:

1. The local holonomy 2-functor holi is speci�e d by di�er ential forms

A i 2 
 1(Ui ; g)

B i 2 
 2(Ui ; h)

satisfying
FA i + dt(B i ) = 0;

where FA i = dA i + A i ^ A i is the curvature 2-form of A i .

2. The transition pseudonatural isomorphism holi
gij

� ! holj is speci�e d by the transition
functions gij together with di�er ential forms

aij 2 
 1(Uij ; h)

satisfying the equations:

A i = gij A j g� 1
ij + gij dg� 1

ij

B i = � (gij )(B i ) + kij

on Uij , where
kij = daij + aij ^ aij + d� (A i ) ^ aij :
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3. The modi�c ation gij � gj k
h ij k
� ! gik is speci�e d by the transition functions h ij k . For this,

the di�er ential forms aij are required to satisfy the equation:

aij + � (gij )aj k = hij k aik h� 1
ij k + dhij k h� 1

ij k + d� (A i )(hij k ) h� 1
ij k :

on Uij k .

Proof. The idea behind the Proof of part 1. is sketched in x5.1. The full proof is the content
of x6.5. The proof for part 2. is given in x5.2. Again, the idea is quite simple, but the proof
needssomefacts only developed in x6. The proof of part 3. appears in x5.3. Part 4. was
discussedbefore in x3.2. 2
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5. 2-Connections from Lo cal Data

In this subsectionwesketch the proof of Theorem39 in a way that points out the underlying
mechanisms. Several technicalities that theseproofs rely on are then discussedin detail in
x6.

5.1 De�nition on Single Ov erlaps

Consider any bigon � in a patch Ui , i.e. a 2-morphism in P2(Ui ) (Def. 36), and considera
local 2-holonomy functor holi : P2(Ui ) ! G (Def. 38). Since holi is a functor, the 2-group
2-morphism which it associates to � can be computed by dividing � into many small sub-
bigons, evaluating holi on each of theseand composing the result in G. This is illustrated
in the following sketchy �gure.

g1

h1

g2

h2

g3

h3

g4

h4� �

� �

Here the j -th 2-morphism is supposedto be given by

hol(� j ) = (gj ; hj ) 2 G

with g 2 G and h 2 H . By the rules of 2-group multiplication (Prop. 18) the total
horizontal product

(gtot ; htot ) � (g1; h1) � (g2; h2) � (g3; h3) � � �

of all these2-morphismsis given by

gtot = g1 g2 g3 � � � gN

htot = h1 � (g1)(h2) � (g1g2)(h3) � � � � (g1g2g3 � � � gN � 1)(hN ) :

The products of the gj can be addressedasa path holonomy along the upper edges,which,
for reasonsto becomeclear shortly, we shall write as

g1 g2 � � � gj � (Wj +1 )� 1 :
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Now supposethe group elements comefrom algebra elements A j 2 g and B j 2 h as

gj � exp(�A j )

hj � exp
�
� 2B j

�
(5.1)

where
� � 1=N ;

then

htot = 1 + � 2
NX

j =1

�
�

W � 1
j

�
(B j ) + O

�
� 4�

:

Using the notation

Wj � W (1 � j �; 1)

B j � B (1 � �j )

we have

htot = 1 + �

1Z

0

d� �
�
W � 1(� ; 1)

�
(B (� )) + O

�
� 3�

:

Finally, imagine that the G-labels htot
k of many such thin horizontal rows of `surfaceele-

ments' are composedvertically. Each of them comesfrom algebra elements

Bk (� ) � B (� ; k� )

and holonomies
Wk (� ; 1) � Wk� (� ; 1)

as

htot
k � 1 + �

1Z

0

d� �
�
W � 1

k� (� ; 1)
�
(B (� ; k� )) + O

�
� 3�

:

In the limit of vanishing � their total vertical product is

lim
� =1 =N ! 0

htot
0 htot

� htot
2� � � � htot

1 = P exp

0

@
1Z

0

d� A (� )

1

A

for

A (� ) =

1Z

0

d� �
�
W � 1

� (� ; 1)
�
(B (� ; � )) ; (5.2)

P where denotespath ordering with respect to � .
Thinking of each of these vertical rows of surface elements as paths (in the limit

� ! 0), this shows roughly how the computation of total 2-groupelements from vertical and
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horizontal products of many `small' 2-group elements can be reformulated asthe holonomy
of a connection on path spaceof the form 5.2. This way the local 2-holonomy functor
holi comesfrom a 1-form A i 2 
 1(Ui ; g) and a 2-form B i 2 
 2(Ui ; h) that arise as the
continuum limit of the construction in 5.1. This is made precisein x6.5.

There it is discussedthat given a bigon 
 �� ! ~
 the 2-group morphism

holi (�) = (Wi [
 1] 2 G; W � 1
i [�] 2 H ) (5.3)

is obtained from the holonomy Wi [
 ] of A i along 
 and the inverse of the path space
holonomy W � 1

i [�] of A (A i ;B i ) along a path in path spacethat maps to �.
But not every pair (A; B ) corresponds to a local holonomy-functor. As �rst noticed in

[9] there is a consistencycondition which can be understood as follows:

Let gj
h j

� ! g0
j be the j th 2-group 2-morphism in the above �gure. The nature of 2-

groups (Prop. 18) requires that
t(hj ) = g0

j g
� 1
j :

But, in the above sense,the left hand side is given by exp
�

� 2dt(B ) j

�
, while the right hand

sideis � exp
�
� �F A j

�
, whereFA j denotesthe curvature 2-form of A evaluated on a 2-vector

tangent to � j . Hencewe get the condition

dt(B ) + FA = 0:

This is the content of Prop. 66 (p. 65). Seealso Prop. 60 (p. 62).

5.2 Transition Law on Double Ov erlaps

Prop osition 40.
The 2-commutativity of the diagram 4.1 (p. 41) is equivalent to the equations

A i = gij A j g� 1
ij + gij dg� 1

ij � dt(aij )

B i = � (gij )(B i ) + kij :

Proof.
The 2-commutativit y of the diagram is equivalent to the equality of the 2-morphism

on its left facewith the composition of the 2-morphismson the front, back and right faces:

hol i( �) hol j (�)

hol i(
 )

hol i(~
 )

hol j ( 
 )

hol j (~
 )

gij (x) g� 1
ij (y)

�aij (~
 )

aij (
 )

=

hol i(
 )

hol i(~
 )
(5.4)

{ 47 {



Draft last mo di�ed 1/4/2008 { 13:14; curren t version at http://math.ucr.edu/home/baez/2conn.p df

D
R

A
FT

Recall from 5.3 that holi (�) has sourceholi (
 ) = Wi [
 ]. So we write

aij (
 ) � (Wi [
 ] 2 G; E(aij ) [
 ] 2 H ) ;

where
aij 2 
 1(Uij ; h)

is a 1-form (which we �nd convenient to denote by the samesymbol as the 2-morphism
aij (
 ) that it is associated with) and whereE is a function whosenature is to bedetermined
by the source/target matching condition. This says that

t(E(aij [
 ])) Wi [
 ] = gij (x) Wj [
 ]g� 1
ij (y) : (5.5)

Expressionslike this are handled by Prop. 52 (p. 59). In order to apply it conveniently we
take the inverseon both sidesto get

Wi [
 � 1]t(E (aij ) [
 ])� 1 = gij Wj [
 � 1]g� 1
ij (5.6)

(using W [
 � 1] = W � 1[
 ]). Then the proposition tells us that t(E(aij ) [
 ]) � 1 is of the form

t(E(aij ) [
 ]) � 1 = lim
� =1 =N ! 0

0

@1 + �
I

A i

(� )

1

A

0

@1 + �
I

A i + ��

(� )

1

A � � �

0

B
B
@1 + �

I

A i +(1 � � )a1
ij

(� )

1

C
C
A

j 
 � 1

;

(5.7)

where the right hand side is evaluated at 
 � 1, and where � 2 
 1(Uij ; g) is given by

� � g1
ij (d + A j )(g1

ij )� 1 � A i :

The 1-form � must take values in the image of dt, and it is the corresponding pre-image
which we denote by aij , so that dt(aij ) = � :

dt(aij ) = g1
ij (d + A j )(g1

ij )� 1 � A i : (5.8)

This is the �rst of the two equations to be derived.
It follows that E(aij ) [
 ] itself is given by

(E(aij ) [
 ])� 1 = lim
� =1 =N ! 0

0

@1 + �
I

A i

(aij )

1

A

0

B
@1 + �

I

A i + �dt(aij )

(aij )

1

C
A � � �

0

B
@1 + �

I

A i +(1 � � )dt(aij )

(aij )

1

C
A

j 
 � 1

:

Now that we have determined the 2-morphism E(aij ) [
 ], we can evaluate the diagrams
in equation 5.4. Recalling again equation 5.3, oneseesthat the equality of the 2-morphism
on the left hand with that on the right meansthat

W � 1
i (�) = (E(aij ) [~
 ])� 1W � 1

j (�) E (aij ) [
 ] :

This is nothing but a gauge transformation of path spaceholonomy. Using Prop. 62 it
implies the secondof two equations to be proven. 2
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5.3 Transition Law on Triple Ov erlaps

Prop osition 41 The 2-commutativity of the diagram 4.1 (p. 42) is equivalent to the equa-
tion 2.22 (p. 29)

aij + � (gij )(aj k ) = hij k aik h� 1
ij k + dhij k h� 1

ij k + d� (A i )(hij k ) h� 1
ij k :

Proof. Since our target category G is a strict 2-group, so that (when regarded as a 2-
category with a single object) all of its 1- and 2-morphisms are invertible, the diagram
4.1 expressingthe modi�cations on Uij k can be simpli�ed. Using the transition diagram
4.1 we can equate the composition of the 2-morphismsholi (�) and holk(�) as well as the
2-morphisms aik [~
 ] on the front of this diagram with the single 2-morphism aik [
 ] and
henceget rid of the dependencyon ~
 and �:

holi (
 )

aik (
 )
aij �aj k(
 )

gik (x)

gij � gj k(x)

f ij k(x)

gik (y)

gij � gj k(y)

f ij k(y)

holk (
 )

In order to emphasizethe structure of this diagram it is useful to make the triangular shape
of the top and bottom explicit:

{ 49 {



Draft last mo di�ed 1/4/2008 { 13:14; curren t version at http://math.ucr.edu/home/baez/2conn.p df

D
R

A
FT

holk (
 )holi (
 )

hol j ( 
 )

gik (y)

gik (x)

gij (y)

gij (x)

gj k(y)

gj k(x)

h ij k(y)

h ij k(x)

gik (
 )

gij (
 )
gj k(
 )

(5.9)

The 2-commutativit y of this diagram is equivalent to the following equality between the
2-morphism obtained from its top, bottom and front face and the 2-morphism obtained
from the two faceson the back:

{ 50 {



Draft last mo di�ed 1/4/2008 { 13:14; curren t version at http://math.ucr.edu/home/baez/2conn.p df

D
R

A
FT

aik ( 
 )

W i [
 ] Wk [
 ]

f ij k(x)

gij (x) gj k(x)

gik (x)

g� 1
ik (y)

g� 1
j k (y)g� 1

ij (y)

f � 1
ij k(y)

=

gij (x) gj k(x)

g� 1
ij (y) g� 1

j k (y)

W i [
 ] W j [
 ] Wk [
 ]

aij (
 ) aj k( 
 )

THIS DIA GRAM NEEDS TO BE FIXED!!!
In terms of group elements this meansthat

� (hol i (
 ))( hij k (y)) gik (
 ) hij k (x)� 1 = gij (
 ) � (gij (x))( gj k (
 )) :

Now expand around the point x to get the di�eren tial version of this statement:

holi (
 ) � 1 + �A i
�

 0�

gik (
 ) � 1 + �a ij
�

 0�

hij k (y) � hij k (x) + � (d(hij k ))
�

 0� :

Here 
 0 = d
d� 
 (� ) j � =0 is the tangent vector to 
 at x = 
 (0). Substituting these into the

above equation and collecting terms of �rst order in � yields the promised equation. 2
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6. 2-Connections in Terms of Connections on Path Space

6.1 Connections on Smo oth Spaces

In this section we prove Proposition 37 and in the processdevelop someuseful machinery
concerningpath spaces.To prove this proposition, it su�ces to show it in the special case
of a trivial bundle (EXPLAIN WHY):

Prop osition 42. Let G be a smooth group and X a smooth space. Given any g-valued
1-form A on X , there is a smooth map between smooth 2-spaces

hol: P1(X ) ! G

given by

hol([
 ]) = P exp
Z



A

where 
 is any representative of the thin homotopy class [
 ]. This gives a one-to-one
correspondence between elementsA 2 
 1(X ; g) and smooth maps hol: P1(X ) ! G.

Proof. Any g-valued 1-form A on X de�nes a smooth map of 2-spaceshol: P1(X ) ! G
via the above formula, since we are assuming all our smooth groups are exponentiable
(seeExample 21). We must show that any smooth functor hol: P1(X ) ! G comesfrom a
unique g-valued 1-form A in this way. We construct A by di�eren tiating hol.

To do this, we must clarify the relation betweenmorphisms in P1(X ) and paths in X .
Recall that morphisms in P1(X ) are equivalenceclassesof smooth maps 
 : [0; 1] ! X for
which 
 (t) is constant for t near 0 and t near 1. Let PX stand for the spaceof all smooth
maps 
 : [0; 1] ! X .

Lemma 43. Suppose f : [0; 1] ! [0; 1] is any smooth function with f (t) = 0 for t near 0
and f (t) = 1 for t near 1. Then there is a smooth map

p: PX ! Mor(P1(X ))

 7! [
 � f ]

where [
 � f ] is the thin homotopyclassof 
 � f . Moreover, p does not depend on the choice
of f .

Proof. The map p is clearly well-de�ned for any �xed f of the above sort; to show p is
smooth it su�ces to show that the map

PX ! PX

 7! 
 � f

is smooth, which is straightforward. To show the map p is independent of f , suppose
f 0; f 1: [0; 1] ! [0; 1] are both smooth functions that equal 0 near 0 and 1 near 1. Then
there exists a smooth function F : [0; 1]2 ! [0; 1] such that:
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� F (s; t) = f 0(t) for s near 0

� F (s; t) = f 1(t) for s near 1

� F (s; t) = 0 for t near 0

� F (s; t) = 1 for t near 1

It follows that
H (s; t) = 
 (F (s; t))

is a thin homotopy from 
 � f 0 to 
 � f 1, so [
 � f 0] = [
 � f 1]. 2

We also need to consider Mo ore paths , which are smooth maps 
 : [0; T] ! X for
arbitrary T � 0. Note that a Moore path for T = 0 is just a point of X . We denote the set
of all Moore paths by M X . This becomesa smooth spacewherea plot (seethe Appendix)
is a function

� : Rn ! M X
z 7! � z

such that � z: [0; Tz ] ! X , where Tz 2 [0; 1 ] is a smooth function of z and � z(t) 2 X is a
smooth function of z and t.

Here is the relation betweenMoore paths and paths parametrized by the unit interval:

Lemma 44 There is a smooth map

q: M X ! PX

sendingany Moore path 
 : [0; T] ! X to the path

(q
 )( t) = 
 (T t):

Proof. Straightforward. 2

Using the smooth maps

M X
q

� ! PX
p

� ! Mor(P1(X ))

wecande�ne holonomiesfor Moorepaths. Namely, givenany smooth map hol: P1(X ) ! G,
we get a smooth map

Hol := hol � q � p

assigningan element of G to any Moore path.
To prove the lemma, it su�ces to show there exists a unique A 2 
 1(X ; g) with

Hol(
 ) = P exp
Z



A
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for any Moore path 
 : [0; T] ! X with T > 0. For this, it su�ces to show there exists a
unique A such that for any Moore path 
 : [0; T] ! X with T > 0 we have

d
ds

Hol(
 s) = A(
 0(s))Hol (
 s) (6.1)

for all s 2 [0; T], where 
 s: [0; s] ! X is the Moore path given by restricting 
 to [0; s].
In fact, it su�ces to show there exists a unique A such that equation (6.1) holds

at s = 0. The reason is that for any s0 2 [0; T] we can write the Moore path 
 as a
`concatenation' of the Moore paths 
 s0 and � : [0; T � s0] ! X , where

� (t) = 
 (t � s0):

So, sincehol is a functor, we have

Hol(
 s) = Hol(� s� s0 )Hol(
 s0 )

for s0 � s � T . It follows that

d
dsHol(
 s)js= s0 = d

dsHol(� s� s0 )Hol(
 s0 )js= s0

= d
dsHol(� s)js=0 Hol(
 s0 ):

So, if equation (6.1) holds at s = 0 for all Moore paths (in particular for � ), we have

d
dsHol(
 s)js= s0 = A(� 0(0))Hol (� 0)Hol(
 s0 )

= A(
 0(s0))Hol (
 s0 )

sinceHol(� 0) = 1 and � 0(0) = 
 0(s0). Thus, we have shown that equation (6.1) holds for 

at s = s0, given that it holds for � at s = 0.

In short, we must show there exists a unique g-valued 1-form A such that for any
Moore path 
 : [0; T] ! X with T > 0,

d
ds

Hol(
 s)js=0 = A(
 0(0)):

Since any 1-form on X is determined by its values on tangent vectors of paths (see the
Appendix), this formula uniquely determinesA. However, we needto check that A exists:
in other words, that it is well-de�ned and smooth. For the �rst, suppose we have two
Moore paths 
 and � starting at x 2 X with 
 0(0) = � 0(0); we needto check that

d
ds

Hol(
 s)js=0 =
d
ds

Hol(� s)js=0 :

For this, it su�ces by the chain rule to check that

d
ds


 sjs=0 =
d
ds

� sjs=0

as tangent vectors in M X .
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To check this, note that there is a smooth map

r : M X ! M M X

sendingany Moorepath 
 : [0; T] ! X to the Moorepath �: [0; T] ! M X givenby �( s)( t) =

 s(t). Quite generally, the tangent vector of a Moore path in a smooth spacecanbe thought
of as an equivalenceclassof Moore paths (seethe Appendix). In particular, the tangent
vector 
 0(0) 2 TxX is an equivalenceclassof Moore paths in X starting at x. The smooth
map r sendsany Moore path in this equivalenceclassto a Moore path in M X representing
the tangent vector d

ds 
 sjs=0 . Since
 0(0) = � 0(0), 
 and � lie in the sameequivalenceclass,
so r 
 and r � lie in the sameequivalenceclass,which meansthat

d
ds


 sjs=0 =
d
ds

� sjs=0

as desired.
NEED TO CHECK SMOOTHNESS.... 2

6.2 More stu�...

As we have seen,the spaceof all paths in a manifold or more generalsmooth spaceis itself
a smooth space. This allows us to study the notion of holonomy for paths in path space.
A path in the path spaceof U givesrise to a (possibly degenerate)surfacein U and hence
its path spaceholonomy gives rise to a notion of surfaceholonomy in U.

In this section we �rst discussbasic conceptsof di�eren tial geometry on path spaces
and then apply them to de�ne path spaceholonomy. Using that, a 2-functor hol i from the
2-groupoid of bigons in Ui (to be de�ned below) to the structure 2-group is de�ned and
shown to be consistent.

Throughout the following, various p-forms taking values in Lie algebrasg and h are
used, where g and h are part of a di�eren tial crossedmodule C (Def. 23). Elements of a
basis of g will be denoted by Ta with a 2 (1; : : : ; dim(g)) and those of a basis of h by Sa

with a 2 (1; : : : ; dim(h)). Arbitrary elements will be expandedas A = A aTa.
Given a g-valued 1-form A we de�ne the gauge covarian t exterior deriv ativ e by

dA ! � [d + A; ! ]

� d! + Aa ^ d� (Ta)(! )

and the curv ature by

FA � (d + A)2

� dA +
1
2

Aa ^ Ab [Ta; Tb] :

Di�eren tial calculus on spacesof parametrized paths can be handled rather easily.
We start by establishing somebasic facts on parametrized paths and then de�ne the path
groupoid by consideringthin homotopy equivalenceclassesof parametrized paths.
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De�nition 45. Given a manifold U, the based parametrized path space P y
x (U) of

U with source x 2 U and target y 2 U is the space of smooth maps

X : [0; 1] ! U

� 7! X (� ) (6.2)

with X (� ) = x for � in a neighborhood of 0 and X (� ) = y for � in a neighborhood of 1.
When source and target coincide:


 x (U) := P x
x (U)

is called the based lo op space of U based at x.

The constancy condition at the boundary is known as the property of having sitting
instan t ; comparefor instance[51]. It servesto ensurethat the composition of two smooth
parametrized paths is again a smooth parametrized path.

In the study of di�eren tial forms on parametrized path spacethe following notions
play an important role (cf. [50], section 2):

De�nition 46.

1. Given any path space P t
s (U) (Def. 45), the 1-parameter family of maps

e� : P t
s (U) ! U (� 2 (0; 1))


 7! 
 (� )

maps each path to its position in U at parameter value � .

2. Given any di�er ential p-form ! 2 
 p(U) the pullback to P t
s(U) by e� shall be denoted

simply by

! (� ) � e�
� (! ) :

3. The contraction of ! (� ) with the vector


 0 �
d

d�



is denoted by � 
 0! (� ).

A special classof di�eren tial forms on path spaceplay a major role:

De�nition 47. Given a familiy f ! i gN
i=1 of di�er ential forms on a manifold U with degree

deg(! i ) � pi + 1

one getsa di�er ential form (see Def. 46)


 f ! i g;(�;� ) (
 ) �
I

X j ��

(! 1; : : : ; ! n ) �
Z

�<� i <� i +1 <�

� 
 0! 1
�
� 1�

^ � � � ^ � 
 0! N
�
� N �
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of degree

deg
�

 f ! i g

�
=

NX

i =1

pi ;

on any based parametrized path space P t
s(U) (Def. 45).

For � = 0 and � = 1 we write


 f ! i g � 
 f ! i g;(0;1) :

These path space forms are known as multi in tegrals or iterated in tegrals or Chen
forms (cf. [50, 52]).

It turns out that the exterior derivative on path spacemapsChen forms to Chen forms
in a nice way:

Prop osition 48. The action of the path space exterior derivative on Chen forms is given
by:

d
I

(! 1; � � � ; ! n ) = (~d + ~M )
I

(! 1; � � � ; ! n ) ; (6.3)

where:

~d
I

(! 1; � � � ; ! n ) � �
X

k

(� 1)

P

i<k
pi

I
(! 1; � � � ; d! k ; � � � ; ! n )

~M
I

(! 1; � � � ; ! n ) � �
X

k

(� 1)

P

i<k
pi

I
(! 1; � � � ; ! k� 1 ^ ! k ; � � � ; ! n ) ;

and we have:

~d2 = 0
~M 2 = 0

~d ~M + ~M ~d = 0: (6.4)

Proof. See[50, 52]. 2

6.3 The Standard Connection 1-Form on Path Space

There are many 1-forms on path spacethat onecould consideras local connection1-forms
in order to de�ne a local holonomy on path space. Here we restrict attention to a special
class,to be called the standard connection 1-forms (Def. 54), because,as is shown in x6.5,
theseturn out to be the oneswhich compute local 2-group holonomy. (This same`standard
connection 1-form' can however also be motivated from other points of view, as done in
[10, 11].)
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Holonom y and parallel transp ort. In order to set up somenotation and conventions
and for later references,the following gives a list of well-known de�nitions and facts that
are crucial for the further developments:

De�nition 49. Given a path space P y
x (U) (Def. 45), a g-valued 1-form A on U, and an

h-valued 2-form B on U, we make the following de�nitions:

1. The line holonom y of A along a given path 
 is denoted by

WA [
 ]
�
� 1; � 2�

� P exp

0

B
B
@

Z


 j � 2

� 1

A

1

C
C
A

�
1X

n=0

I


 j � 2

� 1

(Aa1 ; : : : ; Aan )Ta1 � � � Tan : (6.5)

2. The parallel transp ort of elementsin T 2 g and S 2 h is written

TWA [
 ](� ) � W � 1
A [
 j1� ]T(� ) WA [
 ](� ; 1)

=
1X

n=0

I


 j1�

(� Aa1 ; � � � ; � Aan ) [Tan ; � � � [Ta1 ; T(� )] � � �] ;

SWA [
 ](� ) � �
�
WA [
 j1� ]

�
(S(� ))

�
1X

n=0

I


 j1�

(� Aa1 ; � � � ; � Aan ) d� (Tan ) � � � � � d� (Ta1 )(S(� )) :

(6.6)

For conveniencethe dependency[
 ] on the path 
 will often be omitted.

Prop osition 50. Parallel transport (Def. 49) has the following properties:

1. Let � 1 � � 2 � � 3 then

WA [
 ](� 1; � 2) � WA [
 ](� 2; � 3) = WA [
 ](� 1; � 3) :

2. Conjugation of elementsin g with parallel tranport of elementsin h yields

WA (� ; 1)
�
d� (T)(� )

�
W � 1

A (� ; 1)(S)
��

= d�
�
TWA (� )

�
(S) : (6.7)

3. Given a G-valued 0-form g 2 
 0(U;G) and a path 
 2 P y
x (U) we have

g(x) WA [
 ](g(y)) � 1 = W(gAg � 1+ g� 1dg) [
 ] : (6.8)
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4. Given a G-valued 0-form g 2 
 0(U;G) and a based loop 
 2 P x
x (U) we have

� (� (x)) (WA [
 ](� ; 1)(S(� )) ) = WA 0[
 ](� ; 1)( � (� (
 (� )))( S(� ))) (6.9)

with

A0 � �A� � 1 + � (d� � 1) :

Integrals of p-forms pulled back to a path and parallel tranp orted to somebasepoint
play an important role for path spaceholonomy. Following [52, 11] we intro duce special
notation to take care of that automatically:

De�nition 51. A natural addition to the notation 47 for iterated integrals in the presence
of a g-valued 1-form A is the abbreviation

I

A
(! 1; : : : ! N ) �

I �
! WA

1 ; : : : ! WA
N

�
;

where (�)WA is de�ned in def 49. When Lie algebra indices are displayed on the left they
are de�ned to pertain to the parallel tranported object:

I

A
(: : : ; ! a; : : :) �

I
(: : : ; (! WA )a; : : :) : (6.10)

Using this notation �rst of all the following fact can be conveniently stated, which
plays a central role in the analysis of the transition law for the 2-holonomy in x5.2:

Prop osition 52. The di�er ence in line holonomy (Def. 49) along a given loop with
respect to two di�er ent 1-forms A and A0 can be expressed as

(WA [
 ])� 1WA 0[
 ] = lim
� =1 =N ! 0

0

@1 + �
I

A

(� )

1

A

0

B
@1 + �

I

A+ � (� )

(� )

1

C
A � � �

0

B
@1 + �

I

A 0� � (� )

(� )

1

C
A




;

with � � A0� A.

Proof.
First note that from def. 49 it follows that

I

A

(� ) =

1Z

0

d� (WA [
 ](� ; 1))� 1� 
 0� (� ) WA [
 ](� ; 1) :

This implies that

WA [
 ]
�

1 + �
I

A
(� )

�



= WA+ � (� ) [
 ] + O

�
� 2�

:

The proposition follows by iterating this. 2
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Exterior deriv ativ e and curv ature for Chen forms. The exterior derivative on path
spacemaps Chen forms to Chen forms (Prop. 48). Since we shall be interested in Chen
forms involving parallel transport (Def. 51), it is important to know also the particular
action of the exterior derivative on these:

Prop osition 53. The action of the path space exterior derivative on
H

A (! ) is

d
I

A
(! ) = �

I

A
(dA ! ) � (� 1)deg(! )

I

A
(d� (Ta)(! ) ; F a

A ) : (6.11)

(Recall the convention 6.10).
Proof.

This is a straightforward, though somewhat tedious, computation using prop 48. 2

We have restricted attention here to just a single insertion, i.e.
H

A (! ) instead ofH
A (! 1; : : : ; ! n ), becausethis is the form that the standard connection 1-form has:

De�nition 54. Given a g-valued 1-form A and an h-valued 2-form B on U, the h-valued
1-form on P t

s (U)

A (A;B ) �
I

A
(B ) :

is called the standard lo cal connection 1-form on path space.

(Seefor example [10, 53, 11])
Given a connection, one wants to know its curvature:

Corollary 55 The curvature of the standard path space 1-form A (A;B ) (Def. 54) is

FA = �
I

A
(dA B) �

I

A
(d� (Ta)(B ) ; (FA + dt(B ))a) : (6.12)

Proof. Use Prop. 53. 2

De�nition 56. Given a standard path space connection 1-form A (A;B ) (Def. 54) coming
from a g-valued 1-form A and an h-valued 2-form B

� the 3-form

H � dA B (6.13)

is called the curv ature 3-form ,
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� the 2-form

~F � FA + dt(B ) (6.14)

is called the fak e curv ature 2-form .

The term `fake curvature' has been introduced in [13]. The notation ~F follows [9]. The
curvature 3-form was used in [2].

Using this notation the local path spacecurvature reads

FA = �
I

A
(H ) �

I

A

�
d� (Ta)(B ) ; ~F a

�
: (6.15)

6.4 Path Space Line Holonom y and Gauge Transformations

With the usual tools of di�eren tial geometry available for path space, the holonomy on
path spaceis de�ned as usual:

De�nition 57. Given a path space 1-form A and a path � in path space the path space
line holonom y of A along � is

WA (�) � P exp
� Z

�
A

�
:

Note that by de�nition P hereindicatespath ordering with objects at higher parameter
value to the right of thosewith lower parameter value, just as in the de�nition of ordinary
line holonomy in (Def. 49).

Path spaceline holonomy has a richer set of gaugetransformations than holonomy on
basespace. In fact, ordinary gaugetransformations on basespacecorrespond to constant
(`global') gaugetransformations on path spacein the following sense:

Prop osition 58. Given a path space line holonomy (Def. 57) coming from a standard
path space connection 1-form (Def. 54) A (A;B ) in a based loop space P x

x (U) as well as a
G-valued 0-form � 2 
 0(U;G) we have

� (� (x))
�

WA ( A;B ) (�)
�

= WA ( A 0;B 0)
(�)

with

A0 = �A� � 1 + � (d� � 1)

B 0 = � (� )(B ) :

Proof. Write out the path spaceholonomy in in�nitesimal stepsand apply 6.9 on each of
them. 2

The usual notion of gaugetransformation is obtained by conjugation:
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De�nition 59. Given the path space holonomy WA ( A;B ) (� j 
 1

 0 ) (Def. 57) of a standard

local path space connection 1-form A (A;B ) (Def. 54) along a path � in P t
s (U) with endpaths


 0 and 
 1, an in�nitesimal path space holonom y gauge transformation is a 1-
parameter familiy maps

WA ( A;B )

�
� j
 1


 0

�
7!

�
1 � �

I

A
(a)

�


 0

WA ( A;B )

�
� j
 1


 0

�
�

1 + �
I

A
(a)

�


 1

� Ad 
 1

 0

�
1 � �

I

A
(a)

� �
WA ( A;B )

�
� j
 1


 0

� �
;

for � 2 R and for a any 1-form

a 2 
 1(U;h) :

This yields a new sort of gaugetransformation in terms of the 1-form A and the 2-form
B :

Prop osition 60. In�nitesimal path space holonomy gaugetransformations (Def. 59) for
the holonomy of a standard path space connection 1-form A (A;B ) and arbitrary transfor-
mation parameter a yields to �rst order in the parameter � the path space holonomy of a
transformed standard path space connection 1-form A (A 0;B 0) with

A0 = A + dt(a)

B 0 = B � dA a (6.16)

if and only if the fake curvature (Def. 56) vanishes.

(This was originally consideredin [11] for the special caseG = H , t = id; � = Ad.)
Proof.

As for any holonomy, the gaugetransformation induces a transformation of the con-
nection 1-form A ! A 0 given by

A 0 =
�

1 � �
I

A
(a)

�
(d + A)

�
1 + �

I

A
(a)

�

= A + � dA

I

A
(a) + O

�
� 2�

: (6.17)

Using 6.11 one �nds (using the notation 6.10)

A + � dA

I

A
(a) =

I

A 0

�
B 0� + �

I

A
(d� (Ta)(a) ; (dt(B ) + F )a) + O

�
� 2�

:

Since a is by assumption arbitrary , the last line is equal to a standard connection
1-form to order � if and only if dt(B ) + F = 0. 2

The above in�nitesimal gauge transformation is easily integrated to a �nite gauge
transformation:
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De�nition 61. A �nite path space holonom y gauge transformation is the inte-
gration of in�nitesimal path space holonomy gaugetransformations (Def. 59), i.e. it is a
map for any a 2 
 1(U;h) given by

WA ( A;B )

�
� j
 1


 0

�
7! lim

� =1 =N ! 0
Ad 
 1


 0

 

1 � �
I

A+ dt(a)
(a)

!

� � � Ad 
 1

 0

�
1 � �

I

A
(a)

�

| {z }
N factors

�
WA ( A;B )

�
� j
 1


 0

� �
:

Prop osition 62. A �nite path space holonomy gaugetransformation (Def. 61) of the
holonomy of a standard path space connection 1-form A (A;B ) is equivalent to a transforma-
tion

A (A;B ) 7! A (A 0;B 0)

where

A0 = A + dt(a)

B 0 = B � (dA a + a ^ a)
| {z }

� ka

(6.18)

Proof. This is a standard computation. 2

In summary the above yields two di�eren t notions of gaugetransformations on path
space:

1. If the path spacein question is a basedloop spacethen accordingto Prop. 58 a gauge
transformation on target spaceyields an ordinary gaugetransformation of (A; B ):

A 7! �A� � 1 + � (d� � 1)

B 7! � (� )(B ) :

We shall call this a 2-gauge transformation of the �rst kind .

2. A gaugetransformation in path spaceitself yields, according to Prop. 62, a transfor-
mation

A 7! A + dt(a)

B 7! B � (dA a + a ^ a) :

We shall call this a 2-gauge transformation of the second kind.

Recall that according to Prop. 60 this works precisely when (A; B ) de�nes a standard
connection 1-form (Def. 54) on path spacefor which the `fake curvature' vanishes: ~F =
dt(B ) + FA = 0.

In the context of loop spacethese two transformations and the conditions on them
were discussedfor the special caseG = H and t = id; � = Ad in [11]. In the context of
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2-groups and higher lattice gaugetheory they were found in section 3.4 of [9]. They also
appear in the transition laws for nonabelian gerbes [13, 14, 15], as is discussedin detail
in x2.5. The sametransformation for the special casewhere all groups are abelian is well
known from abelian gerbe theory [54] and also from string theory (e.g. section8.7 of [55]).

With holonomy on path spaceunderstood, it is now possibleto usethe fact that every
path in path spacemaps to a (possibly degenerate)surfacein target spacein order to get
a notion of (local) surfaceholonomy. That is the content of the next subsection.

6.5 The Lo cal 2-Holonom y Functor

De�nition 63. Given a smooth space U and a smooth 2-group G a lo cal 2-holonom y
is a smooth 2-functor

hol: P2(U) ! G

from the path 2-groupoid of U (Def. 36) to G.

Wewant to construct a local 2-holonomy from a standard path spaceconnection1-form
(Def. 54). In order to do so we �rst construct a `pre-2-holonomy' for any standard path
spaceconnection 1-form and then determine under which conditions this actually gives a
true 2-holonomy. It turns out that the necessaryand su�cien t conditions for this is the
vanishing of the fake curvature (Def. 56).

De�nition 64. Given a standard path space connection 1-form (Def. 54) and given any
parametrized bigon (Def. 34) � : [0; 1]2 ! U with source edge 
 1 � �( �; 0) and target edge

 2 � �( �; 1) ; the triple (g1; h; g2) 2 G � H � G with

gi � WA (
 i )

h � W � 1
A (�(1 � �; �)) (6.19)

is called the lo cal pre-2-holonom y of � associated with A .

(The unexpected inverseand parameter inversion here is just due to the interplay of our
conventions on signsand orientations, as will becomeclear shortly.)

In order for a pre-2-holonomy to give rise to a true 2-holonomy two conditions have to
be satis�ed:

1. The triple (g1; h; g2) has to specify a 2-group element. By Prop. 18 this is the caseif
and only if g2 = t(h) g1.

2. The pre-2-holonomy has to be invariant under thin homotopy in order to be well
de�ned on bigons.

The solution of theseconditions is the content of Prop. 68 below. In order to get there the
following considerationsare necessary:

In order to analyze the �rst of the above two points consider the behaviour of the
pre-2-holonomy under changesof the target edge.
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Given a path spaceP t
s (U) and a g-valued 1-form with line holonomy holonomy WA [
 ]

on 
 2 P t
s (Def. 49) the change in holonom y of WA as one changes
 is well known to

be given by the following:

Prop osition 65. Let � : � 7! 
 (� ) be the 
ow generated by the vector �eld D on P t
s ,

then

d
d�

W � 1
A [
 (0)]WA [
 (� )]

�
�
�
�
� =0

= �

0

@
I

A

(FA )

1

A (D) : (6.20)

(Note that the right hand side denotesevaluation of the path space1-form
H

A (FA ) on the
path spacevector �eld D .)
Proof. The proof is standard. The only subtlety is to take care of the various conventions
for signsand orientations which give rise to the minus sign in 6.20. 2

Prop osition 66. For the pre-2-holonomy(Def. 64) of parametrized bigons� associated
with the standard connection 1-form A (A;B ) to specify 2-group elements,i.e. for the triples
(g1; h; g2) to satisfy g2 = t(h) g1, we must have

dt(B ) + FA = 0:

Proof. According to def. 64 the condition g2 = t(h) g1 translates into

t(h) = WA (
 2) W � 1
A (
 1)

= W � 1
A

�

 � 1

2

�
WA

�

 � 1

1

�
:

Now let there bea 
o w � 7! 
 � on P t
s (U) generatedby a vector �eld D and choose
 � 1

2 = 
 �

and 
 � 1
1 = 
 0. Then according to Prop. 65 we have

d
d�

W � 1
A

�

 � 1

2

�
WA

�

 � 1

1

�
= +

0

@
I

A

(FA )

1

A


 0

(D ) ;

where the plus sign is due to the fact that D here points opposite to the D in Prop. 65.
Applying the same� -derivative on the left hand side of 6.21 yields

�
� I

A
(dt(B ))

�
(D ) =

� I

A
(FA )

�
(D ) :

(Here the minus sign on the left hand side comesfrom the fact that we have identi�ed t(h)
with the inverse path spaceholonomy W � 1

A . This is necessarybecausethe ordinary path
spaceholonomy is path-ordered to the right, while we needt(h) to be path ordered to the
left.)
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This can be true for all D only if � dt(B ) = FA . 2

This is nothing but the nonab elian Stok es theorem . (Compare for instance [56]
and referencesgiven there.)

Next it needsto be shown that a pre-2-holonomy with dt(B ) + FA = 0 is invariant
under thin homotopy:

Prop osition 67. The standard path space connection 1-form A (A;B ) (Def. 54) is inavri-
ant under thin homotopy precisely when the path space 2-form

I

A
(d� (Ta)(B ) ; (FA + dt(B ))a) (6.21)

vanisheson all pairs path space vector �elds that generate thin homotopy 
ows.

Proof. For the special caseG = H and t = id; � = Ad this was proven by [12]. The full
proof is a straightforward generalization of this special case:

Consider a path � in path spacewith tangent vector T and let D be any vector �eld
on P t

s (U). By a standard result the path spaceholonomy W(�) is invariant under the 
o w
generatedby D i� the curvature of A vanisheson T and D, F (T; D ) = 0.

But from corollary 55 we know that F = �
H

(dA B) �
H

(d� (Ta)(B ) ; (FA + dt(B ))a).
It is easy to seethat

H
(dA B) vanisheson all pairs of tangent vectors that generatethin

homotopy transformations of � and that the remaining term vanisheson (T; D ) for all D
if it vanisheson all pairs of tangent vector that generatethin homotopy transformations. 2

Now we can �nally prove the following:

Prop osition 68. The pre-2-holonomy (Def. 64) induces a true local 2-holonomy (Def.
63)

holi : P2(Ui ) ! G

x




%%


 0

99�
��

y 7! �

W i [
 ]

%%

W i [
 0]

99W � 1
i (�)

��
�

if and only if the fake curvature (Def. 56) vanishes.

Proof.
We have already shown that for dt(B ) + FA = 0 the pre-2-holonomy indeed maps

into a 2-group (Prop. 66) and that its valuesare well de�ned on bigons (Prop. 67). What
remains to be shown is functorialit y, i.e. that the pre-2-holonomy respects the composition
of bigons and 2-group elements.

First of all it is immediate that composition of paths is respected,due to the properties
of ordinary holonomy. Vertical composition of 2-holonomy (being composition of ordinary
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holonomy in path space)is completely analogous. The fact that pre-2-holonomy involves
the inverse path spaceholonomy takes care of the nature of the vertical product in the
2-group, which reversesthe order of factors: In the diagram

G �

WA [
 1 ]

��W A [
 2 ] //
W � 1

A [� 1 ]
��

WA [
 3 ]

CC
W � 1

A [� 2 ]
��

� = �

WA [
 1 ]

$$

WA [
 3 ]

::W � 1
A [� 1 � � 2 ]

��

~
w
whol

~
w
w

~
w
w

P2(U) x


 1

��
 2 //
[� 1 ]

��


 3

BB
[� 2 ]

��

y = x


 1

%%


 3

99[� 1 � � 2 ]
��

y

the top right bigon must be labeled (according to the properties of 2-groupsdescribed in
Prop. 18) by

(WA [
 1]; W � 1
A [� 1]) � (WA [
 2]; W � 1

A [� 2]) = (WA [
 1]; W � 1
A [� 2]W � 1

A [� 1])

= (WA [
 1]; W � 1
A [� 1 � � 2]) ;

which indeed is the label associated by the hol-functor in the right column of the diagram.
So far we have suppressedin theseformulas the reversal 6.19 in the �rst coordinate of

�, since it plays no role for the above. This reversal however is essential in order for the
hol-functor to respect horizontal composition.

In order to seethis it is su�cien t to consider whiskering, i.e. horizontal composition
with identit y 2-morphisms.

When whiskering from the left we have

G �
WA [
 1 ] //�

WA [
 2 ]

%%

WA [
 0
2 ]

99W � 1
A [�]

��
� = �

WA [
 1 � 
 2 ]

$$

WA [
 1 � 
 0
2 ]

::� (W A [
 1 ])(W � 1
A [�] )

��

~
w
whol

~
w
w

~
w
w

P2(U) x

 1 //y


 2

%%


 0
2

99[�]
��

z = x


 1 � 
 2

&&


 1 � 
 0
2

88[�]
��

z

Evaluating the line holonomy in path space for this situation involves taking the path
ordered exponential of (cf. 6.6)

Z

(
 1 � 
 2 ) � 1

d� �
�
W � 1

A [(
 1 � 
 2)� 1j1� ]
�
(B (� ))
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evaluated on the tangent vector to the whiskered �. Since this vanisheson 
 1 and using
the reparameterization invariance of WA the above equals

� � � = � (WA [
 1])

0

B
@

Z


 � 1
2

d� �
�
W � 1

A [
 � 1
2 j1� ]

�
(B (� ))

1

C
A :

Hencethe above diagram doescommute. In this computation the path reversal is essential,
which of courseis related to our convention that parallel transport be to the point with
parameter � = 1. A simple plausibilit y argument for this was given at the beginning of
x6.3.

Finally, whiskering to the right is trivial, since we can simply use reparametrization
invariance to obtain

Z

(
 1 � 
 2 ) � 1

d� �
�
WA [(
 1 � 
 2)� 1j1� ]

�
(B (� )) =

Z


 � 1
1

d� �
�
WA [
 � 1

1 j� 1 ]
�
(B (� )) ;

becausefor right whiskers the integrand vanisheson 
 2.
Sincegeneralhorizontal composition is obtained by �rst whiskering and then compos-

ing vertically, this alsoprovesthat the hol-functor respectsgeneralhorizontal composition.
In summary, this shows that a pre-2-holonomy with vanishing fake curvature (Def. 56)

dt(B ) + FA = 0 de�nes a 2-functor hol: P2(U) ! G and hencea local strict 2-holonomy. 2
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7. App endix: Smooth Spaces

It is a sad fact of life that the category of �nite-dimensional smooth manifolds Di� is not
closedunder many useful constructions. For example, a subspaceor quotient spaceof a
manifold is usually not a manifold, nor is the spaceof smooth maps from one manifold to
another. Various approaches to remedying this problem have beenproposed;here we use
the last of several variants proposedby Chen [33, 34] in his work on path integrals.

In what follows, weuseconvex set to meana convex subsetof Rn , wheren is arbitrary
(not �xed). Any convex set inherits a topology from its inclusion in Rn . We say a map f
betweenconvex setsis smooth if arbitrarily high derivativesof f exist and are continuous,
using the usual de�nition of derivative as a limit of a quotient.

De�nition 69. A smooth space is a set X equipped with, for each convex set C, a
collection of functions � : C ! X called plots in X , such that:

1. If � : C ! X is a plot in X , and f : C0 ! C is a smooth map between convex sets,
then � � f is a plot in X ,

2. If i � : C� ! C is an open cover of a convexset C by convexsubsetsC� , and � : C ! X
has the property that � � i � is a plot in X for all � , then � is a plot in X .

3. Every map from a point to X is a plot in X .

De�nition 70. A smooth map from the smooth space X to the smooth space Y is a
map f : X ! Y such that for every plot � in X , � � f is a plot in Y .

It is straightforward to check that there is a category C1 whoseobjects are smooth spaces
and whosemorphisms are smooth maps.

We make any smooth manifold X into a smooth spaceby decreeingthat the plots
� : C ! X are preciselythosemaps that are smooth in the usual sense.Given this, onecan
check that a map betweensmooth manifolds is smooth in the sensede�ned above precisely
when it is smooth in the usual sense,so no confusion arises. In other words, Di� is a full
subcategory of C1 .

The sameprocedurelets us make any smooth manifold with boundary into a smooth
space.Here we take advantage of plots � : C ! X where C is a half-space.

The one-point space� is a smooth spacesuch that all maps � : C ! � are plots. By
item 3 of Def. 69, all maps from � into a smooth spaceare smooth. Since smooth maps
are closedunder composition, all constant maps betweensmooth spacesare smooth.

We make a disjoint union X =
`

� X � of smooth spacesinto a smooth spaceasfollows.
We de�ne a map � : C ! X to be a plot in X if and only if there is a plot  : C ! X � such
that � is  composedwith the inclusion of X � in X . One can check that X is indeed a
smooth spaceand that it is the coproduct in C1 of the smooth spacesX � .

We make a Cartesian product X =
Q

� X � of smooth spacesinto a smooth spaceas
follows. A map � : C ! X is the sameas a collection of maps � � : C ! X � , and we decree
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� to be a plot if and only if every map � � is a plot. One can check that X is indeed a
smooth spaceand that it is the product in the category C1 of the smooth spacesX � .

We make a subsetX of a smooth spaceY into a smooth spaceas follows. We de�ne
� : C ! X to be a plot if and only its composite with the inclusion i : X ! Y is a plot in Y .
One can check that X is indeed a smooth space.Note also that the inclusion i is smooth.

We make a quotient spaceX of a smooth spaceY into a smooth spaceas follows.
Suppose� is an equivalencerelation on Y . As a set, X will be just the usual quotient
Y= � . Let j : Y ! X stand for the quotient map. We make X into a smooth spaceby
decreeingthat � : C ! X is a plot i� there is an open cover of C by convex sets,i � C� ! C,
such that for every � the map � � i � is of the form j � � � for someplot � � : C� ! Y . One
can check that X is indeed a smooth space.Note also that the quotient map j : Y ! X is
smooth.

This issueariseswhen de�ning smooth spacesof thin homotopy classesof paths (Ex-
ample 12) or parametrized bigons (Def. 35)...

Given smooth spacesX and Y , let C1 (X ; Y ) be the set of smooth maps from X to
Y . Given a convex set C, we say that a map � : C ! C1 (X ; Y ) is a plot if and only if
�̂ : C � X ! Y is smooth, where we de�ne

�̂ (c;x) = � (c)(x)

for all c 2 C and x 2 X . One can check that with this de�nition C1 (X ; Y ) is a smooth
space. One can also check that for any smooth spaceA, a map f : A � X ! Y is smooth
if and only if the corresponding map f̂ : A ! X � Y is smooth. So, we have a one-to-one
and onto map

:̂C1 (A � X ; Y ) ! C1 (A; C1 (X ; Y ))
f 7! f̂

and one can even check that this map is smooth, with a smooth inverse. CHECK.
We can summarize many of the facts observed so far in the following result, which

actually goesa bit further:

Theorem 71. The category C1 is complete, cocomplete, and cartesian closed.

Proof. First let us show that C1 is complete, meaning that every diagram has a limit.
Supposewe have any diagram F : D ! C1 . We show this has a limit as follows. First
we take the limit in Set of the underlying diagram of sets and obtain a set lim D F . We
then make this into a smooth spaceby decreeingthe set of plots � : C ! lim D F to be
limD C1 (C; F ). One can check that this choice satis�es properties 1-3 in De�nition Def.
69. Moreover, given a smooth spaceX , a map f : X ! lim D F is the sameas a collection
of maps f � : X ! F (d� ) making the obvious triangles commute, where d� are the objects
of D . By de�nition f is smooth i� for any plot � in X , f � � is a plot in lim D F . This
is equivalent to demanding that for any plot � in X and any � , f � � � is a plot in F (d� ).
This in turn is equivalent to demanding that each map f � is smooth. So, a smooth map
f : X ! lim D F is the same as a collection of smooth maps f � : X ! F (d� ) making the
obvious triangles commute. So, lim D F is indeed the desired limit.
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For colimits we needshea��cation...!!!
Then cartesian closedness!!! 2

One can develop the whole theory of bundles, connections,di�eren tial forms and so
on for smooth spaces. We only sketch the �rst few steps, focusing on what we need for
this paper. We de�ne a di�eren tial form on a smooth spacein terms of its pullbacks along
plots:

De�nition 72. A p-form ! on the smooth space X is an assignmentof a smooth p-form
! � on Rn to each plot � : Rn ! X , satisfying this pullbac k compatibilit y condition for
any map f : Rm ! Rn :

f � ! � = ! � � f :

The space of p-forms on X is denoted by 
 p(X ).

Prop osition 73. Given a smooth map f : X ! Y and ! 2 
 p(Y ) there is a p-form
f � ! 2 
 p(X ) given by

(f � ! )� = ! � � f

for every plot � : Rn ! X .

We call f � ! the pullbac k of ! along f . Given a di�eren tial form ! on X , the forms ! �

de�ning it turn out to be just its pullbacks along plots:

Prop osition 74. Given a plot � : Rn ! X and ! 2 
 p(X ) we have

� � ! = ! � :

The above de�nition and results immediately generalize,for instance, to Lie-group-valued
0-forms 
 0(X ; G) and to Lie-algebra-valued p-forms 
 p(X ; g). An element F 2 
 0(X ; G)
is the sameas a smooth map F : X ! G.

Given a smooth spaceX , we de�ne the tangent spaceTxX to consist of formal linear
combinations of smooth maps 
 : [0; 1] ! X with 
 (0) = x, modulo the spaceof formal
linear combinations

P
i ci 
 i with the property that

X

i

ci
d
dt

f (
 i (t)) jt=0 = 0

for all smooth functions f : X ! R.
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