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Abstra ct: Connectionsand curvings on gerbes are beginning to play a vital role in dif-
ferertial geometry and theoretical physics| rst abelian gerbes, and more recertly non-
abelian gerbesand the twisted nonabelian gerbesintro ducedby Aschieri and Jurcoin their
study of M-theory. These conceptscan be elegarily understood using the concept of “2-
bundle' recertly introducedby Bartels. A 2-bundleis a generalizationof a bundle in which
the b ersare categoriesrather than sets. Here we intro duce the conceptof a “2-connection'
on a principal 2-bundle. We describe principal 2-bundleswith connectionin terms of local
data, and show that under certain conditions this reducesto the cocycle data for twisted
nonabelian gerbeswith connection and curving subject to a certain constraint | namely,
the vanishing of the “fake curvature', as de ned by Breen and Messing. This constraint
alsoturns out to guarartee the existenceof "2-holonomies': that is, parallel transport over
both curvesand surfaces, tting together to de ne a 2-functor from the “path 2-groupoid’
of the basespaceto the structure 2-group. We give a generaltheory of 2-holonomiesand
show how they are related to ordinary parallel transport on the path spaceof the base
manifold.
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1. Intro duction

The concept of “connection' lies at the very heart of modern physics, and it is certral
to much of modern mathematics. A connection describes parallel transport along curves
Motiv ated both by questionsconcerningM-theory (seex1.1) and ideasfrom higher category
theory (x1.2), we seekto describe parallel transport along surfaces After describingthese
motivations, we outline our results (x1.3) and sketch the structure of this paper (x1.4).
Readersintimidated by the length of this paper may prefer to read a summary of results

[5].

1.1 Nonab elian Surface Holonomies in Physics

In the corntext of M-theory (the only partially understood expected completion of string
theory), 2- and 5-dimensionalsurfacesin 10-dimensionalspaceare believed to play a fun-
damertal role. Theseare called "2-branes'and "5-branes',respectively. The generalcon g-
uration of 2-branesand 5-branesinvolves 2-braneshaving boundariesthat are attached to
5-branes. This is a higher-dimensional analogue of how open strings may end on various
typesof branesin string theory. So,let us recall what happensin that simpler case.

When an open string endson a single brane, its end acts like a point particle coupled
to a 1-form, or more precisely to a U(1) connection. Howewer, it is also possiblefor the
end of a string to mimic a point particle coupledto a nonabelian gauge eld. This happens
when the string ends on a number of branesthat are coincidert, or “stadked'. When an
open string endson a stadk of n branes, its end acts like a point particle coupledto a U(n)
connection, or more generally a connectionon somebundle whosestructure group consists
of n n matrices. The reasonis that the action for the string involves the holonomy of
this connection along the curve traced out by the motion of the string's endpoint astime
passes.

It is natural to hope that somethingsimilar happenswhen a 2-braneendson a 5-brane
or a stadk of 5-branes. Indeed, it is already known that when a 2-brane endson a single
5-brane, it acts like a string coupledto a 2-form | or more precisely to a connectionon a
U(1) gerbe. (Just asa connectionon a U(1) bundle can belocally identi ed with a 1-form,
but not globally, soa connectionon a U(1) gerbe can be locally but not globally identi ed
with a 2-form.)

Similarly, we expect that a 2-brane ending on a stad of coinciding 5-branesshould
behare like a string coupled to a Lie-algebra-valued 2-form | or more precisely to a
connection on a nonabelian gerbe. The theory of such connectionsis under dewvelopmert,
and its application to this problem have already been considered[13, 14, 15. Howewer,
for this application to work, the action for a 2-brane ending on a stadk of 5-branesshould
involve somesort of “holonomny' of this kind of connection over the 2-dimensional surface
traced out by the motion of the 2-brane's boundary. For this, we need a concept of
“nonakelian surfaceholonomy'.

It is well understood how connectionson alelian gerbesgive rise to a notion of alelian
surface holonomy, but for nonabelian gerbes so far no concept of surface holonomy has
beende ned. In fact, using 2-groupsit is straightforward to comeup with a local version
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of this notion. This hasalready beendonein a discretized setting | a categori ed version
of lattice gaugetheory [9]. Howewer, to construct a well-de ned action for a 2-brane ending
on a stadk of 5-branes,it is crucial to take care of global issues.

For thesereasons,a globally de ned notion of nonabelian surface holonomy seemsto
be a necessaryprerequisite for fully understanding the fundamental objects of M-theory.
In this paper we preser such a notion, which we call “2-holonony'.

In fact, this conceptis interesting for ordinary eld theory aswell, quite independertly
of whether strings really exist. Con gurations of membranesending on a stadk of 5-branes
can alternativ ely be describedin terms of certain (super)conformally invariant eld theories
involving Lie-algebra-valued 2-form elds de ned on the six-dimensional manifold traced
out by the 5-branes. When these eld theories are compacti ed on a torus they give rise
to (super)Yang-Mills theory in four dimensions. In this context, the famous Montonen-
Olive SL(2; Z) duality exhibited by this 4-dimensional gaugetheory should arise simply
from the modular transformations on the internal torus, which act as symmetries of the
conformally invariant six-dimensionaltheory. From this point of view, nonabelian 2-form
gaugetheory in six dimensionsappearsas a tool for understanding ordinary gaugetheory
in four dimensions.

It is interesting to note that these six-dimensional theories require the curvature 3-
form of the 2-form eld to be self-dual with respect to the Hodge star operator. In the
nonabelian casethis is subtle, becausethis 3-form should obey the local transition laws
for nonabelian gerbes, which are not | at least not in any obvious way | compatible
with self-duality in general, since they involve corrections to a covariant transformation
of the 3-form. The only obvious solution to this compatibility problem is to require the
so-called fake curvature' of the gerbe to vanish. If this is the case,the 3-form eld strength
transforms covariantly and can henceconsisterlly be chosento be self-dual.

This solution has a certain appeal, becausethe constraint of vanishing fake curvature
also shows up naturally in the study of nonabelian surface holonomy. Indeed, a major
theme of the presen paper is to show that what we call 2-connectionshave well-de ned
surface holonomiesonly when their fake curvature vanishes.

For thesereasons,2-connectionsmay alsobe suited to play a role in relating nonabelian
gaugetheories in four dimensionsto nonabelian 2-form theories in six dimensions. We
do not work out the application of our 2-connectionsto either M-theory or this relation
between four- and six-dimensional theories. But, as we explain in the next section, our
theory of 2-connectionsis deweloped from the intrinsic logic of the problem of surface
holonony. So, either it or something very similar should be relevant.

An overview of the relation betweenfour- and six-dimensionalconformal eld theories
is givenin [20]. A list of referenceson the physics of 5-branesis givenin [11].

1.2 Higher Gauge Theory

The seard for a theory of surface holonomies predates the recen interest in M-theory,
becauseit seemslike a natural generalization of ordinary gaugetheory. Howewver, until
recerily this seard has beenheld badk by trying to use familiar algebraic structures |
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groups and Lie algebras| which are appropriate for ordinary gaugetheory but not for
this generalization.

Ordinary gaugetheory describes how 0-dimensional particles transform as we move
them along 1-dimensionalpaths. It is natural to assigna group elemern to ead path:

g
T TT%

The reasonis that composition of paths then correspondsto multiplication in the group:

0

g g
TN % %

while reversing the direction of a path correspondsto taking inverses:
g 1
y/_\

and the assaiative law makesthe holonomy along a triple composite unambiguous:

0 00
9

g g
T TN % T % %

In short, the topology dictates the algebra.

Now supposewe wish to do something similar for 1-dimensional “strings' that trace
out 2-dimensionalsurfacesasthey move. Naively we might wish our holonomy to assigna
group elemer to ead surfacelike this:

/Hg\%/o
\_/
There are two obvious ways to composesurfacesof this sort, vertically:

I

C

N

/HQ,\OQA)/H\

and horizontally:

gogo

Supposethat both of these correspond to multiplication in the group G. Then to obtain
a well-de ned holonony for this surfaceregardlessof whether we do vertical or horizontal

composition rst:
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we must have
(9192)(9999) = (01 9))(009):

This forcesG to be abelian!

In fact, this argumen goesbadk to a classicpaper by Eckmann and Hilton [21]. More-
over, they shaved that even if we allow G to be equipped with two products, say g g° for
vertical composition and gg° for horizontal, solong as both products sharethe sameunit
and satisfy this ‘interc hange law"

( o) 9= (nw) (999))

then in fact they must agree| soby the previous argument, both are abelian. The proof
is very easy:
90°=(g DL ¢)=(9) (Y=g ¢

Pursuing this approad, we would ultimately read the theory of connections on
“abelian gerbes'. If G = U(1), such a connectionslooks locally like a 2-form | and it
shows up naturally in string theory, satisfying equations very much like those of electro-
magnetism.

To go beyond this and obtain nonakelian higher gauge elds, we must let the topology
dictate the algebra. Readersfamiliar with higher categorieswill already have noticed that
1-dimensionalpictures above resenble diagramsin categorytheory, while the 2-dimensional
pictures resenble diagramsin 2-categorytheory. This suggestshat instead of a Lie group,
the holonomiesin higher gauge theory should take values in some sort of categori ed
analogue,which we could call a "Lie 2-group'.

In fact, even without knowing about higher categories,we can be led to the de nition
of a Lie 2-group by consideringa kind of connection that gives holonomieshoth for paths
and for surfaces

So, let us assumethat for ead path we have a holonony taking valuesin somelLie
group G, where composition of paths corresponds to multiplication in G. Assume also
that for ead 1-parameterfamily of paths with xed endpoints we have a holonony taking
valuesin someother Lie group H, where vertical composition correspondsto multiplication

in H:
N

Next, assumethat we can parallel transport an elemen g 2 G along a 1-parameter
family of paths to get a new elemen g°2 G:

/‘gh\%/o
~_ " _~

go

This picture suggeststhat we should think of h asa kind of "arrow' or "morphism' going
from g to g° We can use category theory to formalize this. Howevwer, in category theory,
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when a morphism goes from an object x to an object y, we think of the morphism as
determining both its sourcex and its target y. The group elemert h doesnot determine g
or g° However, the pair (g; h) does.

For this reason,it is usefulto createa category Gwherethe setof objects, say Ob(G), is
just G, while the setof morphisms, say Mor(G), consistsof orderedpairsf = (g;h) 2 G H.
Switching our notation to re ect this, we rewrite the above picture as

/g\%
[o ¢
gO

and write f:g! ¢°for short.
In this new notation, we can vertically composef:g! g°and f¢g°! g%to get
f fGg! g% asfollows:

g
q° Hf
C
N
g00

This is just composition of morphismsin the category G. Howeer, we can alsohorizontally
composefi:gr ! of andfaig! oS to getfifoigigy! ¢fgd, asfollows:

/ﬂ\% /H\%
We assumethis operation makes Mor(G) into a group with the pair (1;1) 2 G H asits

multiplicativ e unit.
The good newsis that now we can assumean interchangelaw saying this holonomy is

well-de ned:
oy
a2
% 9
namely:

fA(F2 £ = (Faf2) (FIFD) (1.1)

without forcing either G or H to be abelian! Instead, the group Mor(G) is forcedto be a
semidirect product of G and H.

The structure we are rather roughly describing hereis in fact already known to math-
ematicians under the name of a “categoricalgroup' [3, 22, 23]. The reasonis that G turns
out to be a category living in the world of groups: that is, a category where the set of
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objects is a group, the set of morphismsis a group, and all the usual category operations
are group homomorphisms. To keepthe terminology succinctand to hint at generalizations
to still higher-dimensional holonomies,we prefer to call this sort of structure a “2-group'.
Moreover, we shall focus our attention on "Lie 2-groups', where the objects and morphisms
form Lie groups, and all the operations are smooth.

In fact, onecandevelop a full- edged theory of bundles, connections,curvature, and so
on with a Lie 2-group taking the place of a Lie group. To do this, one must systematically
engagein a processof “categori cation', replacing set-basedconceptsby their category-
basedanalogues.For example, just as 2-groupsare categori ed groups, we can de ne "Lie
2-algebras',which are categori ed Lie algebras[4].

So far most work on categori ed gaugetheory has focusedon the special casewhen
G is trivial and H = U(1), using the languageof "U(1) gerbes' [18, 24, 25, 26, 27, 28].
Here, howewer, we really want H to be nonabelian, and for this we needG to be nontrivial.
Someimportant progressin this direction can be found in Breen and Messing's paper on
the di erential geometry of "nonabelian gerbes'[13]. While they usedi erent terminology,
their work basically develops the theory of connections and curvature for Lie 2-groups
where H is an arbitrary Lie group, G = Aut(H) is its group of automorphisms, t sends
ead elemen of H to the corresponding inner automorphism, and the action of G on H
is the obvious one. We call this sort of Lie 2-group the “automorphism 2-group' of H.
Luckily, it is easyto extrapolate the whole theory from this case.

In particular, for any Lie 2-group G one can de ne the notion of a “principal 2-bundle'
having G asits gauge2-group; this hasrecerily beendone by Bartels [6]. The rst goal of
this paper is to de ne a conceptof "2-connection'for these principal 2-bundlesThe second
is to shawv that given a 2-connection, one can de ne holonomiesfor paths and surfaces
which behave just as one would hope:

composing paths corresponds to multiplying their holonomiesin the group Ob(G):

go

g
N N

reversing the direction of a path correspondsto taking the inverseof its holonony in
the group Ob(G):

g 1

¥y~

horizontally composing surfacescorresponds to multiplying their holonomiesin the
group Mor(G):

/H\% /H\%
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horizontally reversing a surfacecorrespondsto taking the inverseof its holonomy in
the group Mor(G):

y/g'é\

e

\/

901

vertically composing surfacescorresponds to composing their holonomies as mor-
phismsin the category G:

/g Hf N

W

vertically reversing a surface corresponds to taking the inverseof its holonomy as a

morphism in the category G.
/_gg;\o/
H °

A third goal of this paper is to relate sud 2-connectionsto connectionson the space
P (M), whosepoints are paths in M. A connectionon P (M) assignsa holonony to any
path in P(M), and a path traces out a surfacein M. Sud a connection thus assignsa
holonomy to a surface| but this will depend on the parameterization of the surfaceunless
we imposeextra conditions.

Intuitiv ely it is clear that these two conceptsshould be closely related, but little is
known about the details of this relation. Motivated by the recert discovery [1]] that a
certain consistencycondition for surface holonomy appearing in the loop spaceapproac
is discussedalso in the literature on 2-groups[9], while other such consistencyconditions
have exclusively beendiscussedn the loop spacecortext [10], we seekto clarify this issue.

Our fourth goal is to relate Bartels' theory of 2-bundlesto the theory of nonabelian
gerbes, incuding the “twisted' nonabelian gerbesintro duced by Aschieri and Jurcoin their
work on M-theory [15], and our nal goalis to give a precisedescription of surfaceholonomy
asa 2-functor. We discusstheseideasin more detail in the next section.

1.3 Outline of Results

In this paper we categorify the concept of principal bunde with connection, replacing the
structure group by a 2-group, de ning principal 2-bundes with 2-connection. We shaw
how to describe thesein terms of local data and show that under certain conditions this
is equivalert to the cocycle description of nonabelian gerbessatisfying a certain constraint
| the vanishing of the “fake curvature'. We shaow that this constraint is alsosu cien t to
guarartee the existenceof 2-holonomies i.e., parallel transport over surfaces.We examine
these2-holonomiesin detail using 2-functorsinto 2-groupson the onehand, and connections
on path spaceon the other hand.
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Seweral aspects of this have beenstudied before. Categori cation is described in [1]
and its application to groupsand Lie algebras,which yields 2-groupsand Lie 2-algebras,is
discussedn [3, 4, 2]. The conceptof 2-group wasincorporated in the de nition of principal
2-bundles (without connection) in [6]. A description of 2-connectionsas 2-functors was
introducedin [7, 8, 9], but only in a discretizedcortext, which makesit a bit tricky to treat
global issues.Connectionson path spacewere discussedn [10, 11], and reparametrization
invariance for a special casewas investigated by [12]. Cocycle data for nonabelian gerbes
with connectionand curving were obtained rst by Breen and Messing[13] using algebraic
geometry and later by Aschieri and Jurco [14, 15] using a nonabelian generalization of
bundle gerbes[16].

Here we extend this work by:

de ning the conceptof a principal 2-bundle with 2-connection,

shawing that a 2-connectionon a trivial principal 2-bundle has 2-holonomiesde ning
a 2-functor into the structure 2-group when the 2-connection has vanishing “fake
curvature' (a concept already de ned for nonabelian gerbes by Breen and Messing
[13]).

clarifying the relation between connectionson a trivial principal bundle over the
path spaceof a manifold and 2-connectionson a trivial principal 2-bundle over the
manifold itself, shaving that a connection on the path spacewhoseholonomiesare
invariant under arbitrary surfacereparameterizations de nes a 2-connectionon the
original manifold,

deriving the local “gluing data' that describe how a nontrivial 2-bundle with 2-
connection can be built from trivial 2-bundleswith 2-connectionon open sets that
cover the basemanifold,

demonstrating that these gluing data for 2-bundleswith 2-connection coincide with
the cocycle description of nonabelian gerbes, subject to the constraint of vanishing
fake curvature.

The starting point for all these considerationsis the ordinary concept of a principal
b er bundle. Suc a bundle can be speci ed using the following “gluing data'":

a basemanifold M,

a cover of M by open setsfU;gi2,,

a Lie group G (the “gaugegroup' or “structure group’),

on eat double overlap Uj = U\ U; a G-valued function gj ,

such that on triple overlaps the following transition law holds:

Giji 9k = Oik-
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Such a bundle is augmerted with a connection by specifying:

in ead open set U; a smooth functor holi: P1(U;) ! G from the path groupoid of U;
to the gaugegroup,

sudh that for all paths in double overlaps U;; the following transition law holds:
holi( ) = gj holj () g; ™:

Here the “path groupoid' P1(M) of a manifold M has points of M as objects and certain
equivalenceclassef smooth pathsin M asmorphisms. There are various ways to work out
the technical details and make P,(M) into a “smaoth groupoid'; see[18] for the approad
we adopt, which uses’thin homotopy classesof smooth paths. Tednical details aside,the
basic idea is that a connection on a trivial G-bundle gives a well-behaved map assigning
to ead path in the basespacethe holonomy hol( ) 2 G of the connection along that
path. Saying this map is a “smaoth functor' meansthat these holonomiescomposewhen
we composepaths, and that the holonony hol( ) dependssmoothly on the path

Our task shall be to categorify all of this and to work out the consequencesThe basic
tool will be internalization: given a mathematical concept X de ned solely in terms of
sets, functions and commutativ e diagramsinvolving these,and given somecategoryK , one
obtains the conceptof an "X in K' by replacing all these sets, functions and commutativ e
diagrams by corresponding objects, morphisms, and commutativ e diagramsin K.

For example,take X to be the conceptof "group’. A group in Di (the category with
smooth manifolds as objects and smooth maps as morphisms) is nothing but a Lie group.
In other words, a Lie group is a group that is a manifold, for which all the group operations
are smooth maps. Similarly, a group in Top (the categorywith topological spacesasobjects
and cortinuous maps as morphisms) is a topological group.

These examplesare standard, but we will need someslightly lessfamiliar ones. In
particular, we will needthe concept of “2-group’, which is a group in Cat (the category
with categoriesas objects and functors as morphisms). By a charming principle called
“comnutativit y of internalization', 2-groupscanalsobethought of ascategoriesin Grp (the
category with groups as objects and homomorphisms as morphisms). We will also need
the conceptof a "2-space',which is a categoryin Di , or more generally in somecategory
of smooth spacesthat allows for in nite-dimensional examples. A specially nice sort of
2-spaceis a ‘'smaoth groupoid’, a concept already mentioned above without explanation:
this is a groupoid in the category of smooth spaces.Finally, a "Lie 2-group’ is a 2-group in
Di

To arrive at the de nition of a 2-bundle E ! M, the rst stepsare to replace the
total spaceE and basespaceM by 2-spacesand to replacethe structure group by a Lie
2-group. In this paper we will actually keepthe basespacean ordinary space,which canbe
regardedas a 2-spacewith only identity morphisms. This is su cien tly generalfor many
purposes. However, for applications to string theory we may ultimately need 2-bundles
where the base spacehas points in some manifold as objects and paths or loops in this
manifold as morphisms[19]. This sort of application alsorequiresthat we considersmooth
spacesthat are more generalthan nite-dimensional manifolds.

{ 10{
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Just as a connection on a trivial principal bundle over M gives a functor hol from
the path groupoid of M to the structure group, one might hope that a 2-connectionon a
trivial principal 2-bundle would de ne a 2-functor from somesort of “path 2-groupoid' to
the structure 2-group. This has already beenstudied in the context of higher lattice gauge
theory [8, 9]. Thus, the main issuesnot yet addressedare those involving di eren tiabilit y.

To addresstheseissueswe de ne for any smooth spaceM a smooth 2-groupoid P>(M )
sud that:

the objects of P,(M) are points of M : X

the morphisms of P,(M) are smooth paths :[0;1]! M sud that (t) is constart
/\'
in a neighborhood oft = Oandt= 1. x y

the 2-morphismsof P,(M ) are thin homotopy classesof smooth maps : [0;1]2! M
such that ( s;t) is independert of s in a neighborhood of s = 0 and s = 1, and

constart in a neighborhood oft = Oandt= 1: x

We call the 2-morphismsin P,(M) “bigons'. The “thin homotopy' equivalence relation
guararnteesthat two mapsdi ering only by a reparametrization de ne the samebigon. This
is important becausewe seeka reparametrization-invariant notion of surface holonomy.

We show that any 2-connectionon atrivial principal 2-bundle over M yields a smaooth
2-functor hol: Po(M) ! G, where G is the structure 2-group. We call this 2-functor the
2-holonomy of the 2-connection. In simple terms, the existenceof this smooth 2-functor
meansthat the 2-connection has well-de ned holonomiesboth for paths and surfaces,in-
dependert of their parametrization, compatible with the standard operations of composing
paths and surfaces,and depending smoothly on the path or surfacein question.

To expand on this slightly, one must recall [3] that a Lie 2-group G amounts to the
samething asa ‘crossedmodule' of Lie groups (G;H;t; ), where:

G is the group of objects of G, Ob(G):
H is the subgroup of Mor(G) consisting of morphisms with sourceequalto 12 G:
t:H ! G is the homomorphism sendingead morphismin H to its target,

is the action of G as automorphisms of H de ned using conjugation in Mor(G) as
follows: (g)h = 13h1, L.

In theseterms, a 2-connectionon atrivial principal 2-bundle over M with structure 2-group
G consistsof a g-valued 1-form A together with an h-valued 2-form B on M. Translated
into this framework, Breen and Messing's ‘fake curvature' is the g-valued 2-form

dt(B) + Fa;

{ 11
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whereFa = dA+ A ™ A is the usual curvature of A. We show that if and only if the fake
curvature vanishes there is a well-de ned 2-holonony hol: P,(M) ! G

The importance of vanishing fake curvature in the framework of lattice gaugetheory
was already emphasizedin [9]. The special casewhere also Fo = 0 was studied in [10],
while a discussionof this constraint in terms of loop spacein the caseG = H wasgivenin
[11]. Our result subsumesthesecasesin a common framework.

This framework for 2-connectionson trivial 2-bundlesis su cien t for local considera-
tions. Thus, all that remainsisto turn it into a global notion by categorifying the transition
laws for a principal bundle with connection, which in terms of local data read:

Gij 9k
holi( )

Oik
gj holi () g;*:

The basicideais to replacetheseequationsby speci ed isomorphisms,using the fact that a
2-group G has not only objects (forming the group G) but also morphisms (described with
the help of the group H). These isomorphismsshould in turn satisfy certain coherence
laws of their own. These coherencelaws have already been worked out for 2-bundles
without connection [6] and for twisted nonabelian gerbes with connection and curving
[13, 14, 15]; here we put theseideastogether. We show that the local data describing suc
2-bundleswith 2-connectionmatchesthe cocycle data describingnonabelian bundle gerbes
with connectionand curving, subject to the constraint of vanishing fake curvature.

In summary, we nd that categorifying the notion of a principal bundle with connection
givesa structure that includes as a special casenonabelian bundle gerbeswith connection
and curving, with vanishing fake curvature.

1.4 Structure of the Paper

We begin in x2 with a review of internalization, Lie 2-groups and Lie 2-algebras, and
nonabelian gerbes. This preparesus to explain 2-bundlesin x3, and to showv how they can
be described using local gluing data.

After 2-bundleshave beendescribed in this way, we de ne the conceptof 2-connection
in x4. Here we also state our main result, Theorem 39, which describes 2-connectionsin
terms of Lie-algebra-valued di erential forms. We begin the proof of this result in x5.
Finally, in x6 we relate 2-connectionson a manifold to connectionson its path space,and
usethis to concludethe proof.
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2. Preliminaries

To dewelop the theory of 2-connectionson 2-bundles, we need somemathematical prelim-
inaries on internalization (x2.1), with special emphasison 2-spaces(x2.2), Lie 2-groups
(x2.3), and Lie 2-algebras(x2.4). We also review the theory of nonabelian gerbes (x2.5).

2.1 Internalization

To categorify conceptsfrom di erential geometry we will use a procedure called “inter-
nalization'. Developed by Lawvere [29], Ehresmann [30] and others, internalization is a
method for generalizing conceptsfrom ordinary set-basedmathematics to other contexts
| or more precisely to other categories. This method is simple and elegan. To internalize
a concept, we merely have to describe it using commutativ e diagrams in the category of
sets, and then interpret these diagramsin someother category K. For example, if we in-
ternalize the conceptof “group' in the category of topological spaceswe obtain the concept
of “topological group'.

For categori cation, the main concept we need to internalize is that of a category
itself! To do this, we start by writing down the de nition of category using commutativ e
diagrams. We do this in terms of the functions s and t assigningto any morphismf:x! vy
its sourceand target:

s(f)=x,  tf)=y;
the function i assigningto any object its identity morphism:

i(x) = 1y
and the function assigningto any composablepair of morphisms their composite:
f;99=1f g

If we write Ob(C) for the set of objects and Mor(C) for the set of morphisms of a category
C, the setof composablepairs of morphismsis denotedMor(C); sMor(C), sinceit consists
of pairs (f ; g) with t(f) = s(g).

In theseterms, the de nition of category looks like this:

A small category , say C, has a set of objects Ob(C), a set of morphisms
Mor(C), sourceand target functions:

s;t:Mor(C)! Ob(C);
an identit y-assigning function:
i:0Ob(C)! Mor(C)
and a composition function:
:Mor(C); sMor(C)! Mor(C)

making diagrams commute that expressassaiativity of composition, the left
and right unit laws for identity morphisms, and the behaviour of sourceand
target under composition.
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We omit the actual diagrams becausethey are not very enlightening: the readercan nd
them elsewhere[4, 31] or reinvent them. The main point hereis not so much what they
are, asthat they can be written down.

To internalize this de nition, we replacethe word “set' by “object of K' and replace
the word “function' by “morphism of K

A category in K, say C, hasan object Ob(C) 2 K, an object Mor(C) 2 K,
sourceand target morphisms

s;t:Ob(C) ! Mor(C);
an identit y-assigning morphism:
i:Ob(C)! Mor(C);
and a composition morphism:
:Mor(C); sMor(C)! Mor(C)

making diagrams commute that expressassaiativity of composition, the left
and right unit laws for identity morphisms, and the behaviour of sourceand
target under composition.

Herewe must de ne Mor(C); sMor(C) usinga category-theoreticnotion calleda “pullback’
[23]. Luckily, in examplesit is usually obvious what this pullback should be, sinceit consists
of composablepairs of morphismsin C.

Using this method, we can instantly categorify various conceptsusedin gaugetheory:

Denition 1. A Lie 2-group is a category in LieGrp, the category whoseobjects are
Lie groups and whosemorphisms are smath group homomorphisms.

De nition 2. A Lie 2-algebra is a category in LieAlg, the category whoseobjects are
Lie algebas and whosemorphisms are Lie algeba homomorphisms.

(For the benet of experts, we should admit that we are only de ning “strict' Lie 2-groups
and Lie 2-algebrashere. We will not needany other kind in this paper.)

We could also de ne a 'smaoth 2-space'to be a category in Di , the category whose
objects are nite-dimensional smooth manifolds and whose morphisms are smooth maps.
Howewer, this notion is slightly awkward for two reasons.First, unlike LieGrp and LieAlg,
Di doesnot have pullbacks in general. So, the subsetof Mor(C) Mor(C) consisting of
composablepairs of morphisms may not be a submanifold. Second,and more importantly,
we will alsobe interested in in nite-dimensional examples.

To solve these problems, we needa category of “'smaoth spaces'that has pullbacks and
includes a su cien tly large classof in nite-dimensional manifolds. Various categoriesof
this sort have been proposed. It is unclear which one is best, but we shall use a slight
variant of an idea proposedby Chen [32]. We describe this category of smooth spacesand
smooth maps in the Appendix (x7). We call this category C! . For the presen purposes,
all that really matters about this category is that it has many nice features, including:

{ 14{



Draft last modied 1/4/2008 { 13:14; curren t version at http://math.ucr.edu/home/baez/2conn.p df

Every nite-dimensional smooth manifold (possibly with boundary) is a smaooth
space, with smooth maps between these being precisely those that are smooth in
the usual sense.

Every smooth spacehasa topology, and all smooth mapsbetweensmooth spacesare
continuous.

Every subsetof a smooth spaceis a smooth space.

We can form a “quotient’ of a smooth spaceX by any equivalencerelation, which is
again smooth space.
If fX g 2a are smooth spacessois their product Q A X .

If fX g 2a are smooth spaces,sois their disjoint union A X .

If X and Y are smooth spaces,so is the set C! (X;Y) consisting of smooth maps
from X to Y.

There is an isomorphism of smooth spaces
Ct(A X;Y)=C'(ACH(X;Y))
sendingany function :A X ! Y to the function “:A! C! (X;Y) given by

“x) @) = (xa):

We can de ne vector elds and dierential forms on smooth spaces,with many of
the usual properties.

With the notion of smooth spacein hand, we can make the following de nition:

De nition 3. A (smo oth) 2-space is a category in C! , the category whoseobjects are
smath spaces and whosemorphisms are smath maps.

Not only can we categorify Lie groups, Lie algebrasand smooth spaces,we can also
categorify the maps betweenthem. The right sort of map between categoriesis a functor:
a pair of functions sending objects to objects and morphisms to morphisms, preserving
source,target, identities and composition. If we internalize this concept, we get the de -
nition of a “functor in K'. We then say:

De nition 4. A homomorphism between Lie 2-groupsis a functor in LieGrp.
De nition 5. A homomorphism between Lie 2-algebas is a functor in LieAlg.
De nition 6. A (smooth) map between 2-spacesis a functor in Ct .

There are also natural transformations betweenfunctors, and internalizing this notion
we can make the following de nitions:
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De nition 7. A 2-homomorphism  between homomorphismsbetween Lie 2-groupsis a
natural transformation in LieGrp.

De nition 8. A 2-homomorphism between homomorphismshbetween Lie 2-algebas is
a natural transformation in LieAlg.

De nition 9. A (smooth) 2-map between maps between 2-spacesis a natural transfor-
mation in C! .

Writing down thesede nitions is quick and easy It takeslonger to understand them
and apply them to higher gauge theory. For this we must unpadk them and look at
examples. We do this in the next two sections.

2.2 2-Spaces

Unraveling Def. 3, a smooth 2-space,or 2-space for short, is a category X where:
The set of objects, Ob(X), is a smooth space.
The set of morphisms, Mor(X), is a smooth space.

The functions mapping any morphism to its source and target, s;t:Mor(X) !
Ob(X), are smooth maps.

The function mapping any object to its identity morphism, i:Ob(X) ! Mor(X), is
a smooth map

The function mapping any composablepair of morphismsto their composite,
:Mor(X)s (Mor(X)! Mor(X), is a smooth map.

2-spacesare more commonthan one might at rst guess.One just needsto know whereto
look. First of all, every ordinary smooth spaceis a 2-spacewith only identity morphisms.
More interesting examplesarise naturally in string theory: the path groupoid and the loop
groupoid of a manifold. In the next section we consider another large classof examples:
Lie 2-groups.

De nition  10. A 2-smce with only identity morphismsis called trivial .

Example 11. Any smooth spaceM givesa trivial 2-spaceX with Ob(X) = M. This
2-spacehasMor(X) = M, with s;t;i; all beingthe identity map from M to itself. Every
trivial 2-spaceis of this form.

Example 12. Given a smooth spaceM, there is a smooth 2-spaceP.(M), the path
group oid of M, such that:

the objects of P1(M) are points of M,

the morphisms of P1(M) are thin homotopy classesof smooth paths :[0;1]! M
such that (t) is constart neart = Oandt = 1.
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Hereathin homotop y betweensmooth paths ¢; 1:[0;1]! M isasmooth mapF:[0;1]? !
M sud that:

F(0;t) = oft) and F(1;t) = 41(t),

F (s;t) is constart for t near O and constart for t near 1,

F (s;t) is independert of s for s near 0 and for s near 1,

the rank of the di erential dF(s:t) is < 2 for all (s;t) 2 [0; 1]2.

The last condition is what makesthe homotopy ‘thin': it guaranteesthat the homotopy
sweepsout a surfaceof vanishing area.
To seehow P;(M) becomesa 2-space, rst note that the space of smooth maps
:[0;1]! M becomesa smooth spacein a natural way, as doesthe subspacesatisfying
the constancy conditions neart = 0; 1, and nally the quotient of this subspaceconsisting
of thin homotopy classes.This makesMor(P1(M)) into a smooth space. For short, we call
this smooth spaceP (M), the path space of M. Ob(P1(M)) = M is obviously a smooth
spaceaswell. The sourceand target maps

s;t:Mor(P1(M)) ! Ob(P1(M))
sendany equivalenceclassof paths to its endpoints:
s(h= () tCh= (2):

The identit y-assigningmap sendsany point x 2 M to the constart path at this point. The
composition map sendsany composablepair of morphisms[ J;[ 9 to [ 9, where

(2t) fo t 3
t) =
0 ot 1)if 3 t 1
One can che that Ois a smooth path and that [ 9 is well-de ned and independert

of the choice of represetativesfor [ ] and [ 9. One can also chek that the mapss;t; i;
are smooth and that the usual rules of a category hold. It follows that P1(M ) is a 2-space.

In fact, P1(M) is not just a category: it is also a group oid: a category where every
morphism has an inverse. The inverseof [ ] is just [T], where ~ is obtained by reversing
the orientation of the path

M= Q@ b
Moreover, the map sending any morphism to its inverseis smooth. Thus P;(M) is a

smooth group oid: a 2-spacewhere every morphism is invertible and the map sending
every morphism to its inverseis smaooth.

Example 13. Given a 2-spaceX, any subcategory of X becomesa 2-spacein its own
right. Herea subcategory is acategoryY with Ob(Y) Ob(X) and Mor(Y) Mor(X),
where the source,target, identit y-assigningand composition mapsof Y are restrictions of
those for X. The reasonY becomesa 2-spaceis that any subspaceof a smooth space
becomesa smooth spacein a natural way (seex7) and restrictions of smooth maps to
subspacesare smooth. We call Y a sub-2-space of X.
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Example 14. Given a smooth spaceM, the path groupoid P1(M) has a sub-2-space
LM whose objects are all the points of M and whose morphisms are those equivalence
classes[ | where is a loop: that is, a path with  (0) = (1). We call LM the loop
group oid of M. Like the path groupoid, the loop groupoid of M is not just a 2-space,
but a smooth groupoid.

For 2-spacesand indeedfor all categori ed concepts,the usual notion of “isomorphism'
is lessuseful than that of “equivalence'. For example, in categori ed gaugetheory what
matters is not 2-bundleswhose b ersare all isomorphic to somestandard b er, but those
whose b ersare all equivalentto somestandard b er. We recall the conceptof equivalence
here:

De nition 15. Given 2-sppoesX and Y, anisomorphism f:X ! Y is a map equippd
with amapf:Y ! X calledits inverse suchthat ff = 1x andff = 1y. An equiv alence
f:X ! Y isamapequipped with amapf:Y ! X called its weak inverse together with
invertible 2-maps :ff=) 1x and :ff=) 1y.

2.3 Lie 2-Groups

Unravelling Def. 1, we seethat a Lie 2-group G is a category where:
The set of objects, Ob(G), is a Lie group.
The set of morphisms, Mor(G), is a Lie group.

The functions mapping any morphism to its sourceand target, s;t: Mor(G) ! Ob(G),
are homomorphisms.

The function mapping any object to its identity morphism, i: Ob(G) ! Mor(G), is a
homomorphism.

The function mapping any composablepair of morphismsto their composite,
:Mor(G)s (Mor(G) ! Mor(G), is a homomorphism.

For applications to higher gaugetheory it is suggestiwe to draw objects of G as arrows:
9
%
and morphismsf:g! ¢°as surfacesof this sort:
9
/Hf\g/o
\./
g

This lets us can draw multiplication in Ob(G) as composition of arrows, multiplication in
Mor(G) as “horizontal composition' of surfaces,and composition of morphismsf:g! g¢°
and f ¢ g% g%as “vertical composition' of surfaces,as explainedin x1.2.
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In this notation, the fact that composition is a homomorphismsays that the “exdange

law
(fr fR(f2 £ = (faf2) (F3XD)

holds whenewer we have a situation of this sort;

9
f
02 ! m
C C
g3 gg

In other words, we can interpret this picture either as a horizontal composite of vertical
compositesor a vertical composite of horizontal composites, without any ambiguity.

A Lie 2-group with only identity morphismsis the samething asa Lie group. To get
more interesting examplesit is handy to think of a Lie 2-group as special sort of “crossed
module'. To do this, start with a Lie 2-group G and form the pair of Lie groups

G = Ob(G); H = kers Mor(G):
The target map restricts to a homomorphism
ttH! G:

Besidesthe usual action of G on itself by conjugation, there is also an action of G on H,

:G! Aut(H);
given by
(@)(h) = Lghly .
1
_ /Hl\%/H\%/H\% _
x“’/ ~__ "

9 t(h) gt

The target map is equivariant with respect to this action:
t( (9)(h) = gt(h)g *
and satis es the so-called Pei er identity"
t(h))(h% = hh*h %

A setup like this with groupsrather than Lie groupsis called a “crossedmodule’, so here
we are getting a "Lie crossedmodule’:

De nition 16. A Lie crossed module is a quadruple (G;H;t; ) consisting of Lie
groups G and H, a homomorphismt:H ! G, and an action of G on H (that is, a
homomorphism :G! Aut(H)) suchthat t is equivariant:

t( (g)(h) = gt(h)g *

{ 19



Draft last modied 1/4/2008 { 13:14; curren t version at http://math.ucr.edu/home/baez/2conn.p df

and satis es the Pei er identity:
(t(h))(h% = hn%h 1
for all g2 G and h;h®2 H.

This de nition becomesa bit more memorableif we abuselanguageand write (g)(h) as
ghg 1; then the equations above become

t(ghg ) = gt(h)g *
and
t(h) h°t(h) *= hhh %

As we shall see,Lie 2-groupsare essetially the sameasLie crossedmodules. The same
is true for the homomorphismsbetweenthem. We have already de ned a homomorphism
of Lie 2-groupsas a functor in LieGrp. We can alsode ne a homomorphism of Lie crossed
modules:

De nition  17. A homomorphism from the Lie crossel module (G;H;t; ) to the Lie
crosse module (G2H%t% 9 is a pair of homomorphismsf:G! G% f*H ! HO%suchthat

t(f(h) = f (t%h))
and
(@) = A (@)(Fh))
forallg2 G,h2H.

Not only doesewery Lie 2-group give a Lie crossedmodule; every Lie crossedmodule
givesa Lie 2-group. In fact:

Prop osition 18. The category of Lie 2-groupsis equivalentto the category of Lie crossel
modules.

Proof. This follows easily from the well-known equivalence between crossedmodules and
2-groups|[35]; details can alsobe found in [3]. For the convenienceof the reader, we sketch
how to recover a Lie 2-group from a Lie crossedmodule.

Supposewe have a Lie crossedmodule (G; H;t; ). Let

Ob(G) = G; Mor(G = Ho G

where the semidirect product is formed using the action of G on H, sothat multiplication
in Mor(G) is given by:
(h;9)(h% g% = (h (9)(hY; gd) (2.1)

In the 2-group G, the ordered pair (h; g) represents the horizontal composite h14.
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The inverseof an elemen of the group Mor(G) is given by:
(hig) *=( g* ht;gh):

We make G into a Lie 2-group where the sourceand target mapss;t: Mor(G) ! Ob(G) are
given by:

s(h;g) =g t(h;g) = t(h)g; (2.2)
the identit y-assigningmap i: Ob(G) ! Mor(G) is given by:
i(9) = (g;1); (2.3)
and the composite of the morphisms
(h:g:g! o (%)’ g%
is
(h;g) (h%¢) = (hh%g):g! g% (2.4)

It is also worth noting that every morphism has an inversewith respect to composition,
which we denote by:

(h;g) == h Lt(h)g :
One can che that this construction indeed gives a Lie 2-group, and that together with

the previous construction it setsup an equivalencebetweenthe categoriesof Lie 2-groups
and Lie crossedmodules. 2

The result of horizontally composingh and 14 asin the above proof is usually drawn
as follows:

h
\_/

For obvious reasons,this operation is called righ t whisk ering . One can also de ne left
whisk ering :

“h| TR ET = ng

0,
9 = I4h

When we think of morphisms of G as elemeris of H 0 G, the construction in Prop. 18
de nes h right whiskered by g to be (h;g). Similarly, one can show that h left whiskered
by gis ( (9)h;0).

Crossedmodulesare important in homotopy theory [36], and the readerwho is fonder
of crossedmodules than categoriesis free to think of Lie 2-groups as a way of talking
about Lie crossedmodules. Both perspectivesare useful, but one advantage of Lie crossed
modulesis that they allow usto quickly describe someexamples:

Example 19. Givenany abelian group H, there is a Lie crossedmodule where G is the
trivial group and t; are trivial. This givesa Lie 2-group G with one object and H as
the group of morphisms. Lie 2-groups of this sort are important in the theory of akelian
gerbes.
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Example 20. More generally given any Lie group G, abelian Lie group H, and action
of G as automorphisms of H, there is a Lie crossedmodule with t:G ! H the trivial
homomorphism. For example, we can take H to be a nite-dimensional vector spaceand

to be a represenation of G on this vector space.

In particular, if G is the Lorentz group and is the de ning represetation of this
group on Mink owski spacetime,this construction givesa Lie 2-group called the Poincar e
2-group , becauseits group of morphismsis the Poincare group. After its introduction in
work on higher gaugetheory [2], this 2-group was usedin in somerecent work on quantum
gravity by Crane, Sheppeard and Yetter [37, 3§].

Example 21. Givenany Lie group H, there is a Lie crossedmodule with G = Aut(H),
t:H ! G the homomorphismassigningto eat elemen of H the corresponding inner auto-
morphism, and the obvious action of G asautomorphismsof H. We call the corresponding
Lie 2-group the automorphism 2-group of H, and denoteit by AUT (H). This sort of
2-group is important in the theory of nonakelian gerbes.

In particular, if we take H to be the multiplicativ e group of nonzero quaternions,
then G = SU(2) and we obtain a 2-group that plays a basicrole in Thompson's theory of
guaternionic gerbes[39].

We use the term “automorphism 2-group' becauseAUT (H) really is a 2-group of
symmetriesof H. An object of AUT (H) is a symmetry of the group H in the usual sense:
that is, an automorphismf :H ! H. On the other hand, amorphism :f ! f%nAUT(H)
is a “symmetry between symmetries': that is, an elemert h 2 H that sendsf to f %in the
following sense:hf (x)h 1= fYx) for all x 2 H.

Example 22. Supposethat 1! A! H I G! 1isa cerral extensionof the Lie
group G by the Lie group H. Then there is a Lie crossedmodule with this choice of
t:G! H. To construct we pick any section s, that is, any function s:G ! H with
t(s(g)) = g, and de ne

(9)h = s(g)hs(g) *:

SinceA liesin the certer of H, independert of the choice of s. We do not needa global
smooth section s to shav (g) dependssmaoothly on g; it suces that there exist a local
smooth sectionin a neighborhood of eat g 2 G.

It is easyto generalizethis ideato in nite-dimensional casesif we work not with Lie
groups but smooth groups : that is, groupsin the category of smooth spaces.The basic
theory of smooth groups, smooth 2-groups and smooth crossedmodules works just like
the nite-dimensional case, but with the category of smooth spacesreplacing Di . In
particular, every smooth group G hasa Lie algebrag.

Given a connectedand simply-connectedcompact simple Lie group G, the loop group

G is a smooth group. For eat ‘lewel' k 2 Z, this group has a certral extension

11 v, de bt Gr 1

asexplained by Pressleyand Segal[40]. The above diagram livesin the category of smooth
groups, and there exist local smooth sectionsfor t: dG 1 G, so we obtain a smooth
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crossedmodule ( G; dG;t; ) with  given as above. This in turn gives an smooth 2-
group which we call the level-k loop 2-group of G, LG.
It hasrecertly beenshown [4]1] that LG ts into an exact sequencef smooth 2-groups:

11 LG PG ! GI 1

where the middle term, the level-k path 2-group of G, has very interesting properties.
In particular, whenk = 1, the geometric realization of the nerve of PG is a topological
group that can also be obtained by killing the 3rd homotopy group of G. When G =
Spin(n), this topological group goesby the nameof String(n), sinceit playsarolein de ning
spinorson loop space[42]. The group String(n) alsoshows up in Stolz and Teichner's work
on elliptic cohomology which involvesa notion of parallel transport over surfaces[43]. So,
we expect that PG will be an especially interesting structure 2-group for applications of
2-bundlesto string theory.

To de ne the holonomy of a connection,we needsmooth groupswith an extra property:
namely, that for every smooth function f:[0;1] ! g there is a unique smooth function
0:[0;1]! G solving the di erential equation

d —_—
490 = T (1))

with g(0) = 1. We call such smooth groups exp onentiable . Similarly, we call a smooth
2-group exp onentiable if its crossedmodule (G;H;t; ) hasboth G and H exponertiable.
In particular, every Lie group and thus every Lie 2-group is exponertiable. The smooth
groups G and d.G are also exponertiable, as are the 2-groupsL G and PG. So, for
the convenienceof stating theoremsin a simple way, we heneforth implicitly assumeall
smaoth groups and 2-groups under discussionare expnentiable

2.4 Lie 2-Algebras

Just asLie groups give rise to Lie algebras,Lie 2-groupsgive rise to Lie 2-algebras. These
can also be described using a di erential version of crossedmodules. Recall that a Lie
2-algebrais a category L where:

The set of objects, Ob(L), is a Lie algebra.
The set of morphisms, Mor(L), is a Lie algebra.

The functions mapping any morphism to its sourceand target, s;t: Mor(L) ! Ob(L),
are Lie algebra homomorphisms,

The function mapping any object to its identity morphism, i:Ob(L)! Mor(L), isa
Lie algebrahomomorphism.

The function mapping any composablepair of morphismsto their composite,
:Mor(L)s ¢Mor(L)! Mor(L), is a Lie algebrahomomorphism.
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We can get a Lie 2-algebraby di erentiating all the data in a Lie 2-group. Similarly,
we can get a “di erential crossedmodule' by di erentiating all the data in a Lie crossed
module:

De nition 23. A dieren tial crossed module is a quadrupleC= (g;h;dt;d ) con-
sisting of Lie algebms g; h, a homomorphismdt:h! g, and an action of g asderivations
of h (that is, a homomorphism :g! Der(h)) satisfying

di(d (x)(y)) = [x d(y)] (2.5)

and

d (dt(y)(y9) = [y;¥9 (2.6)
for all x 2 g and y;y°2 h.

This de nition becomeseasierto remenber if we allow ourselvesto write d (x)(y) as[x;y].
Then the fact that d is an action of g as derivations of h simply meansthat [x; y] is linear
in ead argumert and the following “Jacobiidentities' hold:

% x%y] =[x Xyl X% [x viI; (2.7)

X by;yq = [ yLyd 1% y%y] (2.8)

for all x;x%2 g and y;y° 2 h. Furthermore, the two equations in the above de nition
become

t(x; yD) = [x; t(y)] (2.9)
and
[t(y); vy = by;y%: (2.10)

Prop osition 24. The category of Lie 2-algebas is equivalentto the category of di er en-
tial crossel modules.

Proof. The proof is just like that of Prop. 18. 2

Sinceewery Lie 2-group givesa Lie 2-algebraand a di erential crossedmodule, there
are plenty of examplesof the latter concepts. Hereis another interesting classof examples:

Example 25. Just asewery Lie 2-group givesriseto a Lie 2-algebra,sodoesevery smooth
2-group. The reasonis that not only smooth manifolds but alsosmooth spaceshave tangent
spaces(seex7), and the usual construction of Lie algebrasfrom Lie groups generalizesto
smooth groups. So, any smooth 2-group G givesa Lie 2-algebralL for which Ob(L) is the
Lie algebraof Ob(G), Mor(L) is the Lie algebraof Mor(G), and the mapss;t;i; for L are
obtained by di erentiating the corresponding mapsfor G.

In particular, suppose G is a simply-connected compact simple Lie group with Lie
algebra g. Then the loop 2-group of G, as de ned in Example 22, has a Lie 2-algebra.

{ 24



Draft last modied 1/4/2008 { 13:14; curren t version at http://math.ucr.edu/home/baez/2conn.p df

This Lie 2-algebrahasLg= C! (S?;q) asits Lie algebraof objects, and a certain certral
extensionCg of Lg asits Lie algebra of morphisms. We call this Lie 2-algebrathe level-k
loop Lie 2-algebra of g. It is another way of organizing the data in the a ne Lie algebra
corresponding to g. Moreover [41], this Lie 2-algebra ts into an exact sequenceof Lie
2-algebras:

0! Lxg) Pxkg ! G! O

where the middle term is called the level-k path Lie 2-algebra of g. One can construct
Pxg and this exact sequenceby taking the Lie 2-algebrasof the Lie 2-groupsin the exact
sequenceadescribed in Example 22.

We concludeour preliminaries with a brief review of nonabelian gerbes.

2.5 Nonab elian Gerb es

Given a bundle E ¥ M, the sectionsof E de ned on all possible open sets of B are
naturally organizedinto a structure called a “sheaf. This codi es the fact that we can
restrict a sectionfrom an opensetU B to a smaller open setU° U, and also piece
together sectionson open setsU; covering U to obtain a unique sectionon U, aslong as
the sectionsagreeon the intersectionsU; \ U;. So, sheaescan be thought of asa tool for
studying bundles| but there are also shearesthat do not arise from bundles.

This paper approades higher gaugetheory by categorifying the concept of bundle' to
obtain the concept of "2-bundle'. However, most previous work on this subject starts by
categorifying the concept of “sheaf to obtain the conceptof ‘stak' | with "gerbes'asa
key special case. We suspect that just as most mathematical physicists prefer bundles to
sheaes, they will evertually prefer 2-bundlesto gerbes. At presen, however, it is crucial
to clarify the relation between2-bundlesand gerbes. So, one of the goalsof this paper is
to relate 2-connectionson 2-bundlesto the already established notion of connectionson
gerbes. We begin here by recalling the history of stacks and gerbes, and the conceptof a
gerbe with connection.

The idea of a stadk goesbadk to Grothendiedk [44]. Just as a sheafover a spaceM
assignsa setof sectionsto any opensetU M, a stack assignsa category of sectionsto any
opensetU M. Indeed,onemay crudely de ne astadk asa ‘sheafof categories'. Howewer,
all the usual sheafaxiomsneedto be ‘weakened', meaningthat instead of equationsbetween
objects, we must useisomorphismssatisfying suitable equationsof their own. For example,
in a sheafwe can obtain a sections over U from sectionss; over open sets U; covering U
when these sectionsare equal on double intersections:

SijUi\ Uj = SjjUi\ Uj

For a stadk, on the other hand, we can obtain a sections over U when the sectionss; are
isomorphic over double intersections:

hij isijuny ! oSjiuny s

aslong as the isomorphismssatisfy the familiar “cocycle condition' on triple intersections:
hij hjx = hik on Ui\ Uj \ Uy.
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A good exampleis the stack of principal H-bundlesover M, whereH is any xed Lie
group. This assxiatesto ead opensetU M the category whoseobjects are principal
H -bundles over U and whose morphisms are H -bundle isomorphisms. The above cocycle
condition is very familiar in this case:it says when we can build a H -bundle s over U by
gluing together H -bundless; over opensetscovering U, usingH -valued transition functions
hj de ned on double intersections.

This example also motivates the notion of a “gerbe’, which is a special sort of stack
introduced by Giraud [45, 46]. For a stack over M to be a gerbe, it must satisfy three
properties:

Its category of sectionsover any open set must be a groupoid: that is, a category
where all the morphisms are invertible.

Each point of M must have a neighborhood over which the groupoid of sectionsis
nonempty.

Given two sections s;s® over an open set U M, ead point of U must have a
neighborhood V. U sudh that sjy = sYy .

It is easyto seethat the stadk of principal H-bundles satis es all these conditions. It
satis es another condition aswell: for any sections over an opensetU M, ead point of
U hasa neighborhood V such that the automorphisms of sjy form a group isomorphic to
the group of smooth H -valued functions on V. A gerbe of this sort is called an "H -gerbe'.
Sometimesthese are called “nonakelian gerbes', to distinguish them from another classof
gerbesthat only make sensewhen the group H is abelian.

There is a precise sensein which the gerbe of principal H -bundles is the “trivial' H -
gerbe. Every H -gerbe is locally equivalent to this one, but not globally. So,we canthink of
a H -gerbe as a thing whosesectionslook locally like principal H-bundles, but not globally.
This viewpoint is emphasizedby the conceptof "bundle gerbe', de ned rst in the abelian
caseby Murray [16, 17] and more recenly in the nonabelian casethat concernsus here by
Aschieri, Cantini and Jurco [14].

Howewer, the most concreteway of getting our hands on H -gerbesover M is by gluing
together trivial H -gerbes de ned on open sets U; that cover M. This leadsto a simple
description of H -gerbesin terms of transition functions satisfying cocycle conditions. Now
the transition functions de ned on double intersections take valuesnot in H but in G =
Aut (H):

gi:U\y! G

Moreover, they neednot satisfy the usual cocycle condition for triple intersections on the
nose', but only up to conjugation by certain functions

hijk:Ui\ Up\ U H:

In other words, we demand:
t(hij k) Gj Gk = i
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wheret:H ! G sendsh 2 H to the operation of conjugating by h. Finally, the functions
hjj k should satisfy an cocycle condition on quadruple intersections:

(gi )(hja) hij 1 = hijchic

where is the natural action of G = Aut(H) on H. All this canbe formalized most clearly
using the automorphism 2-group AU T (H) described in Example 21, sincethis Lie 2-group
has (G;H;t; ) asits corresponding Lie crossedmodule. Indeed, one way that 2-bundles
generalizegerbesis by letting an arbitrary Lie 2-group play the role that AUT (H) plays
here; we call this 2-group the “structure 2-group' of the 2-bundle.

Given an H -gerbe, we can specify a “connection’' on it by means of some additional
local data. We begin by choosing g-valued 1-forms A; on the open sets U;, which describe
parallel transport along paths. But these 1-forms need not satisfy the usual consistency
condition on double intersections! Instead, they satisfy it only up to h-valued 1-forms aj; :

Ai + dt(a;) = gj Ajg; t+ g dg;
These,in turn, must satisfy a consistencycondition on triple intersections:
aj + (9 )(ak) = hjkai hy L+ dhj « h; v+ d (A)(hjK) h; 3

Next, we choose h-valued 2-forms B; describing parallel transport along surfaces. These
satisfy a consistencycondition on double intersections:

(g )(Bj)=Bi kj + by ;
where the h-valued 2-formsy; and
ki daj +a; “a; d (A)" g

measurethe failure of B; to transform covariantly. The 2-form k;; is essetially the curva-
ture of &; , while b; is a new object which turns out to have a transition law of its own,
this time on triple intersections:

bj + (g )(Bk) = hij« b hy p+ hjd (dt(Bi) + Fa,) (h; E

This description of connectionson nonabelian gerbeswas rst given by Breen and Messing
[13]. Aschieri, Cantini and Jurco then gave a similar treatment using bundle gerbes[14].

To summarize, we list the local data for a nonabelian gerbe with connection. For
maximum generality, we start with an arbitrary Lie 2-group G and form its Lie crossed
module (G;H; ; t). The de nition below reducesto that of Breen, Messing, Aschieri and
Jurcowhen G= AUT (H).

De nition  26. A nonab elian gerb e consists of:

a basespe M,
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an open cover U of M, with UMl denoting the union of all n-fold intersections of

patchesin U,

a Lie 2-group G with Lie crossel module (G;H; ; t) and di er ential cross&l module

(g;h;d; dt),
transition functions :
gulll G
G5)) 7N gi(x)2G
2-transition  functions :
h:UBl 1 H
(X5 §; K) 7' hj(x) 2 H
suchthat the following equations hold:
cocycle condition for the transition functions g :
gj 9k = t(hijk) G
cocycle condition for the 2-transition functions hjj :
(g )(hjki) hiji = hjj ik
De nition  27. A connection on a nonakelian gerke consists of
connection 1-forms :
A2 YUl
(i) 7P Ai(x) 2 g
curving 2-forms :
B 2 2l nh)
(x;1) 7' Bij(x) 2 h
connection transformation  1-forms :
a2 Yult:n
(1) 7! ai (x)
curving transformation 2-forms :

d2 2
(15 3) 7! by (x)
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such that the following equations hold:

cocycle condition for the connection 1-forms A;:
Ai + dt(a;) = gj Ajg; * + gjdg; * (2.19)
cocycle condition for the curving 2-forms Bj:
Bi = (gj)(Bj)+ kij by: (2.20)
where
Kij da; +a; " a; d (Aj)" aj (2.21)
cocycle condition for the connection transformation 1-forms aj; :
aj + (g )(ajk) = hjrai hy F+ hij i ai h; ¢+ dhj h; v+ d (AD(hijk) h; (222
cocycle condition for the curving transformation 2-forms by :
bj + (gj)(Bk) = hij b hy v+ hijd (dt(Bi) + Fa,) (hy ) (2.23)
Given a nonabelian gerbe with connection, the quartities
Fi = dt(Bi) + Fa,

which appearin equation (2.23) above are called the fake curv ature 2-forms . Thesewill
play a major role in our work.
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3. 2-Bundles

Bartels [6] obtained a concept of “2-bundle’ by categorifying Steenrad's de nition of bun-
dlesin terms of local gluing data [49]. Here we take an initially dierent but ultimately
equivalent approad. First, in x3.1, we de ne 2-bundlesin terms of local trivializations.
From this, we work out their description in terms of local gluing data in x3.2. This allows
us to de ne “principal' 2-bundles.

3.1 Locally Trivial 2-Bundles

In di erential geometry an ordinary bundle consistsof two smaooth spacesthe total space
E and the base space B, together with a pro jection map

E P B:

To categorify the theory of bundles, we start by replacing smooth spacesby smooth 2-
spaces:

De nition 28. A 2-bundle consists of
a 2-sppce E (the total 2-space),
a 2-sppe B (the base 2-space),
a smoth mapp:E ! B (the pro jection ).

In gaugetheory we are interested in locally trivial 2-bundles. Ordinarily, a locally
trivial bundle with b erF isabundieE ¥ B together with an open cover U; of B, suc
that the restriction of E to any of the U; is equipped with an isomorphismto the trivial
bundle Uy F ! U;. To categorify this, we would needto de ne a “2-caver' of the base
2-spaceB. This is actually a rather tricky issue, since forming the “union' of 2-spaces
requiresknowing how to composea morphism in one 2-spacewith a morphism in another.
While this issuecan be addressed,we prefer to avoid it here by assumingthat B is just
an ordinary smooth space. In Example 11 we saw that any smooth spacecan be seenas
a ‘trivial' 2-space:one with only identity morphisms. So, in what follows we restrict our
attention to this case.

De nition  29. Given an open cover fU;jgi»; of a smmth space B, we de ne the space
of n-fold intersections to be the disjoint union:

G
ulnl = U, \ U,\ 12\ U,
i15i;in 21
We write a point in UM as(iq;:::;i,;x) if it liesin Ui, \ :::\ U;,. The spaceUl comes
with maps
o1 (k nykeny n:UMT Ul A
(i X) 70 (i iy 1iksnsiising X) (3.1)
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that forget about the kth member of the n-fold intersection.

We can now state the de nition of a locally trivial 2-bundle. First note that we can
restrict a 2-bundleE ¥ B to any subspacelU B to obtain a 2-bundle which we denote
by Eju P U. Then:

De nition 30. Given a 2-spae F, wede ne a locally trivial 2-bundle with b er
F tobea2bunde E P B anda cover U of the base space B equippad with equivalenes

Pis, T U F
called local trivializations  suchthat thesediagrams:

Pjyy———/U; F

Ui

commute for all i 2 I.

Readerswise in the ways of categori cation may ask why we did not merely require that
thesediagrams commute up to natural isomorphism The reasonis that U;, asan ordinary
space,hasonly identit y morphismswhen we regard it asa 2-space.Thus, for this diagram
to commute up to natural isomorphism, it must commute “on the nose'.

Readerslesswisein the ways of categori cation may nd the above de nition painfully
abstract. In the next section, we translate its meaning into local gluing data | in other
words, data that specify how to build a locally trivial 2-bundle from trivial onesover the
patchesU;. In order to do this, we rst needto extract transition functions from the local
trivializations.

3.2 2-Bundles in Terms of Local Data
SupposeE P Bis a locally trivial 2-bundle with b er F. This meansthat B is equipped
with an open cover U and for ead open set U; in the cover we have a local trivialization

ti:Pjy; ! U F

which is an equivalence. By Def. 15 this meansthat t; is equipped with a speci ed weak
inverse

ti:U F! Pjy

together with invertible 2-maps
ititi) 1
ittiti) 1

In particular, this meansthat t; is also an equivalence.
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Now consider a double intersection Uj = U;j \ U;. The composite of equivalencesis
again an equivalence,so we get an auto equiv alence

'[j'[iZUij F! Uij F

that is, an equivalencefrom this 2-spaceto itself. By the commutativ e diagram in Def. 30,
this autoequivalencemust act trivially on the U; factor, so

ttix; ) = (xfgj(x)

for somesmooth function g; from U; to the smooth spaceof autoequivalencesof the b er
F. Note that we write theseautoequivalencesas acting on F from the right, ascustomary
in the theory of bundles. We call the functions g; transition functions , sincethey are
just categori ed versionsof the usual transition functions for locally trivial bundles.

In fact, for any smooth 2-spaceF there is a smooth 2-spaceAUT (F) whoseobjects
are autoequivalencesof F and whosemorphisms are invertible 2-mapsbetweenthese. The
transition functions are maps

gj:Uj ! Ob(AUT(F)):

The 2-spaceAUT (F) is akind of 2-group, with composition of autoequivalencesgiving the
product. Howewer, is not the sort of 2-group we have beenconsideringhere, becauset does
not have ‘strict inverses': the group laws involving inversesdo not hold as equations, but
only up to speci ed isomorphismsthat satisfy coherencelaws of their own. So, AUT (F)
is a “coheref’ smooth 2-group in the senseof Baez and Lauda [3].

Next, considera triple intersection Ujjx = Ui\ U; \ Uyx. In an ordinary locally trivial
bundle the transition functions satisfy the equation gj gjx = gk, but in a locally trivial
2-bundle this holds only up to isomorphism In other words, there is a smooth map

hijk:Ujk! Mor(AUT (F))
sud that for any x 2 Uj i,
hij k(%) G (X)Gk(x) ! g (X):
To seethis, note that there is an invertible 2-map
e jti tetjtiti )ty
de ned by horizontally composing j with t, on the left and t; on the right. Since
Lttt ) = (X F g (X)gjk (X))

while
teti (G ) = (X f gik (X))
we have
B jHOG )06 g5 ()Gk(X)) T (X ik (X))
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Sincethis morphism must be the identity on the rst factor, we have
te j i) = (Ix: f hjj k(X))

where hj ¢ (X): gj (X)gik(X) ! gk (x) dependssmoothly on x.
Similarly, in a locally trivial bundle we have g; = 1, but in a locally trivial 2-bundle
there is a smooth map
ki:Ui ! Mor(AUT (F))

such that for any x 2 U;,

ki(x):gi (x) I 1L
To seethis, recall that there is an invertible 2-map
ittity) L
Since
titi(x; f) = (xfgi(x))
we have

iGF)OGfagi(x) ! (xf);
and sincethis morphism must be the identity on the rst factor, we have
i(x;f) = (1x;Fki(x))

wherek;(x): gi (x) ! 1 dependssmoothly on Xx.

In short, the transition functions g for a locally trivial 2-bundle satisfy the usual
cocycle conditions up to speci ed isomorphismshjj  and ki, which we call 2-transition
functions . Thesein turn, satisfy somecocycle conditions of their own:

Theorem 31. SuppseE P Bisa locally trivial 2-bunde with ber F, and de ne the
functions
gj:Uj ! Ob(AUT (F))

hij K- Uij K ! MOF(AUT(F))
ki:Ui ! Mor(AUT(F))

as above. Then:

h makesthis diagram, called the associativ e law, commute for any x 2 Ujj «:

gij (x) le(x)_,%l)m (x)

hij 1 (X) Gt () o® 7'7-9{]’:() hj ki (x)
o.. ')

gi (x) gm_),)(’;)() Ji (>f) gm(x)

?75;) ..'.
hik 1(x) 7"',;) & N ()

Oim (X)
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k makes these diagrams, called the left and right unit laws, commute for any

X2 Uj:
ki (x) gij (x) gij (x) kj (x)
gii (X) gj (X) —————I1gj (x) gj (x) 107" g; S(X) gj(x)
] ) Ssssshij i (%)
% ¥

gij (X) gj (X)
Proof. Theseare straightforward computations using the de nitions of g; h, and k in terms

oft;t, and . 2

The assaiative law and unit laws are analogousto thosewhich hold in a monoid. They
alsohave simplicial interpretations. In alocally trivial bundle, the transition functions give
a commuting triangle for any triple intersection:

Gij O k

Oik

In alocally trivial 2-bundle, such triangles commute only up to isomorphism:

Oik

Ok Ok
We canthink of the two sidesof this equation asthe front and bad of a tetrahedron. So,in
terms of the 3-dimensionaldiagramsfamiliar in 2-categorytheory, we obtain a commuting
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tetrahedron for ead quadruple intersection:

We can also visualize the left and right unit laws simplicially, but they involve degenerate
tetrahedra:

o] Gij

The assaiative law is familiar in the theory of gerbes,but the freedomof having k; 6 1
is not usually consideredthere, so the left and right unit laws usually go unmentioned.
Gerbe cocyclesare usually de ned in terms of Cedh cohomologyand henceantisymmetric
in the indicesi; j; k;:::, in the sensethat group-valued functions go their inversesupon
an odd permutation of theseindices. Whenewer we derive nonabelian gerbe cocyclesfrom
2-bundleswith 2-connectionwe will thus have to restrict to casewherek; = 1 for all i. We
suspect that in somesenseevery locally trivial 2-bundle is equivalent to one of this type.
Proving this would require that we construct a 2-category of locally trivial 2-bundles.

We are now almost in a position to de ne G-2-bundlesfor any smooth 2-group G, and
principal G-2-bundles. We only needto understand how a 2-group can “act' on a 2-space:

De nition  32. A (strict) action of a smmth 2-group G on a smmth 2-space F is a
smaoth homomorphism
:G! AUT(F);

that is, a smath map that preservesproducts and inverses.
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Note in particular that every smooth 2-group hasan action on itself via right multiplication.

De nition  33. For any smath 2-group G, wesaya 2-bunde E! M hasG asits struc-
ture 2-group when gj, hjk, and k; factor through an action G! AUT(F). In this
case we also say P is a G-2-bundle . If furthermore F = G and G acts on F by right
multiplication, we say P is a principal G-2-bundle .

In other words, for a principal G-2-bundle we can think of the functions g , h; x and k; as
taking valuesin G.

Summary . We may categorify the ordinary conceptof a bundle and obtain the notion of
“2-bundle’ by replacing spaceseverywhereby 2-spaces.A 2-bundle di ers from an ordinary
bundle essetially in that the b ers are categoriesinstead of sets. Equations such as
the cocycle condition for transition functions are thus naturally replacedby isomorphisms
which satisfy new cocycle conditions of their own.

Sofar all of this pertained to 2-bundles(and nonabelian gerbes) not equipped with any
sort of connection. In what follows, we categorify the notion of a connectionfor a principal
bundle to obtain the notion of “2-connection’. We determine when these 2-connections
allow for parallel transport along surfacesin a parametrization-independert manner, just
as ordinary parallel transport along a curve does not depend on the parametrization of
the curve. We also relate our concept of 2-connectionto the concept of connectionon a
nonabelian gerbe.
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4. 2-Connections

In this sectionwe de ne the conceptof “2-connection'and state our main result, Theorem
39, which describes 2-connectionsin terms of Lie-algebra-walued di erential forms. The
proof of this result occupiesthe rest of the paper.

4.1 Path Group oids and 2-Group oids

For a trivial bundle, the holonomy of a connectionassignselemerts of the structure group
to paths in space. Similarly, 2-holonony of a 2-connectionassignsobjects and morphisms
of the structure 2-group to paths and surfacesin space. To make this precisewe needthe
notion of a “path 2-groupoid'.
We described the path groupoid of a smooth spaceU in Example 12. This has points
of U asobjects:
X

and thin homotopy classesof paths in U as morphisms:

/\'
X y

The path 2-groupoid also has 2-morphisms, which are thin homotopy classesof surfaces
like this:

We call these "bigons':

De nition 34. Given a smmth space M, a parametrized bigon in M is a smath
map
C [01F ! M

which is constant near s = 0, constant near s = 1, independentof t near t = 0, and
independentof t near t = 1. We call ( ;0) the source of the parametrized bigon , and
( ;1) the target . If is a parametrized bigon with source ;1 and target », we write

1o

Deniton 35. Supmse: 1! and % 91 9 areparametrized bigonsin a smath
space M. A thin homotop y between and Cis a smath map

H:[0;1F! M
with the following properties:
H(s;t;0) = ( s;t) andH(s;t;1) = {s;t),

H(s;t; u) is independentof u near u= 0 and near u = 1,
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For somethin homotopyF; from ;1 to 9, H(s;t;u) = Fy(s;u) for t near 0, and for
somethin homotopyF, from ,to 9, H(s;t; u) = Fa(s;u) for t near 1,

H(s;t; u) is constant for s= 0 and near s = 1,

H dces not sweep out any volume: the rank of the di er ential dH (s;t; u) is < 3 for

all s;t;u 2 [0;1].

A bigon is a thin homotopyclass[] of parametrized bigons.

De nition 36. The path 2-group oid P,(M) of a smath space M is the 2-category in

which:

objects are points x 2 M :
X

morphisms are thin homotopy classesof paths in M that are constant near s = 0

ands= 1
[1]
X /\(}{9
2-morphisms are bigonsin M
[ 4]
/\o
X ‘ N 59
\_/

and whosecomposition operations are de ned as:

[ 1] [ 2] [1 2]
X/_\(K?/\(yzo_ X/\gi

where
. 1(2s) for0 s
(1 2= 2(2s 1) for 1=2
[ 1]
[ 1]
[ 4]
X@ Y
\M [ 3]
[ s]
where

1(s;2t) for O

(1 2)(sit) = o(s;2t 1) for 1=2
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[ 4] [ 2] [1 2]
x> %= x|k

? [ 9 (2 9

where
1(2s;t) for0 s 1=2

(1 2(st):= 22s Lit)for1l=2 s 1

One can che that these operations are well-de ned, where for vertical composition we
must choosesuitable represetativ esof the bigonsbeing composed. One can alsoched that
P,>(M) is indeed a 2-category Furthermore, the objects, morphisms and 2-morphismsin
P»>(M) all form smooth spacespy an elaboration of the ideasin Example 12, and all the 2-
category operations are then smooth maps. Wethus say P>(M ) is a smooth 2-category :
that is, a 2-categoryin C! . Indeed, the usual de nitions [48] of 2-category 2-functor,
pseudonatural transformation, and modi cation can all be internalized in C! , and we use
these “smaoth' notions in what follows. Furthermore, both morphisms and 2-morphisms
in P>(M) have strict inverses,and the operations of taking inversesare smooth, sowe say
P>(M) is a smooth 2-group oid.

4.2 Holonom y Functors and 2-Functors

We obtain the notion of “2-connection'by categorifying the usual notion of connection. To
do this, it is useful to describe connectionsin terms of parallel transport. By trivializing
a principal G-bundle over open sets U; covering the basespace,we can think of parallel
transport asgiving a functor from the path groupoid of eat of theseopen setsto G. These
functors must agreeon the intersectionsU;; = Uj \ U; in the following sense:

Theorem 37. For any smath group G and smmth space B, supmpseE ! B is a
principal G-bundle equipped with local trivializations over open sets f U;gi2; covering B.
Let g; be the transition functions. Then there is a one-to-one correspndene between
connections on E and data of the following sort:

for eachi 2 | a smath map between smath 2-spaces:
holi: P1(U;) ! G

called the local holonom y functor , from the path groupoid of U; to the group G
regarded as a smmth 2-space with a single object

suchthat:
for eachi;j 2 I, the transition function g; de nes a smath natural isomorphism:
. Gjj .
holiju; 1 holjju;

called the transition natural isomorphism . In other words, this diagram com-
mutes:
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gj (x)

hol; () hol; ()

o ————~—»
gj (¥)
for any path x ! yin Uj.

Proof. To avoid distracting the readerwith technicalities we postponethe proof to Propo-
sition 42. 2

In addition, it is worth noting that whenewer we have a connection, for ead i; j; k 2 | this
triangle commutes:
h0|j

Gij O k

hol; Oik holy

Starting with the above de nition, by di erentiating one obtains this familiar result:
The local holonomy functors hol; are speci ed by 1-forms
Ai2 YUjg):
The transition natural isomorphismsgj; are speci ed by smooth functions
gj Ui ! G,

satisfying the equation
Ai = gjAjg; T+ gjdg !

on Uj .

The commuting triangle for the triple intersection Uj; « is equivalert to the equation
Gij 9k = Qi

on Ujj k.

Categorifying all this, we make the following de nition:
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De nition  38. For any smath 2-group G and any smaooth space B, supmsethat E! B
is a principal G-2-bundle equipped with local trivializations over open setsfU;gj»; covering
B. Let the transition functions gj, hj« and k; be given asin Theorem 31. Supmse for
simplicity that ki = 1. Then a 2-connection on E consists of the following data:

for eachi 2 | a smaoth 2-functor

hol; : P2(Ui) ! G
holi( )
x| 9 T eo®
~_ I~ ~_ I 2~
holi( )

called the local holonom y 2-functor , from the path 2-groupoid P»(U;) to the 2-
group G regarded as a smath 2-category with a single object

such that:
For eachi;j a pseudonatual isomorphism:
gj :holijpup uj) ! holjp i uy)

extendingthe transition function g; . In other words, for eachpath :x! yin Ui\ U
a morphismin G:

gij (x)

e ——— > @

gj ()
hol; () ;Zl hol; ()

gi (y)

depending smamthly on , suchthat this diagram commutes:

o gj (x) o
| g ()
holi( ) h0||() holi( ) ol ( ) hol; () hol; ()
gi ()
."" °
gi (¥)

for any bigon : ) in Uj,
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for eachi; j; k 2 | the transition function hjx de nes a madi c ation:

In other words, this diagram commutes:

gij (x) gj k(x)
hij k(x)
[ : [
Oik (X)
§h0|j( )
gi( ) : g,k( )
holi () holk( )
Oik ( )
v
/’/ O .. :
6 g
i ) DN
® ® (4.1)
ik (Y)
for any bigon : ) in Uj k.

In addition, it is worth noting that whenewer we have a 2-connection,for ead i; j; k;l 2 1
this tetrahedron commutes:

hol,

hol; * hol,

Oik
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In analogy to the situation for ordinary connectionson bundles, one would like to
obtain 2-connectionsfrom Lie-algebra-valued di erential forms. This is our next result. In
what follows, (G;H;t; ) will be the smooth crossedmodule corresponding to the smooth
2-group G. We think of the transition function g astaking valuesin Ob(G) = G, and
think of hjj « astaking valuesin H. Actually h;j ¢ takesvaluesin Mor(G) = Go H, but its
G componert is determined by its source,soonly its H componert is interesting. In these
terms, the fact that

hij k(X): Gij (X)Gik(X) ! Gk (X)

translates into the equation

gij (X) gk (X) t(hij k(X)) = ik (X);

and the assaiative law of Theorem 31 (i.e. the above tetrahedron) becomesa cocycle
condition familiar from the theory of nonabelian gerbes:

hij  hiki = (g )(hjki) hjj 1 4.2)

Theorem 39. For any smath 2-group G, supsethat E! B is a principal G-2-bundle
equippad with local trivializations over open setsfU;gi2; covering B, with the transition
functions gj, hjkx and ki given as in Theorem 31. Supmse for simplicity that k; = 1.
Let (G;H;t; ) be the smath crossel madule correspnding to G, and let (g; h;dt;d ) be
the correspnding di er ential crossel module. Then there is a one-to-one correspndene
between 2-connections on E and Lie-algebra-valued di er ential forms (A;; Bi; a; ) satisfying
certain equations, as follows:

1. The local holonomy 2-functor hol; is speci e d by di er ential forms
Ai2 U9
Bi2 2(Ujh)

satisfying
Fa, + dt(Bi) = 0;

wher Fa, = dA; + Aj M A is the curvature 2-form of A;.

2. The transition pseudonatual isomorphism hol; % hol; is speci e d by the transition
functions g; togetherwith di er ential forms

aj 2 1(Uij i h)
satisfying the equations:

Ai = gjAjg;t+ gjdg;
Bi = (g )(Bi) + ki

on Uj , wher
ki = daj +aj a; +d (Aj)" & :
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. . hi; . . . . .
3. The madi c ation gj g« } X Oik is speci e d by the transition functions hjj . For this,
the di er ential forms a;; are required to satisfy the equation:

aj + (Gj)ak = hjkai h; L+ dhj« h; L+ d (A)(hj) h; L
on Uij K-

Proof. The ideabehind the Proof of part 1. is sketchedin x5.1. The full proof is the content
of x6.5. The proof for part 2. is givenin x5.2. Again, the ideais quite simple, but the proof
needssomefacts only dewveloped in x6. The proof of part 3. appearsin x5.3. Part 4. was
discussedbeforein x3.2. 2
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5. 2-Connections from Local Data

In this subsectionwe sketch the proof of Theorem39in away that points out the underlying
medanisms. Se\eral technicalities that theseproofsrely on are then discussedn detail in
X6.

5.1 De nition on Single Overlaps

Considerany bigon in a patch U;, i.e. a 2-morphismin P,(U;) (Def. 36), and considera
local 2-holonony functor hol;: Po(U;) ! G (Def. 38). Sincehol; is a functor, the 2-group
2-morphism which it ass@iatesto can be computed by dividing into many small sub-
bigons, evaluating hol; on eadh of theseand composingthe result in G. This is illustrated
in the following sketchy gure.

Here the j -th 2-morphism is supposedto be given by
hol( ) = (g:hj) 2 G

with g 2 G and h 2 H. By the rules of 2-group multiplication (Prop. 18) the total
horizontal product

(@5 h)  (g1;h1) (92;h2) (935 ha)
of all these2-morphismsis given by

tot

g
htot

019203 ON
hy (gu)(h2) (9:192)(h3) (019293 9nv 1)(hn) -

The products of the g; canbe addressedas a path holonomy along the upper edges,which,
for reasonsto becomeclear shortly, we shall write as

ne g (W) b
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Now supposethe group elemerts comefrom algebraelemerts A; 2 gand B; 2 h as

g exp(Aj)
hy exp 2B; (5.1)
where
1=N ;
then
XN
htOt:l+ 2 le(BJ)"'O 4

Using the notation

W, w@ j;1
Bj BQQ j)

we have

71
hot = 1+ d W (:1)@B()+0 3
0

Finally, imagine that the G-labels h}("t of many sud thin horizontal rows of “surfaceele-
ments' are composedvertically. Eadh of them comesfrom algebra elemeris

Bk() B(:k)

and holonomies
Wi( ;1) Wi ()
as
71
hiot 1+ d W, %:;1) @B(:;k)+0 3
0
In the limit of vanishing their total vertical product is

OZl 1

_jim - hgth®hZt  hpt = Pexp@ d A()A
0

for
71
A()= d W ;1) B(;); (5.2)
0

P where denotespath ordering with respect to
Thinking of ead of these vertical rows of surface elemers as paths (in the limit
1 0), this shawvs roughly how the computation of total 2-group elemerts from vertical and
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horizontal products of many “small' 2-group elemers can be reformulated asthe holonomy
of a connection on path spaceof the form 5.2. This way the local 2-holonony functor
hol; comesfrom a 1-form A; 2 1(U;;g) and a 2-form B; 2 ?(U;;h) that arise as the
continuum limit of the construction in 5.1. This is made precisein x6.5.

There it is discussedthat given a bigon ! ~the 2-group morphism

holi() = (Wi[ 112 G; W; '[] 2 H) (5.3)

is obtained from the holonomy W;[ ] of Aj along and the inverse of the path space
holonomy W; 1 of A(a;:;) @along a path in path spacethat mapsto .
But not every pair (A; B) correspondsto a local holonomy-functor. As rst noticed in

[9] there is a consistencycondition which can be understood as follows:

Let g r].j gj0 be the jth 2-group 2-morphism in the above gure. The nature of 2-

groups (Prop. 18) requiresthat
tthj) = g’g *:

But, in the above sensethe left hand sideis given by exp Zdt(B)j , While the right hand

sideis exp Fa; ,whereFa, denotesthe curvature 2-form of A evaluated on a 2-vector
tangert to ;. Hencewe get the condition

dt(B) + Fa = 0:
This is the content of Prop. 66 (p. 65). Seealso Prop. 60 (p. 62).

5.2 Transition Law on Double Overlaps
Prop osition 40.
The 2-commutativity of the diagram 4.1 (p. 41) is equivalent to the equations
Ai = GjAjg; '+ gjdg; b di(ay)
B (Gij )(Bi) + ki :

Proof.
The 2-comnutativit y of the diagram is equivalent to the equality of the 2-morphism
on its left facewith the composition of the 2-morphismson the front, bad and right faces:

holi( )

Uaij( )

/_\ hOV_\
gij (X) i !
° Uhoh() ° = o>~ Uholj() o 4L

hol;(~)

holi( )

(

holi(~)

Uaij (=)

holi(~)

(5.4)
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Recall from 5.3 that holi() hassourceholi( )= W;[ ]. Sowe write
() Wl12G E(g)[]12H);
where
aj 2 1(Uij i h)
is a 1-form (which we nd corveniert to denote by the same symbol as the 2-morphism

aj () that it is asswiated with) and whereE is a function whosenature is to be determined
by the source/target matching condition. This says that

tE @i [ D)Wl 1= g )W g *(¥) : (5.5)

Expressionslike this are handled by Prop. 52 (p. 59). In order to apply it conveniertly we
take the inverseon both sidesto get

Wil tE)[]) Y=g Wil ‘gt (5.6)
(usingW[ 1= W [ ]). Then the proposition tells us that t(E(aj)[ ]) * is of the form
0 1
0 10 1
I I I
" 1_ i A A .
(E@)[]) "= _lim @+ ()A@1+ A B Of
Aj A+ Ai+(1 )aﬁ

j 1

(5.7)

where the right hand sideis evaluated at !, and where 2 (Uj ;9) is given by
gi(d+ A(gr) 1 A

The 1-form  must take valuesin the image of dt, and it is the corresponding pre-image
which we denote by a;j , sothat dt(a;) =

dt(aj) = gj(d+ Aj)(gj) * A (5.8)

This is the rst of the two equationsto be derived.

It follows that E(a;)[ ] itself is given by

0 10 1 0 1
I | I

(E@)[D *= Jim @+ (a)AB1+ (a)X @1+ (a5
' A Ai+ di(a ) A+ )dt(ay) -
Now that we have determinedthe 2-morphismE (a; ) [ ], we can evaluate the diagrams

in equation 5.4. Recalling again equation 5.3, one seesthat the equality of the 2-morphism
on the left hand with that on the right meansthat

Wi () = (E@) =D W, *() E(ay) [ I

This is nothing but a gauge transformation of path spaceholonomy. Using Prop. 62 it
implies the secondof two equationsto be proven. 2
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5.3 Transition Law on Triple Overlaps

Prop osition 41 The 2-commutativity of the diagram 4.1 (p. 42) is equivalentto the equa-
tion 2.22 (p. 29)

aj + (0j)(ak) = hijkak hyi+ dhjichy i+ d (A)(hi i) by

Proof. Since our target category G is a strict 2-group, so that (when regarded as a 2-
category with a single object) all of its 1- and 2-morphisms are invertible, the diagram
4.1 expressingthe modi cations on U« can be simplied. Using the transition diagram
4.1 we can equatethe composition of the 2-morphismshol;() and hol,() aswell asthe
2-morphisms ajk [~] on the front of this diagram with the single 2-morphism aj[ ] and
henceget rid of the dependencyon ~ and :

gj gjk(x)

//—\

aj ajk( )
aik (

hol; ( & holk( )

Gi GiKly

| B R
o _ ity ()

In order to emphasizethe structure of this diagramiit is usefulto make the triangular shape
of the top and bottom explicit:
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gj k(X)

hij k()

ik (X)
nolj( )

g () » gjk( )

hol; () holk( )

glk()
’

5O, gK)

h|k(Y) &
® : °
ik ()

(5.9)

The 2-comnutativit y of this diagram is equivalent to the following equality between the
2-morphism obtained from its top, bottom and front face and the 2-morphism obtained

from the two faceson the badk:
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gij (x) gj k(x)

Oik (X)

Wil ] > Wil = wi[] o Wil > Wi

g; ') g,v)

THIS DIAGRAM NEEDS TO BE FIXED!!
In terms of group elemerts this meansthat

(holi ( N(hij k() gic( ) hijk(x) *= g5 () (g C(gik( )):
Now expand around the point x to get the di erential version of this statemert:

holi( ) 1+ A; °©
ok() 1+ a; °
hijk(y) hjk(x)+ (d(hji) ©° :

Here 0= di ( )j =0 isthe tangernt vectorto at x = (0). Substituting theseinto the
above equation and collecting terms of rst orderin vyields the promised equation. 2
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6. 2-Connections in Terms of Connections on Path Space

6.1 Connections on Smooth Spaces

In this section we prove Proposition 37 and in the processdevelop someuseful madcinery
concerningpath spaces.To prove this proposition, it su ces to shaw it in the special case
of a trivial bundle (EXPLAIN WHY):

Prop osition 42. Let G be a smath group and X a smath space. Given any g-valued
1-form A on X, there is a smmth map between smath 2-spaces

hol: P1(X)! G

given by z
hol[ ]) = Pexp A

wher is any representative of the thin homotopy class[ ]. This gives a one-to-one
correspndene@ between elementsA 2 1(X;g) and smoth mapshol: P1(X)! G.

Proof. Any g-valued 1-form A on X de nes a smooth map of 2-spaceshol: P1(X) ! G
via the above formula, since we are assuming all our smooth groups are exponertiable
(seeExample 21). We must show that any smooth functor hol: P1(X) ! G comesfrom a
unique g-valued 1-form A in this way. We construct A by di erentiating hol.

To do this, we must clarify the relation betweenmorphismsin P,(X) and pathsin X.
Recall that morphismsin P1(X) are equivalenceclassesof smooth maps :[0;1]! X for
which (t) is constart for t near 0 and t near 1. Let PX stand for the spaceof all smooth
maps :[0;1]! X.

Lemma 43. Supmsef:[0;1]! [0;1] is any smath function with f (t) = O for t near O
and f (t) = 1 for t near 1. Then there is a smmth map

p:PX I Mor(P1(X))
[ f]

where [ f]is the thin homotopyclassof f. Moreover, p deesnot depend on the choice
of .

Proof. The map p is clearly well-de ned for any xed f of the above sort; to show p is
smooth it su ces to show that the map

PX 1 PX
7! f

is smooth, which is straightforward. To shov the map p is independent of f, suppose
fo;f1:]0;1] I [0; 1] are both smooth functions that equal O near 0 and 1 near 1. Then
there exists a smooth function F:[0;1]?! [0;1] such that:
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F(s;t) = fo(t) for snearO
F(s;t) = f41(t) for snearl
F(s;t) = Ofort near0
F(s;t) = 1fort nearl

It follows that
H(s;t) = (F(s;t))

is a thin homotopy from foto fi,s0[ fol=1[ T4l 2

We also needto consider Mo ore paths, which are smooth maps :[0;T]! X for
arbitrary T 0. Note that a Moore path for T = Qs just a point of X. We denotethe set
of all Moore paths by M X . This becomesa smooth spacewherea plot (seethe Appendix)

is a function
‘RTI MX
z 1

such that ,:[0;T,]! X, whereT, 2 [0;1 ] is a smooth function of z and ,(t) 2 X isa
smooth function of z and t.
Hereis the relation betweenMoore paths and paths parametrized by the unit interval:

Lemma 44 There is a smath map
gMX ! PX
sendingany Moore path :[0;T]! X to the path
(@)t = (Tt):

Proof. Straightforward. 2

Using the smooth maps
MX f Px P Mor(Pi(X))

we cande ne holonomiesfor Moore paths. Namely, givenany smooth map hol: P1(X) ! G,
we get a smooth map
Hol:= hol g p

assigningan elemern of G to any Moore path.
To prove the lemma, it su ces to shaw there exists a unique A 2 1(X;g) with
Z
Hol( )= Pexp A
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for any Moore path :[0;T]! X with T > 0. For this, it suces to show there exists a
unique A sud that for any Moore path :[0;T]! X with T > 0 we have

d —_
gehol( s) = A As)Hol( ) (6.1)

for all s2 [0;T], where 4:[0;s]! X isthe Moore path given by restricting to [0; s].

In fact, it suces to show there exists a unique A sud that equation (6.1) holds
at s = 0. The reasonis that for any sg 2 [0;T] we can write the Moore path asa
“concatenation’ of the Moore paths s, and :[0;T sp]! X, where

(t)y= (t so):
So, sincehol is a functor, we have

Hol( s)

HOI( S So)HOI( So)

forsp, s T. It follows that
%HOI( s)is=so = %HOI( s so)HOI( s5)js=so
= dHol( s)js=0 Hol( s,):
So, if equation (6.1) holds at s = 0 for all Moore paths (in particular for ), we have

A( q0)Hol( o)Hol( s,)

% Hol( s)js=so

A( Yso))Hol( s,)

sinceHol( ¢) = 1and q0) = Ysg). Thus, we have shavn that equation (6.1) holds for
at s = sp, giventhat it holdsfor at s= 0.

In short, we must showv there exists a unique g-valued 1-form A suc that for any
Moore path :[0;T]! X with T > 0,

d L .
d_SHOI( s)is=0 = A( 0(0))

Since any 1-form on X is determined by its values on tangen vectors of paths (seethe
App endix), this formula uniquely determinesA. Howewer, we needto ched that A exists:
in other words, that it is well-de ned and smooth. For the rst, supposewe have two
Moore paths and starting at x 2 X with 40) = 90); we needto ched that

d . d .
d_SHO|( s)is=0 = d_SHOI( s)is=0:

For this, it su ces by the chain rule to chedk that

d . )
ds sls=0 = ds sJs=0

astangern vectorsin M X.
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To ched this, note that there is a smooth map
rmx! MMX

sendingany Moorepath :[0;T]! X tothe Moorepath : [0;T]! M X givenby ( s)(t) =
s(t). Quite generally the tangent vector of a Moore path in a smooth spacecan be thought
of as an equivalenceclassof Moore paths (seethe Appendix). In particular, the tangent
vector q0) 2 T, X is an equivalenceclassof Moore paths in X starting at x. The smooth
map r sendsany Moore path in this equivalenceclassto a Moore path in M X represerting
the tangent vector % sjs=0. Since 40) = 90), and lie in the sameequivalenceclass,
sor andr lie in the sameequivalenceclass,which meansthat
d . .
ds sls=0 = ds sls=0
as desired.
NEED TO CHECK SMOOTHNESS.... 2

6.2 More stu...

As we have seen,the spaceof all paths in a manifold or more generalsmooth spaceis itself
a smooth space. This allows us to study the notion of holonomy for paths in path space.
A path in the path spaceof U givesrise to a (possibly degenerate)surfacein U and hence
its path spaceholonomy givesrise to a notion of surfaceholonomy in U.

In this sectionwe rst discussbasic conceptsof di erential geometry on path spaces
and then apply them to de ne path spaceholonomy. Using that, a 2-functor hol; from the
2-groupoid of bigonsin U; (to be de ned below) to the structure 2-group is de ned and
shown to be consistert.

Throughout the following, various p-forms taking valuesin Lie algebrasg and h are
used, where g and h are part of a di erential crossedmodule C (Def. 23). Elemerts of a

Given a g-valued 1-form A we de ne the gauge covariant exterior deriv ativ e by

da! [d+ A; 1]
d! + A2~ d (Ta)(!)

and the curv ature hy
Fa  (d+ A)?
1
dA + A% AP[Ta; Ty :

Di erential calculus on spacesof parametrized paths can be handled rather easily.
We start by establishing somebasic facts on parametrized paths and then de ne the path
groupoid by consideringthin homotopy equivalenceclassesof parametrized paths.
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De nition  45. Given a manifold U, the based parametrized path space Py (U) of
U with source x 2 U and targety 2 U is the space of smamth maps

X:[0;1]!' U
70X () (6.2)

with X ( ) = x for in a neightorhood of 0 and X ( ) = y for in a neighlorhood of 1.
When source and target coincide:

x(U) := P (V)
is called the based loop space of U baseal at x.

The constancy condition at the boundary is known asthe property of having sitting
instan t; comparefor instance[5]]. It servesto ensurethat the composition of two smooth
parametrized paths is again a smooth parametrized path.

In the study of dierential forms on parametrized path spacethe following notions
play an important role (cf. [50], section 2):

De nition  46.
1. Given any path space P{(U) (Def. 45), the 1-parameter family of maps

e :P{U)! U ( 2(0;1))
7 ()

maps each path to its position in U at parameter value

2. Given any di er ential p-form ! 2 P(U) the pullback to P{(U) by e shal be denoted
simply by

() e():

3. The contraction of ! ( ) with the vector

o d
d
is denoted by ol ( ).
A special classof di erential forms on path spaceplay a major role:

De nition  47. Given a familiy f!igl\, of di er ential forms on a manifold U with degree

degl!i) p+1

one getsa di er ential form (see Def. 46)

flig(; )() ("5:005tn) ol 1 Loa Ny N

Xj < i< a1 <
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of degree

on any basel parametrized path space P{(U) (Def. 45).
For =0and = 1wewrite

flig f1ig;(0;1) -

These path space forms are known as multi integrals or iterated integrals or Chen
forms (cf. [50, 52)).

It turns out that the exterior derivative on path spacemaps Chen forms to Chen forms
in a nice way:

Prop osition 48. The action of the path space exterior derivative on Chenforms is given

by:
I I

d ("u; tn)=(@+NM) (1 'n); (6.3)
wheie:
| X _P Pil
a (' 'n) ( 1)< ("1; dly; 5hn)
K
| X _P Pil
MYy 5 ta) ( )= (U IR AN IS Y I
K
and we have:
a? =
NT2 =
anr + Mrd = (6.4)
Proof. See[50, 52]. 2

6.3 The Standard Connection 1-Form on Path Space

There are many 1-forms on path spacethat one could consideraslocal connection 1-forms
in order to de ne a local holonomy on path space. Here we restrict attention to a special
class,to be called the standard connection 1-forms (Def. 54), becauseasis shown in x6.5,
theseturn out to be the oneswhich compute local 2-group holonony. (This same’standard
connection 1-form' can however also be motivated from other points of view, as done in
[10, 17].)
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Holonom y and parallel transp ort. In order to setup somenotation and corventions
and for later referencesthe following givesa list of well-known de nitions and facts that
are crucial for the further dewelopmerts:

De nition  49. Given a path space Py (U) (Def. 45), a g-valued 1-form A on U, and an
h-valued 2-form B on U, we make the following de nitions:

1. The line holonom y of A along a given path is denota by

0 1
z

Wal] % 2 Pexp% A§
it

© I
(A% AT, Ta (6.5)
n=0 ,
)1
2. The parallel transp ort of elementsin T 2 g and S 2 h is written
TWALIC) vall[ FITCIWALIC ;D)
3
= ( A% AT) [Tas [Tas T T3
n=0 it
sWall() V\I/A[ i'1(s())
3
( A% 5 A%)d (Ta,) d (Ta)(S()) :
n=0 it
(6.6)
For corveniencethe dependency| ] on the path  will often be omitted.
Prop osition 50. Parallel transport (Def. 49) has the following properties:
1. Let ;4 2 3 then
WAl 1C 15 2) Wal 1( 25 3) = Wa[ 1( 15 3):
2. Conjugation of elementsin g with parallel tranport of elementsin h yields
Wa( 5D d (T)( ) Wa'(5s)(S) =d TYA() (9): (6.7)
3. Given a G-valuad O-form g2 9(U;G) and a path 2 Py (U) we have
gO) Wal J(9(y)) * = Wigng 1+g tagl I: (6.8)
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4. Given a G-valued O-form g2 9(U;G) and a basel loop 2 P}(U) we have
C CNWAL IC ;S ))) = Waol 10 ;DC € € CINS())) (6.9)

with
A A 1+ d b

Integrals of p-forms pulled badk to a path and parallel tranp orted to somebasepoint
play an important role for path spaceholonony. Following [52, 11] we introduce special
notation to take care of that automatically:

Denition  51. A natural addition to the notation 47 for iterated integralsin the presene

of a g-valuad 1-form A is the abbeviation
I I
(1N Y ORI
A
where ()WA is de ned in def 49. When Lie algebr indices are displayel on the left they

are de ned to pertain to the parallel tranported object:
I I

Gt &) G WAy (6.10)
Using this notation rst of all the following fact can be corveniertly stated, which

plays a certral role in the analysis of the transition law for the 2-holonormy in x5.2:

Prop osition 52. The dier ence in line holonomy (Def. 49) along a given loop with
resyect to two di er ent 1-forms A and A can be expresse as

o, 10 | 1 0 | 1
(WALD Wad 1= _im @1+ ()AGL+ (O @1+ (X |
' A A+ () A0 ()
with A0 A,
Proof.
First note that from def. 49 it follows that
[ 71
()= dWAL1(;1) " o ()WAL I( ;1):
A 0

This implies that

Wal ] 1+ A() = War (h[ 1+ 0

The proposition follows by iterating this. 2
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Exterior deriv ativ e and curv ature for Chen forms. The exterior derivative on path
spacemaps Chen forms to Chen forms (Prop. 48). Since we shall be interested in Chen
forms involving parallel transport (Def. 51), it is important to know also the particular
action of the exterior derivative on these:

H
Prop osition 53. The action of the path space exterior derivative on ,(!) is
I I I
d ()= (da!) ( D®) (d (Ta)(!);FR) : (6.11)
A A A

(Recall the corvertion 6.10).
Proof.
This is a straightforward, though somewhattedious, computation using prop 48. 2

H
We have restricted attention here to just a single insertion, i.e. ,(!) instead of

De nition 54. Given a g-valuad 1-form A and an h-valued 2-form B on U, the h-valued
1-form on P{(U)

Ang) (B):
A
is called the standard local connection 1-form on path space.

(Seefor example[10, 53, 11])
Given a connection, one wants to know its curvature:

Corollary 55 The curvature of the standard path space 1-form A a.5) (Def. 54) is

I I
Fa = A(dAB) A(0| (Ta)(B) : (Fa + dt(B))?) : (6.12)

Proof. Use Prop. 53. 2

De nition  56. Given a standad path space connection 1-form A a.g) (Def. 54) coming
from a g-valued 1-form A and an h-valued 2-form B

the 3-form
H daB (6.13)

is called the curv ature 3-form ,
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the 2-form
F Fa+di(B) (6.14)
is called the fake curv ature 2-form .

The term “fake curvature' has beenintroduced in [13]. The notation F follows [9]. The
curvature 3-form was usedin [2].
Using this notation the local path spacecurvature reads
I I
Fa = (H) d (Ta)(B);F? (6.15)
A A
6.4 Path Space Line Holonom y and Gauge Transformations

With the usual tools of dierential geometry available for path space,the holonomy on
path spaceis de ned asusual:

De nition  57. Given a path space 1-form A and a path  in path space the path space
line holonomy of A along is
z
Wa () P exp A

Note that by de nition P hereindicates path ordering with objects at higher parameter
value to the right of those with lower parameter value, just asin the de nition of ordinary
line holonomy in (Def. 49).

Path spaceline holonomy hasa richer set of gaugetransformations than holonomy on
basespace. In fact, ordinary gaugetransformations on basespacecorrespond to constant
(‘global’) gaugetransformations on path spacein the following sense:

Prop osition 58. Given a path space line holonomy (Def. 57) coming from a standad
path space connection 1-form (Def. 54) A (a5 in a basel loop space Py (U) as well as a
G-valued 0-form 2 9(U;G) we have

( (X)) Wage,O) = Wago50()
with

A= A '+ (d
B°= ()(B):
Proof. Write out the path spaceholonomy in in nitesimal stepsand apply 6.9 on eat of

them. 2

The usual notion of gaugetransformation is obtained by conjugation:
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De nition  59.  Given the path space holonomy Wa ., ,( | s) (Def. 57) of a standard
local path space connection 1-form A .z (Def. 54) alonga path in P!(U) with endpaths
o and 1, an innitesimal path space holonom y gauge transformation is a 1-
parameter familiy maps

I I

WA(A;B) Jé o1 (a) WA(A:B) Jé 1+ (a)
A ° A 1

for 2 R andfor a any 1-form
a2 uh):

This yields a new sort of gaugetransformation in terms of the 1-form A and the 2-form
B:

Prop osition 60. In nitesimal path space holonomy gaugetransformations (Def. 59) for
the holonomy of a standad path space connection 1-form A a5y and arbitrary transfor-
mation parameter a yieldsto rst order in the parameter the path space holonomy of a
transformed standad path space connection 1-form A acgo) with

A= A + dt(a)
BY= B daa (6.16)

if and only if the fake curvature (Def. 56) vanishes.

(This was originally consideredin [1]] for the specialcaseG = H,t = id; = Ad.)
Proof.
As for any holonomy, the gaugetransformation inducesa transformation of the con-
nection 1-form A ! A% given by
I I
A= 1 (a) (d+A) 1+ (a)
AI A

=A+ da (a)+0O 2 : (6.17)
A

Using 6.11 one nds (using the notation 6.10)
I I I

A+ da (a) = B+  (d (Ta)(@);(d(B)+ F))+ 0O ?
A A0 A

Since a is by assumption arbitrary, the last line is equal to a standard connection
1-form to order if and only if dt(B) + F = 0. 2

The above in nitesimal gauge transformation is easily integrated to a nite gauge
transformation:
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Denition 61. A nite path space holonom y gauge transformation is the inte-

gration of in nitesimal path space holonomy gaugetransformations (Def. 59), i.e. it is a

map for any a2 1(U;h) given by

!

WA(A:B) jg 7 :1”:an1 O'IAd(l) 1 A+dt(a)(a){ Ad {1 A(a)} WA(A:B) io
z

N factors

Prop osition 62. A nite path space holonomy gaugetransformation (Def. 61) of the
holonomy of a standard path space connection 1-form A .5 is equivalentto a transforma-
tion

Ans) 7' Amoso

where
A= A + dt(a)
B°=B (daa+.a” 6.18
f A3t 3; (6.18)
ka
Proof. This is a standard computation. 2

In summary the above yields two di erent notions of gaugetransformations on path
space:

1. If the path spacein questionis a basedloop spacethen accordingto Prop. 58 a gauge
transformation on target spaceyields an ordinary gaugetransformation of (A; B):

A7T' A '+ d Y
B7' ()B):
We shall call this a 2-gauge transformation of the rst kind .

2. A gaugetransformation in path spaceitself yields, accordingto Prop. 62, a transfor-
mation

A 7! A+ dt(a)
B7'B (daa+ a” a):

We shall call this a 2-gauge transformation  of the second kind.

Recall that according to Prop. 60 this works precisely when (A; B) de nes a standard
connection 1-form (Def. 54) on path spacefor which the “fake curvature' vanishes: F =
dt(B) + Fa = 0.

In the context of loop spacethese two transformations and the conditions on them
were discussedfor the special caseG = H andt = id; = Ad in [11]. In the context of
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2-groups and higher lattice gaugetheory they were found in section 3.4 of [9]. They also
appear in the transition laws for nonabelian gerbes[13, 14, 15|, asis discussedin detail
in x2.5. The sametransformation for the special casewhere all groups are abelian is well
known from abelian gerbe theory [54] and also from string theory (e.g. section8.7 of [55]).

With holonomy on path spaceunderstood, it is now possibleto usethe fact that every
path in path spacemapsto a (possibly degenerate)surfacein target spacein order to get
a notion of (local) surfaceholonomy. That is the content of the next subsection.

6.5 The Local 2-Holonom y Functor

De nition 63. Given a smath space U and a smaoth 2-group G a local 2-holonom y
is a smaoth 2-functor
hol: Po(U) ! G

from the path 2-groupoid of U (Def. 36) to G.

Wewant to construct a local 2-holonony from a standard path spaceconnectionl1-form
(Def. 54). In order to do sowe rst construct a pre-2-holonony' for any standard path
spaceconnection 1-form and then determine under which conditions this actually givesa
true 2-holonony. It turns out that the necessaryand su cien t conditions for this is the
vanishing of the fake curvature (Def. 56).

De nition 64. Given a standad path space connection 1-form (Def. 54) and given any
parametrized bigon (Def. 34) :[0;1%! U with source edge ; ( :;0) and target edge
2 (1), thetriple (g;h;)2 G H G with

g Wa(i)
h wa'(@ ;) (6.19)

is called the local pre-2-holonom y of assiated with A.

(The unexpected inverseand parameter inversion here is just due to the interplay of our
corventions on signsand orientations, as will becomeclear shortly.)

In order for a pre-2-holonony to give rise to a true 2-holonomny two conditions have to
be satis ed:

1. The triple (01;h; g2) hasto specify a 2-group elemer. By Prop. 18 this is the caseif
and only if g, = t(h) gs.

2. The pre-2-holonony has to be invariant under thin homotopy in order to be well
de ned on bigons.

The solution of these conditions is the content of Prop. 68 below. In order to get there the
following considerationsare necessary:

In order to analyze the rst of the above two points consider the behaviour of the
pre-2-holonony under changesof the target edge.
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Given a path spaceP{(U) and a g-valued 1-form with line holonomy holonomy W[ ]
on 2 P! (Def. 49) the change in holonom y of W4 asone changes is well known to
be given by the following:

Prop osition 65. Let : 7! () bethe ow geneated by the vector eld D on P,
then
0 | 1
d
q Va TOWAl ()1 = @ (FA)A((D): (6.20)
=0
A

(Note that the right hand side denotesevaluation of the path spacel-form HA(FA) on the
path spacevector eld D.)

Proof. The proof is standard. The only subtlety is to take care of the various corventions
for signsand orientations which give rise to the minus signin 6.20. 2

Prop osition 66. For the pre-2-holonomy (Def. 64) of parametrized bigons assaiated
with the standard connection 1-form A ag) to specify 2-group elements,i.e. for the triples
(01; h; g2) to satisfy g, = t(h) g1, we must have

dt(B) + Fa = 0:
Proof. According to def. 64 the condition g, = t(h) g; translates into

t(h) = Wa( 2) W, *( 1)

_ 11 1
_WAZWAl

Now let therebea ow 7!  onPZ(U) generatedby avector eld D and choose , 1=

and 1= 4. Then accordingto Prop. 65 we have

0 | 1

d
TWal 2t Wa P =+ @ (FA)A (D)
A 0
where the plus sign is due to the fact that D here points opposite to the D in Prop. 65.
Applying the same -derivative on the left hand side of 6.21 yields
I I

(dt(B)) (D) = (Fa) (D):
A A

(Here the minus sign on the left hand side comesfrom the fact that we have identi ed t(h)
with the inverse path spaceholonomy WAl. This is necessarybecausethe ordinary path
spaceholonorny is path-ordered to the right, while we needt(h) to be path orderedto the
left.)
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This can be true for all D only if dt(B) = Fa. 2

This is nothing but the nonab elian Stok es theorem . (Compare for instance [56]
and referencesgiven there.)

Next it needsto be shown that a pre-2-holonony with dt(B) + Fao = 0 is invariant
under thin homotopy:

Prop osition 67. The standad path space connection 1-form A a5y (Def. 54) is inavri-
ant under thin homotopy precisely when the path space 2-form
I

(d (Ta)(B);(Fa + dt(B))?) (6.21)
A
vanisheson all pairs path space vector elds that genegrte thin homotopy ows.

Proof. For the special caseG = H andt = id; = Ad this was proven by [12]. The full
proof is a straightforward generalization of this special case:

Considera path  in path spacewith tangert vector T and let D be any vector eld
on P}(U). By a standard result the path spaceholonomy W() is invariant under the ow
generatedby D i the curvature of A vanishesor|1_|T and D,I_F (T;D)=0.

But from corollar¥_|55 we know that F = (daB) (d (T)(B);(Fa + dt(B))?).
It is easyto seethat (daB) vanisheson all pairs of tangent vectors that generatethin
homotopy transformations of and that the remaining term vanisheson (T; D) for all D
if it vanisheson all pairs of tangent vector that generatethin homotopy transformations. 2

Now we can nally prove the following:

Prop osition 68. The pre-2-holonomy (Def. 64) induces a true local 2-holonomy (Def.
63)

h0|i . Pz(Ui) ! G
Wil ]
9 %
x/ﬂ\é7 7! w, X
\0/ \0]29
Wi [

if and only if the fake curvature (Def. 56) vanishes.

Proof.

We have already shown that for dt(B) + Fao = 0 the pre-2-holonony indeed maps
into a 2-group (Prop. 66) and that its valuesare well de ned on bigons (Prop. 67). What
remainsto be shawn is functorialit y, i.e. that the pre-2-holonony respectsthe composition
of bigons and 2-group elemerts.

First of all it is immediate that composition of paths is respected, due to the properties
of ordinary holonomy. Vertical composition of 2-holonormy (being composition of ordinary
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holonony in path space)is completely analogous. The fact that pre-2-holonony involves
the inverse path spaceholonony takes care of the nature of the vertical product in the
2-group, which reversesthe order of factors: In the diagram

Wal 1]

Wal 2 ‘WA yl] }K$
G 1 c = \‘_wl ?
\WZ] Wal sl

- Wyl s] X
w W w
whol W W

1

x/zm’g /1\39
\H[j e

3

P2(U)

]
X
-
N

the top right bigon must be labeled (according to the properties of 2-groups described in
Prop. 18) by

(WAl 1WA 2IWL Y 1))
(WAl WL 1 2D

(WAl 1WA D) (WAl 2l WL 2D)

which indeedis the label assaiated by the hol-functor in the right column of the diagram.

Sofar we have suppressedn theseformulas the reversal 6.19in the rst coordinate of
, sinceit plays no role for the above. This reversal however is essefial in order for the
hol-functor to respect horizontal composition.

In order to seethis it is su cien t to considerwhiskering i.e. horizontal composition
with identity 2-morphisms.

When whiskering from the left we have

Wl 2] Wal 1 2]
Wal 1] %
o | =S ks embean
-~ Wal 9] Wal 1 9]
Whol W W
2 1 2
T TNY% NG
Po(U) | x ——y " |u & = S
\0/ \O/
2 1 2

Evaluating the line holonomy in path spacefor this situation involves taking the path
ordered exponertial of (cf. 6.6)
Z

d W1 2 H1(B()

(1 2) 1
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evaluated on the tangent vector to the whiskered . Sincethis vanisheson 1 and using
the reparameterization invariance of W, the above equals
0 1

Z
= Wal DB d W, LYY (B( )X :

1
2

Hencethe above diagram doescomnute. In this computation the path reversalis essetial,
which of courseis related to our corvertion that parallel transport be to the point with
parameter = 1. A simple plausibility argument for this was given at the beginning of
x6.3.

Finally, whiskering to the right is trivial, since we can simply use reparametrization

invariance to obtain
Z Z

d Wall1 2 417 (B()= d  Wal%:1B();

(1 2) 1 L1

becausefor right whiskers the integrand vanisheson ».
Sincegeneralhorizontal composition is obtained by rst whiskering and then compos-
ing vertically, this alsoprovesthat the hol-functor respectsgeneralhorizontal composition.
In summary, this shows that a pre-2-holonony with vanishing fake curvature (Def. 56)
dt(B) + Fa = 0 de nes a 2-functor hol: P>(U) ! G and hencea local strict 2-holonory. 2
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7. App endix: Smooth Spaces

It is a sadfact of life that the category of nite-dimensional smooth manifolds Di is not
closedunder many useful constructions. For example, a subspaceor quotient spaceof a
manifold is usually not a manifold, nor is the spaceof smooth maps from one manifold to
another. Various approadesto remedying this problem have beenproposed;here we use
the last of seweral variants proposedby Chen [33, 34] in his work on path integrals.

In what follows, we useconvex set to meana corvex subsetof R", wheren is arbitrary
(not xed). Any corvex setinherits a topology from its inclusion in R". We say a map f
betweencorvex setsis smooth if arbitrarily high derivativesof f exist and are contin uous,
using the usual de nition of derivative asa limit of a quotient.

De nition 69. A smooth space is a set X equipped with, for each convexset C, a
collection of functions :C! X called plots in X, suchthat:

1.1f :C! X isaplotin X, andf:C%! C is a smmth map between convex sets,
then f isaplotin X,

2. 1fi :C I Cisanopencoverof aconvexsetC by convexsubsetsC ,and :C! X
has the property that i isaplotin X for all ,then isaplotin X.

3. Every map from a point to X is a plot in X.

De nition 70. A smooth map from the smmth space X to the smooth sppe Y is a
map f:X ! Y suchthat for everyplot in X, f isaplotinY.

It is straightforward to ched that there is a category C! whoseobjects are smooth spaces
and whosemorphisms are smooth maps.

We make any smooth manifold X into a smooth spaceby decreeingthat the plots

:C ! X arepreciselythose mapsthat are smooth in the usual sense.Given this, onecan
ched that a map betweensmooth manifolds is smooth in the sensede ned above precisely
when it is smooth in the usual sense,so no confusionarises. In other words, Di is a full
subcategory of C1 .

The sameprocedurelets us make any smooth manifold with boundary into a smooth
space.Here we take advantage of plots :C ! X where C is a half-space.

The one-point space is a smooth spacesud that all maps :C ! are plots. By
item 3 of Def. 69, all maps from into a smooth spaceare smooth. Since smooth maps
are closedunder composition, all constart maps betweensmooth spacesare smaooth.

We make a disjoint union X = X of smooth spacednto a smooth spaceasfollows.
Wedene amap :C! X tobeaplotin X if andonly if thereisaplot :C! X sudc
that is composedwith the inclusion of X in X. One can chek that X is indeed a
smooth spaceand that it is the coproducbin C! of the smooth spacesX

We make a Cartesian product X = X of smooth spacesinto a smooth spaceas
follows. A map :C! X isthe sameasa collectionof maps :C! X , and we decree
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to be a plot if and only if every map is a plot. One can ched that X is indeed a
smooth spaceand that it is the product in the category C! of the smooth spacesX .

We make a subset X of a smooth spaceY into a smooth spaceas follows. We de ne

:C ! X to beaplot if and only its composite with the inclusioni: X ! Y isaplotinY.

One can ched that X is indeeda smooth space.Note alsothat the inclusion i is smooth.

We make a quotient spaceX of a smooth spaceY into a smooth spaceas follows.

Suppose is an equivalencerelation on Y. As a set, X will be just the usual quotient

Y= . Letj:Y ! X stand for the quotient map. We make X into a smooth spaceby
decreeingthat :C! X isaploti thereisanopencoverof C by corvexsets,i C ! C,
such that for every the map i is of the form j for someplot :C ! Y. One

can chedk that X is indeeda smooth space. Note alsothat the quotient mapj:Y ! X is
smooth.

This issueariseswhen de ning smooth spacesof thin homotopy classesof paths (Ex-
ample 12) or parametrized bigons (Def. 35)...

Given smooth spacesX and Y, let C! (X:Y) be the set of smooth maps from X to
Y. Given a corvex set C, we say that amap :C ! C?! (X:Y) is a plot if and only if
N .

:C X ! Y is smooth, wherewe de ne

“ex) = (9x)

for all c2 C and x 2 X. One can chedk that with this de niton C?* (X;Y) is a smooth
space. One can also ched that for any smooth spaceA, amapf:A X ! Y is smooth
if and only if the corresponding map f*A1 X Y is smooth. So,we have a one-to-one

and onto map
Acl (A X:Y)! Ccl(A;Cctl(X:Y)
f 7

and one can even che that this map is smooth, with a smooth inverse. CHECK.
We can summarize many of the facts obsened so far in the following result, which
actually goesa bit further:

Theorem 71. The category C! is complete, cocomplete, and cartesian closel.

Proof. First let us show that C' is complete, meaning that ewvery diagram has a limit.
Supposewe have any diagram F:D | C!. We show this has a limit as follows. First
we take the limit in Set of the underlying diagram of sets and obtain a setlimp F. We
then make this into a smooth spaceby decreeingthe set of plots :C ! limp F to be
limp C! (C;F). One can ched that this choice satis es properties 1-3 in De nition Def.
69. Moreover, given a smooth spaceX,amapf:X ! limp F is the sameasa collection
of mapsf :X ! F(d ) making the obvious triangles commute, whered are the objects
of D. By denition f is smooth i for any plot in X, f isaplot in limp F. This

is equivalent to demandingthat for any plot in X andany ,f isaplotin F(d ).
This in turn is equivalert to demandingthat each map f is smooth. So, a smooth map
f:X ! limpF is the sameas a collection of smooth mapsf :X ! F(d ) making the

obvious triangles commute. So,limp F is indeedthe desiredlimit.
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For colimits we needshea cation...!!!
Then cartesian closedness!!! 2

One can dewelop the whole theory of bundles, connections, di erential forms and so
on for smooth spaces. We only sketch the rst few steps, focusing on what we need for
this paper. We de ne a di erential form on a smaooth spacein terms of its pullbacks along
plots:

De nition  72. A p-form ! on the smmth space X is an assignmentof a smaoth p-form
I onR"toechplot :R"! X, satisfying this pullbac k compatibilit y condition for
any mapf:R™! R":

The space of p-forms on X is denota by P(X).

Prop osition 73. Given a smmth map f:X ! Y and! 2 P(Y) there is a p-form
f 1 2 P(X) givenhby

(fr)y ==t g
for everyplot :R"! X.

We call f ! the pullbac k of ! along f. Given a dierential form ! on X, the forms!
de ning it turn out to be just its pullbacks along plots:

Prop osition 74. Givenaplot :R"! X and! 2 P(X) we have

The above de nition and results immediately generalize,for instance, to Lie-group-valued
0-forms %(X:G) and to Lie-algebra-alued p-forms P(X:g). An elemen F 2 9(X;G)
is the sameasa smooth map F: X | G.

Given a smooth spaceX , we de ne the tangent spaceTyX to consistof formal linear
conmbinations of smﬁpth maps :[0;1]! X with (0) = x, modulo the spaceof formal
linear combinations ;¢ ; with the property that

X d :
Ciaf( i(t)jt=0 = O

for all smooth functionsf: X ! R.
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